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1. Midterm

Solve all of the problems on the midterm again (including the ones you got correct).

2. More Almost Sure Convergence

(a) Suppose that, with probability 1, the sequence (Xn)n∈N oscillates between two values
a 6= b infinitely often. Is this enough to prove that (Xn)n∈N does not converge almost
surely? Justify your answer.

(b) Suppose that Y is uniform on [−1, 1], and Xn has distribution

P
(
Xn = (y + n−1)−1

∣∣ Y = y
)

= 1.

Does (Xn)∞n=1 converge a.s.?

(c) Define random variables (Xn)n∈N in the following way: first, set each Xn to 0. Then, for
each k ∈ N, pick j uniformly randomly in {2k, . . . , 2k+1 − 1} and set Xj = 2k. Does the
sequence (Xn)n∈N converge a.s.?

(d) Does the sequence (Xn)n∈N from the previous part converge in probability to some X?
If so, is it true that E[Xn]→ E[X] as n→∞?

3. Convergence in Probability

Let (Xn)∞n=1, be a sequence of i.i.d. random variables distributed uniformly in [−1, 1]. Show
that the following sequences (Yn)∞n=1 converge in probability to some limit.

(a) Yn =
∏n

i=1Xi.

(b) Yn = max{X1, X2, . . . , Xn}.
(c) Yn = (X2

1 + · · ·+X2
n)/n.

4. Finite Boundary Times

Consider the random walk Sn =
∑n

i=1Xi, where the Xi are iid with mean zero and variance 1
(note that they do not have to be discrete). Show that almost surely the random walk will
leave the interval [−a, a] in finite time.

Hint: Let T be the first time that the walk leaves the interval [−a, a], and show that
limn→∞ P (T > n) = 0.

5. The CLT Implies the WLLN

(a) Let {Xn}n∈N be a sequence of random variables. Show that if Xn
d−→ c, where c is a

constant, then Xn
P−→ c.

1



(b) Let {Xn}n∈N be a sequence of i.i.d. random variables, with mean µ and finite variance
σ2. Show that the CLT implies the WLLN, i.e. if

1

σ
√
n

n∑
i=1

(Xi − µ)
d−→ N (0, 1),

then
1

n

n∑
i=1

Xi
P−→ µ.

6. Matrix Sketching

Matrix sketching is an important technique in randomized linear algebra to do large computa-
tions efficiently. For example, to compute the multiplication AT ×B of two large matrices A
and B, we can use a random sketch matrix S to compute a ”sketch” SA of A and a ”sketch”
SB of B. Such a sketching matrix has the property that STS ≈ I so that the approximate
multiplication ATSTSB is close to ATB.

In this problem, we will discuss two popular sketching schemes and understand how they help
in approximate computation. Let Î = STS and the dimension of sketch matrix S be d × n
(typically d� n).

(a) (Gaussian-sketch) Define

S =
1√
d

S11 . . . . . . S1n
...

. . .
...

Sd1 . . . . . . Sdn


such that Sij ’s are chosen i.i.d. from N (0, 1) for all i ∈ [1, d] and j ∈ [1, n]. Find the

element-wise mean and variance (as a function of d) of the matrix Î = STS, that is, find
E[Îij ] and Var[Îij ] for all i ∈ [1, n] and j ∈ [1, n].

(b) (Count-sketch) For each column j ∈ [1, n] of S, choose a row i uniformly randomly
from [1, d] such that

Sij =

{
1, with probability 0.5

−1, with probability 0.5

and assign Skj = 0 for all k 6= i. An example of a 3× 8 count-sketch is

S =

0 −1 1 0 0 −1 0 0
1 0 0 0 −1 0 −1 0
0 0 0 1 0 0 0 −1


Again, find the element-wise mean and variance (as a function of d) of the matrix Î = STS.

Note that for sufficiently large d, the matrix Î is close to the identity matrix for both cases.
We will use this fact in the lab to do an approximate matrix multiplication.

Note: You can use the fact that the fourth moment of a standard Gaussian is 3 without
proof.
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