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1. Bernoulli Convergence

Consider an independent sequence of random variables where Xn ∼ B( 1
n).

(a) Prove that Xn converges to 0 in probability.

(b) Prove that Xn does not converge almost surely to 0.

2. Confidence Interval Comparisons

In order to estimate the probability of a head in a coin flip, p, you flip a coin n times, where
n is a positive integer, and count the number of heads, Sn. You use the estimator p̂ = Sn/n.

(a) You choose the sample size n to have a guarantee

P(|p̂− p| ≥ ε) ≤ δ.

Using Chebyshev Inequality, determine n with the following parameters. Note that you
should not have p in your final answer.

(i) Compare the value of n when ε = 0.05, δ = 0.1 to the value of n when ε = 0.1, δ = 0.1.

(ii) Compare the value of n when ε = 0.1, δ = 0.05 to the value of n when ε = 0.1, δ = 0.1.

(b) Now, we change the scenario slightly. You know that p ∈ (0.4, 0.6) and would now like to
determine the smallest n such that

P
( |p̂− p|

p
≤ 0.05

)
≥ 0.95.

Use the CLT to find the value of n that you should use. Recall that the CLT states that
the sum of IID random variables tends to a normal distribution with the sample mean
and variance as it’s parameters for n large enough.

3. Entropy Warmup

Entropy seems like a very weird concept. We’ll walk through a few examples together to build
up your intuition. Let’s say that we have a random variable X that can take on values from
{lecture,midterm,pop quiz}. (Don’t worry, we don’t actually have pop quizzes in this class).
Each day you go to class, you observe a random value of X, which is determined according to
the distribution PX . If P (lecture) = 0.85, P (midterm) = 0.1, and P (pop quiz) = 0.05, we’d
mainly see lectures, occasionally have a midterm, and have a pop quiz very rarely. We can
describe how “interesting” it is to see a particular X = x with the notion of the “surprise,”
which is a function S(x) = log2

1
PX(x) . This function is large for low-probability events and

small for high-probability events.

(a) For the probabilities above, calculate S(lecture), S(midterm), and S(pop quiz).
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(b) If P (lecture) = 1
3 , P (midterm) = 1

3 , and P (pop quiz) = 1
3 , calculate the surprises again.

Given that log2
1

0.85 = 0.234, log2
1

1/3 = 1.58, log2
1
0.1 = 3.32, and log2

1
0.05 = 4.32, do the

relative magnitudes of the values in (a) and (b) make sense intuitively?

(c) The entropy is the expected surprise. Formally,

H(X) =
∑
x

PX(x)S(x) =
∑
x

PX(x) log2
1

PX(x)

We will follow the convention that, if for a particular x, PX(x) = 0, then PX(x) log2
1

PX(x) =

0. Calculate the entropy for the original probability values (0.85, 0.1, 0.05), the entropy
of the uniform distribution (13 ,

1
3 ,

1
3), and the entropy of the deterministic RV with

distribution (1, 0, 0).

(d) Do the entropies in part (c) make sense to you?
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