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EECS 127/227AT Optimization Models in Engineering
Spring 2020 Discussion 3

1. Linear regression versus orthogonal distance regression

In this exercise, we explore two regression techniques:

• linear regression (LR), generally solved via least-squares, and

• orthogonal distance regression (ODR), solved using PCA.

We will examine these regression methods in turn and compare their possible use cases.

In general, regression is used to model the relationship between observed input data and correspond-
ing output data. In this problem, we consider n input data points ~ai ∈ Rd and n corresponding
output data points bi ∈ R. Note that the input comprises d real-valued features and the output is
a real-valued scalar.

In the case of linear regression (LR), each output bi is assumed to be a linear combination of the
features of the input ~ai, i.e., bi ∼ ~a>i ~x, where ~x ∈ Rd is a d–dimensional vector of weights used in
the linear combination. We define the LR computation as finding the ~x that minimizes the sum
of the squared errors between the outputs bi and the predicted outputs ~a>i ~x (least-squares), i.e.,
computing

~x∗LR = arg min
~x

∑
i

(~a>i ~x− bi)
2.

Assume for the entirety of this problem that the data are centered, i.e., ∀j = 1, . . . , d,
∑n

i=1 aij = 0
and

∑n
i=1 bi = 0. This means means that all trendlines we compute (during LR, and later, ODR)

will pass through the origin.

(a) Show that the LR computation can be formulated as a least squares problem of the form

~x∗LR = arg min
~x
‖A~x−~b‖22.

State A and ~b.

(b) We now consider an example LR computation in which d = 1 and n = 3. Let a1 = −1, a2 = 0,
a3 = 1 and b1 = −1, b2 = −1, b3 = 2. Compute the best fit LR regression line — in this case,
a 1–dimensional scalar — x∗LR.

(c) Now let a1 = −1, a2 = −1, a3 = 2 and b1 = −1, b2 = 0, b3 = 1. Compute the best fit LR
regression value x∗LR.

(d) Note that the computations in (b) and (c) above are performed on the same values; inputs and
outputs are simply switched. Plot these data points on the a–b plane and plot the trendlines
corresponding to each x∗LR from (b) and (c) above. Are these trendlines the same? Reason
geometrically about why this is the case.
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In some cases, we may not have a preference for which values are designated inputs or outputs
and want to avoid differences in regression result based on our choice. In this case, we can use
orthogonal distance regression (ODR) to compute the regression line that minimizes the sum of the
squares of the orthogonal distances of each data point to the line.

To perform the ODR computation, we define vectors ~zi, each of which concatenates all inputs and
outputs at observation point i, i.e.,

~zi =


↑
~ai
↓
bi

 .

The ODR regression line is then the direction ~x ∈ Rd+1 such that the sum of squares of the
(orthogonal) distances between the points ~zi and their projections on the line passing through the
origin along direction ~x are minimized.

~x∗ODR = arg min
~x:||~x||2=1

∑
i

(~zi − proj~x(~zi))
2 (1)

= argmin
~x:‖~x‖2=1

∑
i

min
vi
‖~zi − vi~x‖22. (2)

(e) Show that the ODR computation can be formulated as the problem of finding the eigenvector

corresponding to the largest eigenvalue of H =
n∑

i=1
~zi~z
>
i , i.e.,

~x∗ODR = arg max
~x:‖~x‖2=1

~x>H~x.

Solve ODR using the singular value decomposition (SVD) of the “augmented” data matrix:

Z =


← ~z>1 →

...
← ~z>i →

...
← ~z>n →

 .

(f) Considering d = 1 and n = 3, numerically find the results of the ODR when a1 = −1, a2 = 0,
a3 = −1 and b1 = −1, b2 = −1, b3 = 2 using iPython. Are the results similar if a and b values
are switched?

(g) Compare the two techniques. If your goal is to understand a invertible symmetric relationship
between the “Parent height” and the “Child height”, which method would you prefer? See
figure 1.

(h) For practice: Use the SVD of A to write an expression for the least squares solution of A~x = ~b.
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Figure 1: Illustration of the correlation between the heights of adults and their parents. In
red is the result of linear regression. In black is the result of the orthogonal direction re-
gression. This work has first been done by Galton in 1886 ([Gal86]). Using linear re-
gression, Galton remarks that: “It appeared from these experiments that the offspring did
not tend to resemble their parents in size, but always to be more mediocre than they –
to be smaller than the parents, if the parents were large; to be larger than the parents,
if the parents were small.” Figure comes from https://select-statistics.co.uk/blog/

regression-to-the-mean-as-relevant-today-as-it-was-in-the-1900s/ The original text
can be found at https://www.jstor.org/stable/2841583.

https://select-statistics.co.uk/blog/regression-to-the-mean-as-relevant-today-as-it-was-in-the-1900s/
https://select-statistics.co.uk/blog/regression-to-the-mean-as-relevant-today-as-it-was-in-the-1900s/
https://www.jstor.org/stable/2841583

