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Midterm No. 1: 10/3/2003

SOLUTIONS

Question 1 (15%). Is it true that
P(ANBNC)=P[A| B|P[B|C]P(C)?

If true, provide a proof; if false, provide a counterexample.

That identity is false. Here is one counterexample. Let Q@ = {1,2,3,4} and p, = 1/4 for
w € . Choose A = {1,2},B = {2,3},C = {3,4}. Then P(ANBNC) =0,P[A | B] =
P[B | C] = P(C) =1/2, so that the identity does not hold.

Here is an illustration of the example.




Question 2 (15%). Describe the probability space {2, F, P} that corresponds to the
random experiment “picking five cards without replacement from a perfectly shuffled 52-card
deck.”

1. One can choose € to be all the permutations of A := {1,2,...,52}. The interpretation
of w € Q is then the shuffled deck. Each permutation is equally likely, so that p, = 1/(52!)
for w € Q2. When we pick the five cards, these cards are (wy,ws, ...,ws), the top 5 cards of
the deck.

2. One can also choose €2 to be all the subsets of A with five elements. In this case, each
subset is equally likely and, since there are N := (552) such subsets, one defines p, = 1/N
for w € (L.

3. One can choose Q = {w = (wy, wq, w3, wy,ws) | wy € A and wy, # wp, VM # n,m,n €
{1,2,...,5}}. In this case, the outcome specifies the order in which we pick the cards. Since
there are M := 52!/(47!) such ordered lists of five cards without replacement, we define
pw = 1/M for w € Q.

As this example shows, there are multiple ways of describing a random experiment. What
matters is that €2 is large enough to specify completely the outcome of the experiment.



Question 3 (20%). Choose X in [0,1] as follows. With probability 0.2, X = 0.3; with
probability 0.3, X = 0.7; otherwise, X is uniformly distributed in [0.2,0.5] U [0.6,0.8]. (a).
Plot the c.d.f. of X; (b) Find E(X); (c¢) Find var(X); (d) Calculate P[X < 0.4 | X > 0.5].

The figure shows the p.d.f. and the c.d.f. of X.
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(c) We first compute E(X?). We get

00 0.5 0.58
E(X?) = / 22 dF,(X) = 0.2 x (0.3)2 + 0.3 x (0.7)*+ [ 2% x ldv + 2% x ldz

—00 0.2 0.6

Hence,

(d) Finally,




Question 4 (15%). Let (X,Y) be the coordinates of a point picked randomly and
uniformly in [0,1]%. Calculate P[X +2Y <1 |2X +Y <1].

The figure below shows the relevant sets of outcomes.
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Hence,
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Question 5 (15%). Let X be a random variable that is exponentially distributed with
mean 1. Calculate P[X € [1,4] | X € [3,5]].

This is straightforward if we recall that Fiy(z) = 1—e~* for x > 0 and Fx(z) = 0 for x < 0.
One has

P[X € [1,4] | X € [3,5]] = %.
Now,
PX€e[3,4)=Fx(4)—Fx(B)=(1—-e)—(1—-e?)=e? -
Similarly,
P(X €[3,5])=e? —e™®,
Hence,

-3 —4

P[X € [1,4]| X €[3,5] = % ~ 0.73.



Question 6 (20%). Let (X,Y) be the coordinates of a point picked uniformly in
{(z,y) € R? | 22 + y* < 1}. Calculate E(]X]).

(Hint: First find fy where Y = |X|. To do that, look at the set of outcomes such that
Y € (z,2 + dx) and determine its probability.)

The figure below shows the set of points (X,Y) with X € (z,2 + dx) for 0 < x < 1.
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As the figure shows, the area of that set is 4v/1 — x2dx. Since the area of the circle is 7, this
implies that (with Y = | X])

fr(x) = %\/1 — 22, for z € [0,1].

Consequently,

L4
EY)= [ z=v1—2%dx.
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Note that the derivative of (1 — 22)%/?2 is

g(l — Y2 x (=22) = —3V1 — a2

BY) =~ [ 221 -2 = — {1 -2 = - m02

0o T3 3T 3T



