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1. Triangle Density

Consider random variables X and Y which have a joint PDF uniform on the triangle with
vertices at (0, 0), (1, 0), (0, 1).

(a) Find the joint PDF of X and Y .

(b) Find the marginal PDF of Y .

(c) Find the conditional PDF of X given Y .

(d) Find E[X] in terms of E[Y ].

(e) Find E[X].

2. Change of Variables

Let X be a R.V with PDF fX(x) and CDF FX(x). Let g(X) be an invertible function. The
change of variables problem asks for the density of Y = g(X) which is a new R.V. To find this
distribution, we use the definition of the CDF

FY (y) = P (Y ≤ y) = P (g(X) ≤ y) = P (X ≤ g−1(y)) = FX(g−1(y))

How would you do this if the function g was not invertible? For example g(x) = x2∀x ∈ R
has two values in the domain mapping to each value in its range. In these cases we have to
include all parts of the domain that contribute to the probability. In the case of a discrete
distribution using the above g, this would look like

P (Y = y) = P (g(X) = y) = P (X ∈ {−√y,√y})

(a) Suppose that X has the standard normal distribution, that is, X is a continuous
random variable with density function

f(x) =
1√
2π

exp
(
−x

2

2

)
.

What is the density function of expX? (The answer is called the lognormal distribu-
tion.)

(b) Suppose that X is a continuous random variable with density f . What is the density of
X2?

(c) What is the answer to the previous question when X has the standard normal distribution?
(This is known as the chi-squared distribution.)
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3. Coupling: Choosing a Sample Space

Consider a random graph with 100 vertices; since there are
(
100
2

)
possible edges, there are

2(1002 ) possible graphs. So, Ω = {all 2(1002 ) possible graphs} and we define the probability of a

graph G ∈ Ω to be pE(G)(1− p)(
100
2 )−E(G), where E(G) is the number of edges present in the

graph. We call this the random graph with parameter p (abbreviated RG(p)).

A triangle is a set of three vertices in the graph with all possible edges between them. Prove
that the probability that there are at least ten triangles in the random graph is greater in
RG(p) than under RG(q), if p > q. [Hint : Think about using a sequence of two coin flips to
generate RG(q) followed by RG(p) on the same vertex set.]
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