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1. Reversible Distributions

Let (Xn)n∈N be a Markov chain with state space S.

(a) Show that for every m, k ∈ N, with m ≥ 1, we have

P(Xk = i0 | Xk+1 = i1, . . . , Xk+m = im) = P(Xk = i0 | Xk+1 = i1),

for all states i0, i1, . . . , im ∈ S. This is the backwards Markov property.

(b) In general, is the reversed chain (i.e. the chain Yk := X−k for k ∈ −N) a temporally
homogeneous Markov chain? If not, provide an example.

(c) Show that if, in addition, the chain is reversible and started from a stationary distribution
X0 ∼ π, then

(X0, . . . , Xn)
d
= (Xn, . . . , X0).

2. Poisson Branching

Consider a branching process such that at generation n, each individual in the population
survives until generation n + 1 with probability 0 < p < 1, independently, and a Poisson
number (with parameter λ) of immigrants enters the population. Let Xn denote the number
of people in the population at generation n.

(a) Suppose that at generation 0, the number of people in the population is a Poisson random
variable with parameter λ0. What is the distribution at generation 1? What is the
distribution at generation n?

(b) What is the distribution of Xn as n → ∞? What if at generation 0, the number of
individuals is an arbitrary probability distribution over the non-negative integers; does
the distribution still converge? (Justify the convergence rigorously.)

3. Customers in a Store

Consider two independent Poisson processes with rates λ1 and λ2. Those processes measure
the number of customers arriving in store 1 and 2.

(a) What is the probability that a customer arrives in store 1 before any arrives in store 2?

(b) What is the probability that in the first hour exactly 6 customers arrive, in total, at the
two stores?

(c) Given that exactly 6 have arrived, in total, at the two stores, what is the probability that
exactly 4 went to store 1?
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