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Problem 1 (22 pts)
reference ol s
input error nput outpt
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You are given the open-loop plant: (3)('7) S(
408(s 4 0.5)
G(s) = .
() (s +3)(s® +2s+17)

For the above system, the partial root locus is shown for 5 different controller/plant combi-

nations, G(s), Da(s)G(s), ..., D

5(5)G(s). (Note: the root locus shows open-loop pole locations for

D(s)G(s), and closed-loop poles for 15—3@ are at end points of branches).

)
30 20 i ‘.{
1 | Fp/le=718°
Ly omaswscs L- "% Root Locus D2(s)G(s) \-1 1 Shwe ol.
SX,S(M\'\ 0 o 0 o o«
Yooy~ eees = 3T A
i (9= =K
b i e e e g eE e s e 06 e
10 . , ; 5 : : j .
H {)}12' %’ : ?oot locus DS(s)(:[s) \ \}O‘Q/C?\ Root Locus DA4(s)G(s) < (Sf/ 2—4 =7~ 75
L 0 o > ’ .
s %@(‘i’g ey 7
L Piiris evEe e et rmum e § & . 0 e
gP "2; i Root Loc;us D5(s)G(s) ‘ : )I\ ; i Root Loc;us DG(s)éu(s) \ L'IP } 11 57‘/80
J
)
“7“%0 0 . o SRR 5 i ot [
ys=-1 o
Feas £E ~re
e e s=-€
o L e e a O e

[6 pts| a) For each set of open-loop poles and zeros given above, choose the best corresponding

open-loop Bode

(i) G(

(i) D2(s)G(s):
(iii) D3(s)G(s):
(iv) Da(s)G(s):
(v) Ds(s)G(s):
(vi) Dg(s)G(s):
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plot U VW XY or Z from the next page.
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Problem 1, cont.
The open-loop Bode plots for 6 different controller/plant combinations, D1(s)G(s), ..., De(s)G(s)

are shown below. (Magnitude in dB, phase in degrees.)
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[10 pts] b) For the Bode plots above:
(i) [2 pt] Which closed-loop system would have the least steady state error for a step input?
- Bode plot: 1 _ | DO 6D dor higher NG,

- : . S\ W g (2 =
Briefly explain why: hghest DC Qe = €557 1= Yss 1= %, ( <) HO(DGE) 7 |y, DSOS l
' o WW@
(ii) [1 pt] Which closed-loop system would have the greatest steady state error for a step input?

Bode plot:
(iii) [2 pt] Bode plot W: phase margin NAR (degrees) atw= V0 rad fsec
Dom
(iv) {1 pt] Estimate damping factor for Bode plot W. { ~ Q_Qxab/ (vefer 1o F\% lO.L{?B = —‘BD’
(v) [2 pt] Bode plot V: gain margin _‘2_ dBatw=_2
(vi) [2 pt] Estimate the closed-loop bandwidth (that is the frequency for which the closed loop
system has a response of -3dB.) for the open loop response Z.
closed-loop bandwidth =30 _(rad/s) (cefer to '\f\‘%. 10.49) .
(Lg 0“ % "r’\ &B)

Wwen Bode Plot 2 has amagnity
o comespording phase 15 % ~130°
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Twis approviately lies on fhe graph of iy 1049,
S0 we can estimate thpt @ ‘QY‘Q‘OJ-QV\O} w=30 vad fsec,
ﬂm c\oscA’lOoe m%mm =—-3418.



Problem 1, cont.

[6 pts] c) For each closed loop controller/plant with root locus as given in part a), choose the
best corresponding closed-loop step response (A-F). (Note: dashed line shows final value.)

(i) G(s): step rwponse&_ \\M%\\M% ?O\ZS @ (22520 J) 2 hlsw W4 > |owest Tp":‘;%
(ii) Dy(s)G(s): step response A \W\a@mws Poles @ (2453 \a 3 )23 Wilar enveloge as (1), greater Ty
(iii) D3(s)G(s): step response é Asodated, W/ |owest S2E

(iv) Da(3)G(s): step response _1 Atsoctated w/ iy hest SS.E 4 ms peles lowest W4 =2 least 08(\!%\3

(v) Ds(s)G(s): step response T __ Wwogvang poles @ (-032 U+ (-1.65%0:53) 2hgh A“”‘?‘M‘A
(vi) Ds(s)G(s): step response C _ \m@m% poles @ (415245, pok @ 50 52 low SSE
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Problem 3 (14 pts) )
e 50(s+1
The open-loop system is given by G(s) = r=rs>7125570; aad Bode plot for G(s) is here: K( \ 5601
- Ke= 107 D(0Y G(0) = B8 JTsyje)
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A lag controller D(s) = kﬂ'—‘j is to be designed such that the unity gain feedback system with
openloop transfer function D(s)G(s) has static error constant K, = 10. D(s)G(s) should have a
nominal (using provided Bode diagram) phase margin ¢, ~ 90° A% = loo® = phase of ~80° hus d’ = [66°

[2 pts]. a. Following the lag compensation procedure, what is the chosen phase margin fre-
quency for the compensated system? Wpm = 3.5 rad sl . ‘

[6 pts] b. Determine gain, zero, and pole location for the lag network D(s):

gain k = 025 zero: o = 0,35 pole: 8 = O 0% ~0.00%
(0(%)- i Sl Ho-et» 655

[6 pts] b. Sketch the asymptotic Bode plot for the lag network D(s) only on the plot below:
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Problem 4 (22 pts)

You are given the following
; -1 0 1
x=Ax+Bu=[ 0 _5]x+[3]u(t), y=[11x (1)

(2 pts] a) Determine if the system in eqn. (1) is controllable and observable.
2 [é :\‘5—1 contollable because k(CY=X
Fy becwvable  oec k(@)=
© - [_‘ L] e ause vk (©

(2 pts] b) Find the transfer function for the system in eqn. (1)

vy _ U(s+2D) T-AY '8 - b
v e C(sT-AY Lv o1 S;\ ;S] [3]
v W) (mﬁ 3;5 ;;’“‘3]

- St53(std  Ys4§
(S+DCSHSY  rst(5HE)

[2 pts] ) Find the equivalent system to eqn. (1) in phase variable form:

2=Kz+§u=[_g _16]z+[2]u(t), y=[% Y]z (2)

YO Usts
ul(®)  §rests

[4 pts) d) Find the transformation P such that A = P~1AP is in phase variable form.
P T
P=[5 '] p-[8 ATI[® AB)
3 B R | 1\ -XY o \ -
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= vl 6 \
[ 3 "IS‘X { l o}
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B 3



k. TI7

[4 pts] e) State feedback with feedback gain K is applied to the system in phase variable form
(eqn. 2) such that u = r — K,z. Given K,, determine the equivalent gain Ky for the system in

eqn. (1) to have the same response with input u =7 — Kix. ~l
2=Fr R=f!

2~ A1 +Bu &
pg =

= A% +R(r-ke® ?) | P8 |
5 = ppaD)a+PBr - PRk T W )= A
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[4 pts] f) Find e’ and et. (Hint: use similarity transform): a LP——’\Af_B o
£
» & (®) .‘. ] (S-Q " ", ~S'F é [
= —3

) BIRS); L ]mx[m}

(2 pts] g) Draw a block diagram representation using integrator, scale, and surn components for

Problem 4, cont.

the system in eqn. (1)

[2 pts] h) Draw a block diagram representation using integrator, scale, and sum components for

the system in eqn. (2)




Problem 5 (12 pts)
[2 pts] a. Given the following system model:

x = Ax + Bu y=0Cx

Provide state equations for an observer which takes as inputs u(t),y(t), and provides an esti-
mate of the state x(t).

>’<“:A§<\+BU\+ L(‘}-@
- Ax+4Bur LC(x-R)
= (A-Le)K +But LCX

) X s (A’LC\Q*%\A—\L%‘)
[2 pts] b. If error e is defined as e(t) = %(t) — x(t), derive the error equations.
£-X-% = (A-LO)K4+But[Cx — (Ax+Bw)
= (A-LOKX + Bu — (A-LC)x =B
s (A-LOYX = (A-LO)X
>|é - (a-Le)

[2 pts] c. Now consider state feedback control, with reference input r, using the state estimate
from observer, u = r — K%. Derive the combined state equations:

Xz AxA B (=¥ %) .

= Axd B¢ -kle+HxM _ A'BK&JBK X . Bkr
S (A=BRX+Br -BKe |, o \A#Lc 0 o
e= (A-LOE

[2 pts] d. Given the following system model:

R R ) R e

Find observer gain L such that the observer has closed loop poles at s; = —8, so = —6.

desived  chaactenistie eguating (s48)($t6) = s2+1Yys +43
-4 -Li
éﬁ(ﬁ” (A'LQ\‘ &—*({2 Os} “H-L, ;D

1 & i ,
L= [ 52 } - {3“\} : &—{([?ﬁ:t‘ ;'\\ = 24 (441 ) s+ (144L2)
L‘:6 Lzz 3%




Problem 5, continued (12 pts) ,4:[:3{ 0’] R= [g] c=[" o]

[2 pts] e. Let state feedback gain K = [—7 3.5] and let observer gain L = [2 16]7. Find the
eigenvalues for the combined system. +4 )
] >dee/ 17 ) =(s+7)s+4)

-9 ) _ -9 1
(ovdlley: A-BK= Em,ztz. —Zk] - [o -7 O s#7
Olserver: PLCF -4 ] : [“” ':]=> Aot /1 ;’): 1N 45D

-y~ O 20 © 20
L =(s+5)(s+€
[ Eigenvales = -7-9,-5 6] (s+S)(s+€)

[2 pts] f. Consider an initial condition x(0) = [5 10]7 and %(0) = [0 0]7 with r(t) = 0. Briefly
compare the expected zero-input response for different control strategies:

- — K3 (ase T_: U= -Kx
Case. u=—-Kx . )
and % = Ax+ B(-K2) :(A -BK) x
B-2X) £ PN
Case II: u = —Kx. ’X(.é)—:. e( %) E%] wrth /\‘L( 7,—‘1]

(e T: (% :_Ftif’,K_}_:‘Fﬁ_Hzf°> o Bt
4 O : A-LC]|e() [-: _[OJ [y]
=D 0 (©
X (€) eﬁf ) |
ete) | -5 ik A={-7, 4,5, €}

)
+o O, ard e(t) ic Slowey

sfowey.

S x(e) =0 dbpercs on of) alo j&? ‘
dw o slower e{rjwv‘*ﬁf\%/ the wponfe L obsexer will E

’ﬂ\l obcepvey MMCE Sfﬁm a/,b /mj Slowey lm’n( b‘jfuue ?
x(oy= (r-BK)x(e) = BX(€C)

- ~ BKA(c) + BB (@)
= Axfo) - B (o ﬁ/’k/s'rncq e(b)-'[g}’ x(o)

= A(x(c))
bot e{j[A) = {7\’:'7 :/= APr9AHL o 5_2/-2]
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Problem 6 (20 pts)

Given the following system model:

U IR I

Note that:

ot ;
AN for ¢t 20 (3)
et

-€ (4 i

[4 pts] a. The continuous time system in eqn. (3) is converted to discrete time using a zero-or der
hold with sample time T = In2 seconds. Find G, H, C for the difference equation for x(n):

x(n +1) = Gx(n) + Hu(n) y(n) = Cx(n) (4)
\
e ]
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Given the following discrete time system model:

x(n +1) = Gx(n) + Hu(n) = [ ] [ 21(n) ] + [ (1) ]’u(n), (5)

y(n)=Cx(n)=[1 0] [ 2 ]

[4 pts] b. Find transfer function for the system in eqn.(5) with input U (2) and output Y'(2):
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Problem 6, continued

[3 pts] c. Let control input u(n) = K(r(n) — y(n)) where K is output feedback gain, and r(n)
is the input, be applied to the system above (eqn. 5). Plot the root locus for M (z) with unity gain

feedback: M {Z) _ /
(2-3)(2+ ")
for ke O ipmmmat -
"Vt, 3/2

f

Re(z) A)’ﬂdkaw @ ( l/,_' 4 3/9_) 5“{? J
> 3
' ﬁ \/(%i"rf

slows nYesrecte onil- uv&f& wher

T T~ g Ohen zof: /-J"/¢,+|< 3/8 >[k=5/ £
Wwhen z= iﬁ} (;Z+/9/)- [2§+§ 4 )+ K2 =0 C(ZIW T
32 J - z=5/,z+
= ]k‘ g §l (-2
[3 pts] d. The system in eqn. (5), with input r, has control input u(n) = K(r(n) —y(n)) applied,
where K is output feedback gain. Find range of K for the system to be stal?le. Y/ '
-3y

STs e i k—?@ % |

ot () = GOrgd) o e B —FIEC () = (6-HHOXG) 4 Huwony = 5 B j
O

. :[3/0 ‘J/H]"{?]KD ol = [Wg—x r/q] [zf—(a ch)] k 3}572 ]

[2 pts] e. Find the final value of z(n) for a step input to the open loop system in eqn.(5), that

is limp— 00 z(n) for a unit step input.
: = Sc'jjkm s not BP0 skl

Chacking: €ig() =t " o Hevs v2d ‘
Stabilik D Skep Tnpot mi ht 3|\€’ onbou-dech
Aganing X:(0)= O, X will aluays incxtasc | iz O

@F—rg(iﬂ,{.() = 'X:;l“) (
X (nA1) = 3-5(h) + 5“>(,(n> + by &f Least 1+ L) Al X £% 20 = fr =0

0""‘6(, )(1 ﬁ"olds X = "zl ——5;;3

[4 pts] £. A linear time invariant causal discrote time system with input «(k) and output z(k)

has 2z transform 1
J\r Z)= v
® = o na -

The system is driven by a discreto unit step, u(k) = 1 for & > 0. Find the output 2(k) for & > 0.
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