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1. The max-flow min-cut theorem
In this question, we explore how strong duality can be used to solve a canonical problem in network
theory. Specifically, we will prove the max-flow min-cut theorem, which can be used to calculate
the maximum flow through a network of interest. We will first introduce this theorem by means of
an example, then prove it for a fairly general case.

Problem definition. Consider a directed graph (“digraph”) G = (V,E), where V denotes a
set of vertices of size n and E ✓ V ⇥ V denotes a set of edges of size m. Note that the elements
of E are ordered pairs of vertices, and we will refer to an edge e = (u, v) 2 E as an incoming edge
of v and an outgoing edge of u. We define two vertices with special properties: a “source” s, out
of which data (or water, or current . . . ) is flowing, and a “sink” t, into which data is flowing. An
example graph with these properties is shown in Fig. 1.
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Figure 1: An example digraph with source s and sink t.

We define the max-flow problem as the problem of transporting the maximum amount of data from
source s to destination t, assuming that s can generate infinite data but we are subject to capacity
constraints on each edge of the digraph, and no data can leave the network through any node but
t (i.e., for all nodes except s and t, flow in is equal to flow out). For this problem, we will assume
that each edge e can support at most one unit of data flow, though the theorem holds in the more
general case where edges have di↵erent capacities. Example valid and invalid “flows” for the graph
above are shown below in Fig. 2, including the maximum flow.
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(a) Valid maximum flow from source to sink
of 2 units.
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(b) Invalid flow of 3 units from source — flow
into v5 is not equal to flow out of v5.

Figure 2: Valid maximum (left) and invalid (right) flows through the example digraph.
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Lastly, we define the min-cut problem as the problem of partitioning the vertices of the digraph
into two pieces, with s on one side and t on the other, while slicing along edges with the minimum
total flow capacity. (Note that in our problem, where all edges have an equal capacity of one, this
is equivalent to finding the cut that intersects the minimum number of edges.) Several possible
“cuts” for the graph above are shown below in Fig. 3, including the minimum cut.
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Figure 3: Example cuts of the example digraph, including one of several possible minimum cuts
(solid) that slices through a capacity of 2 units.

The max-flow min-cut theorem states that the solutions to the max-flow and min-cut problems
are equal — i.e., the maximum flow through a digraph of this form is exactly equal to the total
capacity of all edges sliced in the minimum cut. This may be intuitive from the figures above:
conceptually, the max-flow problem is computing flow directly, and the min-cut problem is finding
the “bottleneck” that is preventing more data from flowing. We will now prove this theorem
mathematically using duality.

(a) Formulating the max-flow problem (primal). To calculate the maximum flow from s to
t through a general network, we first define ~f 2 Rm as the m-dimensional vector whose entries
f(u,v) � 0 are the flow through each edge (u, v). The max-flow problem is then the problem of
maximizing the sum of these flows f(s,v) out of the source s (or, equivalently, the sum of the
flows f(v,t) into t, the sink1) while obeying the constraints of the network, i.e.,

max
~f�~0

X

v:(s,v)2E

f(s,v) (Max-Flow-LP)

s.t.
X

u:(u,v)2E

f(u,v) =
X

u:(v,u)2E

f(v,u) 8v /2 {s, t}

f(u,v)  1 8(u, v) 2 E.

Note that the first set of constraints enforces that flow into and out of each non-source/sink
node is equal, and the second that flow on each edge does not exceed capacity. We also restrict
each entry of ~f to be nonnegative, since negative flow would be physically nonsensical.

i. Compute the Lagrangian L(~f,~�, ~µ) of the above formulation by introducing auxiliary
variables µv for each of the equality constraints and �(u,v) for each of the inequality

constraints. Note that ~� 2 Rm and ~µ 2 Rn for our graph of m edges and n vertices.

1These values are equivalent for any digraph in which s has no incoming edges and t has no outgoing edges.
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Solution: The Lagrangian of the linear program is

L(~f,~�, ~µ) =
X

v:(s,v)2E

f(s,v)

+
X

v/2{s,t}

µv

2

4
X

u:(u,v)2E

f(u,v) �
X

u:(v,u)2E

f(v,u)

3

5

+
X

(u,v)2E

�(u,v)(1� f(u,v)).

Note the sign of the final term; because the primal is a maximization, the dual will be a
minimization, and thus for ~� � ~0 the objective should approach �1 with increasing ~�

when the constraint is violated.

ii. Formulate the dual of the linear program Max-Flow-LP. For simplicity of formulation,
assume that there exists no edge between s and t, i.e., (s, t) /2 E.
Solution: We first define dual function g(~�, ~µ), which is exactly

g(~�, ~µ) = max
~f�~0

L(~f,~�, ~µ).

To allow us to meaningfully reorder the terms in the Lagrangian and extract the con-
straints, we first introduce some new notation. For a given vertex v 2 V , let Iv ✓ E and
Ov ✓ E to denote the set of incoming and outgoing edges to and from v, respectively. Note
that Is = Ot = ?. We can now rearrange the terms in our Lagrangian summations into
summations over all output edges of s, all input edges of t, and all other edges, resulting
in new dual function expression

g(~�, ~µ) = max
~f�~0

X

(s,v)2Os

f(s,v)(1 + µv � �(s,v)) +
X

(v,t)2It

f(v,t)(�µv � �(v,t))

+
X

(u,v)2E
(u,v)/2It[Os

f(u,v)(µv � µu � �(u,v)) +
X

(u,v)2E

�(u,v).

Assuming that there exist no edges from s to t as given, we have now expressed g(~�, ~µ) as
a weighted sum of all f(u,v) values, plus a summation of �(u,v) values. Because each f(u,v) is
nonnegative, we now note that if the coe�cient of any f(u,v) is positive, the maximization
problem is unbounded above. Writing the final dual problem, we therefore restrict these
coe�cients to be nonpositive in our constraint set and update our objective accordingly.
The final dual problem is thus

min
~��~0, ~µ

X

(u,v)2E

�(u,v) (Max-Flow-Dual)

s.t. 1 + µv � �(s,v)  0 8(s, v) 2 Os

� µv � �(v,t)  0 8(v, t) 2 It

µv � µu � �(u,v)  0 8(u, v) 2 E, (u, v) /2 It [Os.
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(b) Formulating the min-cut problem (dual). Recall that themin-cut problem is the problem
of partitioning our digraph G = (V,E) into two sides while slicing through the minimum
number of edges. To formalize this, we define a cut C in G as a partition of V into two sets
C and V \ C such that s 2 C and t 2 V \ C. The min-cut solution is thus the total capacity
across the cut that crosses the minimum number of edges, i.e., the minimum value of

q(C)
.
=

X

(u,v)2E

I{u2C\v/2C},

where the indicator function I{·} is equal to 1 for values in the subscript set and 0 otherwise.
Note that when the capacity of each edge is one, as we assume here, q(C) is exactly the number
of edges crossed by a partition into C and V \ C. For clarity, we denote the minimum cut
value q

⇤ .
= q(C⇤) for optimal cut C⇤.

We will now show that the Max-Flow-Dual problem we formulated above is equivalent to
computing this minimum cut. We first rewrite this dual as

min
��0, µv

X

(u,v)2E

�(u,v) (Min-Cut-LP)

s.t. µv � µu � �(u,v)  0 8(u, v) 2 E

µs = �1, µt = 0.

Note that this problem is exactly equivalent to Max-Flow-Dual; we can rewrite all 3 sets of
Max-Flow-Dual constraints as one by enforcing the values of µs and µt as indicated. We refer
to this as the Min-Cut-LP, though we have not yet shown that it is equivalent to calculating
the minimum cut. We will show this equivalence by proving that the solution of Min-Cut-LP
both upper and lower bounds the minimum value of q(C).

i. Show that the optimal value of Min-Cut-LP is at most q
⇤ = q(C⇤), the value of the

minimum cut of G.
Hint: Show that for any cut C, the optimal value of Min-Cut-LP is less than q(C).
Solution: For any cut C, we can define a feasible point (~�, ~µ) of Min-Cut-LP as follows:

µv =

(
�1 v 2 C

0 v /2 C
, �(u,v) = max {0, µv � µu} .

From the above definition, we see that �(u,v) = 1 if and only if u 2 C and v /2 C (i.e., if
the edge (u, v) is cut by the partition) and is otherwise uniformly 0. Thus, our Min-Cut-
LP objective function

P
(u,v)2E �(u,v) is exactly equal to q(C) at this feasible point. This

means that q(C) constitutes an upper bound for the value of Min-Cut-LP, since optimizing
over ~� and ~µ could possibly lower the value of the objective function. Since this bound
holds for all cuts C, it holds for q(C⇤) = q

⇤, i.e., the optimal value of Min-Cut-LP is at
most q⇤, as desired.

ii. (Optional) Show that the optimal value of Min-Cut-LP is at least q⇤ = q(C⇤), the value
of the minimum cut of G.
Hint: For an arbitrary feasible (~�, ~µ), first sort the distinct values of µv in increasing

order, then consider cuts of the form C↵

.
= {v : µv  ↵} for di↵erent values ↵ 2 R.

Note: The proof of this inequality involves a combinatorial argument and is beyond the

scope of this class. Do not feel obligated to understand it in full; we present it for com-

pleteness.
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Solution: Consider an arbitrary feasible point (~�, ~µ). Let ↵1 < ↵2 < · · · < ↵k 2 R
be the k distinct values that the µv take for v 2 V . Note that there must exist indices
l, p 2 {1, . . . , k} such that ↵l = �1 and ↵p = 0 because the source and destination vertices
have dual variables constrained to µs = �1 and µt = 0, respectively. For every ↵, let
C↵

.
= {v 2 V : µv  ↵} and let F

.
= {(u, v) 2 E : µu  µv}. Note that when ↵ 2 [�1, 0),

C↵ is a cut that satisfies s 2 C↵ and t /2 C↵.
We now lower bound the optimal value of Min-Cut-LP as follows:

X

(u,v)2E

�(u,v) �
X

(u,v)2F

�(u,v) �
X

(u,v)2F

(µv � µu) =
k�1X

i=1

(↵i+1 � ↵i)q(C↵i)

The first inequality proceeds from the nonnegativity of ~�, and the second from the dual’s
set of inequality constraints µv � µu � �(u,v)  0 ) µv � µu  �(u,v).

The subsequent equality proceeds from a combinatorial argument as follows. Consider
a single edge (u, v) 2 F such that µu = ↵i(u,v)

and µv = ↵j(u,v)
; we can then write each

term in the previous summation as

µv � µu =

j(u,v)�1X

k=i(u,v)

(↵k+1 � ↵k).

This reformulation is necessary to write the terms as a function of index k. (To see this
equality more explicitly, write out the sum above and note that all terms except ↵j(u,v)

and ↵i(u,v)
cancel.) Plugging each term back into the final summation, we have

X

(u,v)2F

(µv � µu) =
X

(u,v)2F

j(u,v)�1X

k=i(u,v)

(↵k+1 � ↵k) =
k�1X

i=1

(↵i+1 � ↵i)q(C↵i).

Here, the second equality results from a subtle counting argument. Consider a single term
↵k+1 � ↵k; the number of times this term occurs in the sum is the number of edges for
which µu  ↵k and µv � ↵k+1. This is exactly the number of edges from C↵k to V \C↵k ,
or q(C↵k).

We can now return to bounding our Min-Cut-LP objective function, and write

X

(u,v)2E

�(u,v) �
k�1X

i=1

(↵i+1 � ↵i)q(C↵i)

�
p�1X

i=l

(↵i+1 � ↵i)q(C↵i)

� q
⇤
p�1X

i=l

(↵i+1 � ↵i)

= q
⇤
.

Since the above bound holds for all feasible points (~�, ~µ), q⇤ constitutes a lower bound on
the value of Min-Cut-LP as desired, concluding the proof of the statement.
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(c) Concluding. Conclude that the max-flow min-cut theorem holds for the examined set of
digraphs.

Solution: From parts (b)i. and (b)ii. above, we have that the value of Min-Cut-LP is both
upper and lower bounded by the value of the minimum cut of G, and is therefore equal to the
value of that minimum cut. This means that the dual of the max-flow problem is exactly the
min-cut problem. The primal problem is convex (linear) and Slater’s condition holds (consider
an arbitrarily small flow through one branch of the network), so strong duality holds. Thus,
the value of maximum flow is equal to that of the minimum cut, and the max-flow min-cut

theorem holds.
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