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1. Ant

An ant is walking on the non-negative integers. At each step, the ant moves forward one
step with probability p ∈ (0, 1), or slides back down to 0 with probability 1− p. What is the
average time it takes for the ant to get to n, where n is a positive integer, starting from state
0?

2. The Cut Property and Reversible Markov Chains

(a) For an irreducible Markov chain at stationarity, show that the flow-in equals flow-out
relationship holds for any cut of the Markov chain. A cut of a Markov chain is a partition
of the states into two disjoint subsets. Hint : To solve this problem, try induction on the
size of one of the subsets of the cut and write out the flow equations at each step.

(b) Using the cut property, explain why if the Markov chain is a tree, then it satisfies the
detailed balance equations (and thus is reversible).

Note: For a Markov chain to be a tree, it should look like an undirected tree where every
undirected edge {u, v} is converted to two directed edges (u, v) and (v, u), and additional
self-loops in the Markov chain is permitted.

Hint : A (undirected) tree has the unique property that for every edge, there exists a cut
through only that edge .

3. Birth-death Chain Reversibility

Consider a Markov chain on the natural numbers and transition probability graph:
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with the appropriate values for bi and di, i.e 0 ≤ bi ≤ 1 for all integer i ≥ 0, and 0 ≤ di ≤ 1
and bi + di ≤ 1 for all integer i ≥ 1.

This is known as a birth-death chain, since it models the size of a population with each step
having b probability of birth, and d probability of death. This type of markov chains arise in
many contexts, such as in queueing theory. Note that although this chain has an uncountably
infinite state space, a birth-death chain can also be similarly defined for a finite state space.

Suppose that the birth-death chain is positive recurrent (i.e. a stationary distribution exists),
is it reversible?

Note: The conditions for positive recurrence of this general birth-death process is actually a
lot more complicated to define than the simple random walk discussed in the course notes due
to the transition probabilities of birth/death not necessarily being equal for all i.
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