QUESTION BOOKLET
EE 126 Spring 2006 Final Exam
Wednesday, May 17, Sam—11am

DO NOT OPEN THIS QUESTION
BOOKLET UNT%OYSOOU ARE TOLD TO

e You have 180 minutes to complete the final.

e The final consists of five (FIVE) problems, provided in the question booklet (THIS
BOOKLET), that are in no particular order of difficulty.

e Write your solution to each problem in the space provided in the solution booklet (THE
OTHER BOOKLET). Try to be neat! If we can’t read it, we can’t grade it.

e You may give an answer in the form of an arithmetic expression (sums, products,
ratios, factorials) that could be evaluated using a calculator. Expressions like (g) or

22:0(1/2)’C are also fine.

e A correct answer does not guarantee full credit and a wrong answer does not guarantee
loss of credit. You should concisely explain your reasoning and show all relevant work.
The grade on each problem is based on our judgment of your understanding as reflected
by what you have written.

e This is a closed-book exam except for three sheets of handwritten notes, plus a calcu-
lator.



Problem 1: (22 points)

Suppose that a pair of random variables X and Y has a joint PDF that is uniform over
the shaded region shown in the figure below:

X

Figure 1: Joint PDF of random variables X and Y.

(a) (7 pt) Compute the Bayes’ least squares estimator (BLSE) of X based on Y. (Note: You
should evaluate the required integrals; however, your answer can be left in terms of
quantities like 1/e or v/2).

(b) (7 pt) Compute the linear least squares estimator (LLSE) of X based on Y, as well as the
associated error variance of this estimator. Is the LLSE the same as the BLSE in this
case? Why or why not? (Note: You should evaluate the required integrals; however,
your answer can be left in terms of quantities like 1/e or v/2).

(c) (8 pt) Now suppose that in addition to observing some value ¥ = y, we also know that
X < 1/e. Compute the BLSE and LLSE estimators of X based on both pieces of
information. Are the estimators the same or different? Explain why in either case.



Problem 2 (18 points):

Bob the Gambler: Bob is addicted to gambling, and does so frequently. The time
between any two consecutive visits that Bob makes to the local casino can be modeled as an
exponentially-distributed random variable X with mean of 1 day. The times between different
pairs of consecutive visits are independent random variables. Every time ¢ = 1,2,3... that
Bob gambles, he wins/loses a random amount of money modeled as a Gaussian random
variable Y; with mean 0 and variance o2. The amounts of money that he wins/loses on
different occasions are independent random variables. Suppose that Bob starts off at time
t = 0 with 0 dollars.

(a) (3 pt) What is the distribution of N(t), the number of times Bob goes to the casino before
some fixed time ¢t > 07

(b) (2 pt) What is PDF of M(t), the amount of money Bob has won/lost by time ¢?

(c) (5 pt) Using Chernoff bound, bound the probability that M (t) is greater that a dollars. (Note:
You do NOT need to solve the minimization problem in the Chernoff bound.)

(d) (6 pt) For a given ¢ > 0, define a random variable

corresponding to the average amount of money that Bob has won/lost at time t. As
t — 00, does Z; converge in probability? If so, prove it. If not, explain intuitively why
not.



Problem 3: (20 points)

True or false: For each of the following statements, either give a counterexample to
show that it is false, or provide an argument to justify that it is true. (INote: You will
receive no points for just guessing the correct answer; full points will be awarded only when
an answer is justified with an example or argument.)

(a) (4 pt) If the Bayes’ least squares estimator of X given Y is equal to E[X], then X and Y are
independent.

(b) (4 pt) If random variables X and Y are independent, then they are conditionally independent
given any other random variable Z.

(c) (4 pt) Given a sequence of random variables {X,,} such that E[X,] = n and E[X?2] = (n+1)?,
the sequence Y,, : = % converges in probability to some real number.

(d) (4 pt) If the linear-least squares estimator X Lse and Bayes’ least-squares estimator X BLSE
(of X based on Y') are equal, then the random variables X and Y must be jointly
Gaussian.

(e) (4 pt) There do not exist any pairs of random variables X and Y with E[X%] = 4, E[Y*4] =1
and E[X2Y?] = 3.



Problem 4: (20 points) The position of a moving particle can be modeled by a Markov
chain on the states {0, 1,2} with the state transition diagram shown below
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(a) (3 pt) Classify the states in this Markov chain. Is the chain periodic or aperiodic?
(b) (3 pt) In the long run, what fraction of time does the particle spend in state 17

(c) (4 pt) Suppose that the starting position X is chosen according to the the steady state dis-
tribution. Conditioned on X = 2, what is the probability that Xy = 07

(d) (5 pt) Suppose that Xy = 0, and let T' denote the first time by which the particle has visited
all the states. Compute E[T]. [Hint: This problem is made easier by a suitable choice
of conditioning,]

(e) (5 pt) Suppose now we have two particles, both independently moving according to the Markov
chain. One particle starts in state 2, and the other particle starts in state 1. What is
the average time before at least one of the particles is in state 07



Problem 5: (20 points)

Action figure collector: Acme Brand Chocolate Eggs are hollow on the inside, and
each egg contains an action figure, chosen uniformly from a set of four different action figures.
The price of any given egg (in dollars) is an exponentially distributed random variable with
parameter A, and the prices of different eggs are independent. For i = 1,...,4, let T; be a
random variable corresponding to the number of eggs that you purchase in order to have i
different action figures. To be precise, after purchasing 75 eggs (and not before), you have
at least one copy of exactly 2 different action figures; and after purchasing Ty eggs (and not
before), you have at least one copy of all four action figures.

(a) (2 pt) What is the PMF, expected value, and variance of 77
(b) (4 pt) What is the PMF and expected value of T5?

(c) (5 pt) Compute E[T}] and var(Ty). (Hint: Find a representation of Ty as a sum of independent
RVs.)

(d) (5 pt) Compute the moment generating function of 7.

(e) (4 pt) You keep buying eggs until you have collected all four action figures. Letting Z be a
random variable representing the total amount of money (in dollars) that you spend,
compute E[Z] and var[Z].



