QUESTION BOOKLET
EE 126 Spring 2006 Final Exam
Wednesday, May 17, Sam—11lam

DO NOT OPEN THIS QUESTION
BOOKLET UNT%JOYSOOU ARE TOLD TO

e You have 180 minutes to complete the final.

e The final consists of five (FIVE) problems, provided in the question booklet (THIS
BOOKLET), that are in no particular order of difficulty.

e Write your solution to each problem in the space provided in the solution booklet (THE
OTHER BOOKLET). Try to be neat! If we can’t read it, we can’t grade it.

e You may give an answer in the form of an arithmetic expression (sums, products,

ratios, factorials) that could be evaluated using a calculator. Expressions like (g) or

2220(1/2)’g are also fine.

e A correct answer does not guarantee full credit and a wrong answer does not guarantee
loss of credit. You should concisely explain your reasoning and show all relevant work.
The grade on each problem is based on our judgment of your understanding as reflected
by what you have written.

e This is a closed-book exam except for three sheets of handwritten notes, plus a calcu-
lator.



Problem 1: (22 points)

Suppose that a pair of random variables X and Y has a joint PDF that is uniform over
the shaded region shown in the figure below:

X

Figure 1: Joint PDF of random variables X and Y.

(a) (7 pt) Compute the Bayes’ least squares estimator (BLSE) of X based on Y. (Note: You
should evaluate the required integrals; however, your answer can be left in terms of
quantities like 1/e or v/2).

(b) (7 pt) Compute the linear least squares estimator (LLSE) of X based on Y, as well as the
associated error variance of this estimator. Is the LLSE the same as the BLSE in this
case? Why or why not? (Note: You should evaluate the required integrals; however,
your answer can be left in terms of quantities like 1/e or v/2).

(c) (8 pt) Now suppose that in addition to observing some value Y = y, we also know that
X < 1/e. Compute the BLSE and LLSE estimators of X based on both pieces of
information. Are the estimators the same or different? Explain why in either case.

Solution:

(a) The joint PDF has the form

(1/C) ifJy| <1and 0 <z <exp(y)

0 otherwise,

Ixy(z,y) = {

where the normalization constant of the joint PDF is given by

expy
Cc = / / dxdy
exp(y

|+1— e—1/e.



We have

exp(y)
fry) = (1/0)/O — (1/C) exply) for [y < 1.

Hence, for |y| < 1, the conditional distribution takes the form

fxpy(zly) = -ﬁfjfyi((z’)y)

= exp(—y) for exp <z <exp(y)

Consequently, we have
~ 1
Xprse = E[X | Y] = §eXP(Z/)-

To compute the LLSE, we first compute

1 +1
E[Y] = 5/ yexp(y)dy
-1
- Ce
and
+1
E[Y? = C/ y? exp(y)dy

= = [y exp(y) [*1 -2 /:yexp(y)dy}

1
= @le—(1/e)] - 2E[Y]

Putting these pieces together yields the variance var(Y) = E[Y?] — (E[Y])2.

Using iterated expectation, we compute

E[X] = E[E[X | Y]]

1 /+1 ( )d
= = exp(2y)dy
2C |,
1
= E(€2—1/€2).

1 +1 exp(y)
E[XY] = 5/ / xydx | dy
B / ) 2 Cxp(y ydy
C

+1
- 2)d
20/_1 y exp(2y)dy

Lastly, we compute



which yields the covariance cov(X,Y) = E[XY] — E[X]E[Y]. With these pieces, the
LLSE is given by

cov(X,Y)

X - E[X
LSSE [XT+ var(Y')

Y —E[Y]].

In this case, the LLSE and BLSE are different: the BLSE is the optimum predictor of
any function Y, and it is non-linear in this case. In contrast, the LLSE is restricted to
linear functions of the data Y.

(c) Let Z = (X | {X <1/e}). We compute
PZ <z, X <1/e,Y <y
P[X < 1/e]

PX <2z,Y <y
P[X < 1/e]

PZ <zY <y] =

= I[z <1/€]

so that (Y, Z) is simply uniform over the box {|y| <1, 0 <z <1/e}.

Hence, we have

E[X [ Y, (X <1/e)] E[Z | Y]

1

2e
for all y € [-1,41]. This BLSE is already linear, so it must be equivalent to the LLSE.



Problem 2 (18 points):

Bob the Gambler: Bob is addicted to gambling, and does so frequently. The time
between any two consecutive visits that Bob makes to the local casino can be modeled as an
exponentially-distributed random variable X with mean of 1 day. The times between different
pairs of consecutive visits are independent random variables. Every time ¢ = 1,2,3... that
Bob gambles, he wins/loses a random amount of money modeled as a Gaussian random
variable Y; with mean 0 and variance o?. The amounts of money that he wins/loses on
different occasions are independent random variables. Suppose that Bob starts off at time
t = 0 with 0 dollars.

(a) (3 pt) What is the distribution of N(t), the number of times Bob goes to the casino before
some fixed time ¢ > 07

(b) (2 pt) What is PDF of M(t), the amount of money Bob has won/lost by time ¢?

(c) (5 pt) Using Chernoff bound, bound the probability that M () is greater that a dollars. (Note:
You do NOT need to solve the minimization problem in the Chernoff bound.)

(d) (6 pt) For a given ¢t > 0, define a random variable

corresponding to the average amount of money that Bob has won/lost at time ¢. As
t — oo, does Z; converge in probability? If so, prove it. If not, explain intuitively why
not.

Solution:

(a) (2pt) N(t) is a Poisson distribution with parameter ¢

(b) (2pt) Since M (t) = Zij\;(f) Y;, conditioning over N (t) we have

e}

t] 1 _ m2
fu(m) =) e '——=e 27
jz:% J! \/W

2.2
eo2s2/2_
=el° L we have

(c) (5pt) Since MM(t)(s) = My (s)

es=My (s)

0252/2

P(M(t) > a) < e MaXs>osa—e

(d) (5pt) One would expect that Z; — 0 in probability. To show this, we use Chebyshev inequality
to bound
g

Zt—%E[M(t)]‘>e> =P %ZY > €



Where we have used E[M(t)] = En[E[M(¢t)|N = n]] and E[M(¢t)|N = n] = 0 by

symmetry. First we compute

N(t) N(t)
var (Z Yl) = FE [var (Z YZ-N(t))
=1 i=1

= E[N(t)o?]
2

-+ var

N(#)
E (Z YiIN (t))
i=1

= to

SO

1 e (1520%)
P n Z Yi| > e < 2
i=1
to?
S pe
— 0

when n — oo



Problem 3: (20 points)

True or false: For each of the following statements, either give a counterexample to
show that it is false, or provide an argument to justify that it is true. (Note: You will
receive no points for just guessing the correct answer; full points will be awarded only when
an answer is justified with an example or argument.)

(a) (4 pt) If the Bayes’ least squares estimator of X given Y is equal to E[X], then X and Y are
independent.

(b) (4 pt) If random variables X and Y are independent, then they are conditionally independent
given any other random variable Z.

(c) (4 pt) Given a sequence of random variables {X,,} such that E[X,,] = n and E[X?2] = (n+1)2,
the sequence Y,, : = % converges in probability to some real number.

(d) (4 pt) If the linear-least squares estimator X LLsE and Bayes’ least-squares estimator X BLSE
(of X based on Y) are equal, then the random variables X and Y must be jointly
Gaussian.

(e) (4 pt) There do not exist any pairs of random variables X and Y with E[X*] = 4, E[Y?4] =1
and E[X?Y?] = 3.

Solutions:

(a) FALSE. Let X ~ N(0,1), and let Y = ZX, where Z is equal to —1 and +1 with
probability % Then conditioned on Y = y, X is equal to —y and 4y with probability
%, so that E[X |Y = y] = 0 = E[X]. However, X and Y are certainly not independent.

(b) FALSE. Let X and Y be independent Bernoulli RVs, and let Z = X +Y. Given Z = 0,
we have X =Y.

(c) TRUE. In fact, Y;, converges in probability to 1. We compute E[Y,,] = 1 and var(Y,,) =

2%45_1, Applying Chebyshev’s inequality yields

var(Yy,)

PlYa—12d < =

— 0

as n — +o00.
(d) FALSE. Consider part (c) of problem 1 (this exam).

(e) TRUE. We know that E[(X? — Y?)?] must be non-negative. We can expand it to
E[X4)—2E[X2Y?2]+E[Y*]. If we plug in the numbers provided, we get 4—2%3+1 = —1,
but since our original expression had to be non-negative, we see that the provided values
are not possible.



Problem 4: (20 points) The position of a moving particle can be modeled by a Markov
chain on the states {0, 1,2} with the state transition diagram shown below

12 12

13
1/2

~_ 7

12 2/3

(a) (3 pt) Classify the states in this Markov chain. Is the chain periodic or aperiodic?
(b) (3 pt) In the long run, what fraction of time does the particle spend in state 17

(c) (4 pt) Suppose that the starting position X is chosen according to the the steady state dis-
tribution. Conditioned on X9 = 2, what is the probability that Xy = 07

(d) (5 pt) Suppose that Xy = 0, and let T' denote the first time by which the particle has visited
all the states. Compute E[T]. [Hint: This problem is made easier by a suitable choice
of conditioning,]

(e) (5 pt) Suppose now we have two particles, both independently moving according to the Markov
chain. One particle starts in state 2, and the other particle starts in state 1. What is
the average time before at least one of the particles is in state 07

Solution:

(a) (2pt) The Markov chain has one recurrent aperiodic class.

(b) (2pt) Solving

1 2

—my = =

2" 37
mo+m +m = 1

4 _
ﬁvﬂ-l—

ES

we get mg = 7, T2 = 17

[y
=

(c) (2pt) From Bayes rule

P(Xs = 2|Xy = 0)P(Xy = 0)

P(Xo=0|Xs =2) = POX, =5




(d) (5pt)

where by assumption P(Xy = 0) = m and, from total probability theorem
P(Xy;=2[Xg=0) = Y P(Xp=2|Xo=0,X; =i)P(X; =i|Xo=0)

= ) P(Xy=2|X; =i)P(X1 = i|Xo = 0)

2
= Z Di2Poi
i

1

5
Similarly

P(Xy=2) = Y P(Xp=2|Xg=1i)m
i
= Y D P(Xy=2|X1 = j, Xo = i) P(X1 = j|Xo = i)m;
i
= Zijzpijm
i
_L o L2111
- gty 32 733)™
3
11
SO,P(X0:0|X2:2):%

Conditioning on the first move of the particle,
1 1
E[T] = 5[E[T1X: = 1] + 3[BT, = 2

where E[T'|X; = 1] is the mean first passage time to state 2 starting from state 1 plus
one (to account for the first step to 1), and E[T'|X; = 2] is the mean first passage time
to state 1 starting from state 2 plus one (to account for the first step to 2). From the
first step analysis, one can write two systems of equations, the first of which is given
below

1 1
t1 =1+ =tg+ =t1

2 2
t —1+1t —i—lt
0= pl1 T 52

Here we are using the book’s notation, with #; denoting the mean first passage time
from state i to state 2 (the 2 is not made explicit). Therefore, to = 0. We can solve the
system to get t1 = 6, or E[T|X; = 1] =t; + 1 = 7. Now for the second system:



2. 1
to =1+ =t + =t

3 3
t —1+1t —i—lt
0= gt T 52

Here we have t; = 0, and we can solve to get to = 5 or E[T|X; = 2] = 6. Therefore our

ﬁnalansweris%-ﬁ—k%-?:%.

(e) (3pt) The problem asks to compute E[Z] where Z = min(X7, X2) and X; and X5 are geomet-
ric random variables with parameter 1/2 and 2/3 respectively. First, let us compute
the CDF of a geometric random variable X with parameter p:

[e.e]

P(X>z) = > pl-pr!
k=z+1

= 1= p(1—p)!
k=1

z—1
— 1-pY 1 -p)
k=0

_ 1-(1-p)*
B e )
= (1-p)*

Hence,

P(Z >2) = P(min(Xy,X3) > 2)
= P(X1 > Z)P(X2 > Z)

)0y
()

And

10



Problem 5: (20 points)

Action figure collector: Acme Brand Chocolate Eggs are hollow on the inside, and
each egg contains an action figure, chosen uniformly from a set of four different action figures.
The price of any given egg (in dollars) is an exponentially distributed random variable with
parameter A, and the prices of different eggs are independent. For ¢ = 1,...,4, let T; be a
random variable corresponding to the number of eggs that you purchase in order to have i
different action figures. To be precise, after purchasing 75 eggs (and not before), you have
at least one copy of exactly 2 different action figures; and after purchasing Ty eggs (and not
before), you have at least one copy of all four action figures.

(a) (2 pt) What is the PMF, expected value, and variance of T;7
(b) (4 pt) What is the PMF and expected value of T»?

(c) (5 pt) Compute E[T}] and var(Ty). (Hint: Find a representation of T as a sum of independent
RVs.)

(d) (5 pt) Compute the moment generating function of T}.

(e) (4 pt) You keep buying eggs until you have collected all four action figures. Letting Z be a
random variable representing the total amount of money (in dollars) that you spend,
compute E[Z] and var[Z].

Solution:

(a) P(Th =1)=1and P(T; =i) =01 # 1. Thus E[T}] =1 and var(T}) =0

(b) Th = T1 + X3 where X5 is a geometric(3/4) r.v. So P(To = k) = (%)k_l k=23,...

and E[Ty] = E[T1] + E[Xs] =1 _|_§ = %

S

(c) Ty = 1+ X9+ X3+4 where X3 is a geometric(1/2) r.v and X, is a geometric(1/4) r.v..
From this, one get

E[Ty] = E[1] + E[X2] + E[X3] + E[Xy] = %
and 130
var[Ty| = var[l] + var[Xs| + var[X3] + var[4] = 5
(d) From
My, (s) = e’ Mx, (S)MX3 (s)Mx,(s)
we get

11



(e) Since Z = 221 P;, where P; is the price of egg i, we have:

1 25
SR = 2
3 [T4]

E(Z) = E[E[ZITi]) = 5

and
11 251 2
var(Z] = var[E[Z|T4]] + E[var|Z|Ty]] = ﬁ% + gﬁ - £

12



