
UC Berkeley
Department of Electrical Engineering and Computer Sciences

EECS 126: Probability and Random Processes

Problem Set 11
Spring 2021

1. Midterm

Solve all of the problems on the midterm again (including the ones you got correct).

2. Sub-Critical Forest

Consider a random graph G(n, p(n)) where p(n) = o( 1
n) (this is called the sub-critical

phase).

(a) Let Xn be the number of cycles in the graph. Show that E[Xn]→ 0.

(b) Show that the probability that G(n, p(n)) is a forest, i.e. contains no cycles, tends to 1 as
n→∞.

3. Isolated Vertices

Consider a Erdös-Renyi random graph G(n, p(n)), where n is the number of vertices and p(n)
is the probability that a specific edge appears in the graph. Let Xn be the number of isolated
vertices in G(n, p(n)). Show that
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where the notation p(n) � f(n) means that p(n)/f(n) → 0 as n → ∞, and p(n) � f(n)
means p(n)/f(n)→∞ as n→∞. Show also that in the third case, p(n)� (lnn)/n, we have
Xn → 0 in probability as well.

Hint: Using the Taylor series expansion, one can show that ln(1 + x) < x for any x, and
ln(1 + x) ≈ x when x is small.

4. Random Graph Estimation

Consider a random graph on n vertices in which each edge appears independently with
probability p. Let D be the average degree of a vertex in the graph. Compute the maximum
likelihood estimator of p given D. You may approximate Binomial(n, p) = Poisson(np).

5. BSC: MLE & MAP

You are testing a digital link that corresponds to a BSC with some error probability ε ∈ [0, 0.5].

(a) Assume you observe the input and the output of the link. How do you find the MLE of
ε?

(b) You are told that the inputs are i.i.d. bits that are equal to 1 with probability 0.6 and
to 0 with probability 0.4. You observe n outputs (n is a positive integer). How do you
calculate the MLE of ε?
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(c) The situation is as in the previous case, but you are told that ε has PDF 4−8x on [0, 0.5).
How do you calculate the MAP of ε given n outputs? You may leave your answer in
terms of quadratic equation to be solved.

2


