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1. Midterm

Solve all of the problems on the midterm again (including the ones you got correct).
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2. Random Bipartite Graph

Consider a random bipartite graph with, K left nodes and M right nodes. Each of the K ·M
possible edges of this graph is present with probability p independently.

(a) Find the distribution of the degree of a particular right node.

(b) Now, pick a left node u and right node v. Conditioned on the event that the edge (u, v)
is present, what is the distribution of the degree of the right node v? Is it the same as in
part (a)?

(c) We call a right node with degree one a singleton. What is the average number of singletons
in a random bipartite graph?

(d) Find the average number of left nodes that are connected to at least one singleton.
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3. Sub-Critical Forest

Consider a random graph G(n, p(n)) where p(n) = o( 1
n) (this is called the sub-critical

phase).

(a) Let Xn be the number of cycles in the graph. Show that E[Xn]→ 0.

(b) Show that the probability that G(n, p(n)) is a forest, i.e. contains no cycles, tends to 1 as
n→∞.
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4. Isolated Vertices

Consider a Erdös-Renyi random graph G(n, p(n)), where n is the number of vertices and p(n)
is the probability that a specific edge appears in the graph. Let Xn be the number of isolated
vertices in G(n, p(n)). Show that

E[Xn]
n→∞−−−→


∞, p(n)� lnn

n
,

exp(−c), p(n) =
lnn + c

n
,

0, p(n)� lnn

n
,

where the notation p(n) � f(n) means that p(n)/f(n) → 0 as n → ∞, and p(n) � f(n)
means p(n)/f(n)→∞ as n→∞. Show also that in the third case, p(n)� (lnn)/n, we have
Xn → 0 in probability as well.

Hint: Using the Taylor series expansion, one can show that ln(1 + x) < x for any x, and
ln(1 + x) ≈ x when x is small.
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