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Problem Set 8: Solutions

Problem 1
a) The block diagram is as follows:

+
−

G(s)
R(s) E(s) Y (s)Delay: ∆T

e−s∆T

Figure 1: Block diagram with time delay ∆T .

b) Using the command margin(G) we obtain:

Figure 2: Bode plot for G(s) without delay.

As observed, the phase margin is 51.8 degrees at 7.86 rad/s.

c) Recall that a delay produces a shift in the phase bode plot of the form −∠ω∆T . Then, if we want

to shift 30 degrees (i.e. π/6 radians) at the phase margin frequency ω∗ = 7.86 we solve:

π

6
= ω∗∆T → ∆T =

π

6ω∗
=

π

6 · 7.86
= 0.0666

Applying that time delay we obtain the following Bode plot margin(Gdelay):
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Figure 3: Bode plot for G(s) with delay.

As expected, the phase margin is now 21.8 degrees, 30 degrees less than the original system.

d) Without time delay we have phase margin Φ = 51.8 degrees. Then, using equation (10.73) from the

textbook we have:

tan(Φ) =
2ζ√

−2ζ2 +
√

1 + 4ζ4
→ ζ ≈ 0.4997

Then the overshoot:

%OS = e−πζ/
√

1−ζ2 · 100% ≈ 16.3%

To compute the settling time we require the bandwidth of the closed-loop frequency response ωBW.

For these systems is convenient to use Figure 10.49 from the textbook. The open-loop phase is

φ = −180 + 51.8 = 128.2, and hence a closed-loop −3 dB corresponds to approximately −5 dB in

the open-loop system. Then −5 dB corresponds to 10−5/20 = 0.56 in magnitude. To obtain the

frequency we solve:

0.56 = |G(jωBW)| =
∣∣∣∣ 100

jωBW(jωBW + 10)

∣∣∣∣→ ωBW = 11.5 rad/s

Using equation (10.55) from the textbook we have:

Ts =
4

ωBWζ

√
(1− 2ζ2) +

√
4ζ4 − 4ζ2 + 2 ≈ 0.96 s
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Now, for the system with time delay we have Φd = 21.8:

tan(Φd) =
2ζd√

−2ζ2d +
√

1 + 4ζ4d

→ ζd ≈ 0.1927

Then the overshoot:

%OSd = e−πζd/
√

1−ζ2d · 100% ≈ 54%

The open-loop phase for the system with time delay is φd = −180+21.8 = −158.2. With this (based

on Figure 10.49 from the textbook), −3 dB in the closed-loop system corresponds to approximately

to −7 dB in the open-loop magnitude that corresponds to 10−7/20 = 0.4467 in magnitude. To obtain

the frequency we solve:

0.4467 = |G(jωBW,d)| =
∣∣∣∣ 100

jωBW,d(jωBW,d + 10)

∣∣∣∣→ ωBW,d = 13.39 rad/s

Then:

Ts =
4

ωBW,dζd

√
(1− 2ζ2d) +

√
4ζ4d − 4ζ2d + 2 ≈ 2.76 s

e) Using Matlab we obtain:

Figure 4: Step response for both systems.
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Using stepinfo(H) we obtain a settling time for the system without delay is 0.8 seconds and

overshoot of 17%, while for the system with delay we have Ts = 2.6 seconds and an overshoot

of 58%. We observe that both approximations perform quite well, with minor errors due to the

approximation used in obtaining ωBW.
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Problem 2
a) From the DC gain, we obtain the magnitude at 1015/20 = 5.62, that is:

5.62 =
kzc
pc

We want to have frequencies for phase margin at 30 rad/s. Then, based on lag network design, we

want at least one decade earlier for picking the zero. So we pick zc = 3. Then by picking k = 1 and

pc = 3/5.62 = 0.534 we have:

∠Gc(30) = ∠

(
30j + 3

30j + 0.534

)
= −4.7◦

that is within the requirements. Then our proposed lag-network is:

Gc(s) =
s+ 3

s+ 0.534

b)

Figure 5: Bode plot for Gc(s).

We observe that near 30 rad/s the magnitude is at 0 dB, that gives us enough range to set-up the

phase margin at that frequency, while the DC gain is at 15 dB.
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Problem 3
a) The rule we will use to draw sketch Bode plots are as follow:

• The DC gain is given by:

20 log

(
150 · 3

5 · 12 · 10

)
= 20 log(9) = 19.1 dB

• Each pole produces a decay of 20 dB per decade, while each zero produces an increase of 20

dB per decade, that starts right at the pole/zero itself.

• For the phase, each pole/zero produces a phase shift of ±45◦ at the pole/zero itself. To ap-

proximate, one decade earlier starts the decrease of 45◦ per decade, and complete the total 90◦

phase shift in two decades.

With that the sketch is as follows:

Figure 6: Sketch of Bode plot.

b) We want a phase margin ≥ 65◦. Let’s go with 75◦. From the sketch, the frequency at phase

−180 + 75 = −105 is approximately 1.2 ∼ 1.5 rad/s. Let’s say 1.3 rad/s. The static error constant

= 100 implies 40 dB as DC gain. Solving for k we have:

100 = k · 150 · 3
5 · 1 · 10

→ k = 11.1
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This will move up our system 21 dB (to start at 40 dB). Based on our previous sketch, the magnitude

at 1.3 rad/s is around 10 dB, and plus 21 dB, we require to compensate around 31 dB. With that

we have all of our specs:

• The high frequency of the lag controller (i.e. the zero) should be one decade earlier than the

frequency required, i.e. zc = 0.13 rad/s.

• We want 31 dB compensation, that is around 1.55 decades of decay at a rate of 20 dB/decade.

Then:

101.55 = 35.45 =
high freq

low freq
=

0.13

pc
→ pc = 0.0036

• Finally we normalize our lag controller, to obtain:

Gc(s) = 11.1 · 0.0036

0.13
· s+ 0.13

s+ 0.0036
= 0.313

s+ 0.13

s+ 0.0036

Figure 7 showcase the original bode plot with the proposed lag network. As can be seen, around 1.3

rad/s, we compensate −10 dB, to obtain our phase margin frequency at that value. We got around

−5◦ of phase shift, but our extra margin factor compensate for this problem.

Figure 7: Bode plot of original system and proposed lag network.

c) The Bode plot is as follows:
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Figure 8: Bode plot for G(s)Gc(s).

on which we see that the DC gain is at 40 dB, while phase margin is above 65◦. Finally, the step

response is:

Figure 9: Step responses for compensated and uncompensated system.

As can be seen the steady state error for the uncompensated system is around 1− 0.9 = 0.1, while

for the compensated system is around 1− 0.988 = 0.012, also improving the steady state error.
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Problem 4

a) We rewrote our compensator of the textbook form: Gc(s) =
1

β

s+ 1
T

s+ 1
βT

.

Note that this compensator has a DC gain of 1, while has a high-frequency gain of:

lim
s→∞

1

β

s+ 1
T

s+ 1
βT

=
1

β
= 10 dB = 1010/20 = 3.16→ β = 0.316

We verify that the maximum shift is as given in the textbook:

φmax = arcsin

(
1− β
1 + β

)
= 31◦

that is close enough of 30◦. Using the equation in the textbook, we can obtain the maximum

frequency as:

ωmax = 100 =
1

T
√
β
→ T =

1

100
√
β

= 0.0178

With that our lead compensator can be written as:

Gc(s) =
1

0.316

s+ 1/0.0178

s+ 1/(0.316 · 0.0178)
= 3.16 · s+ 56.18

s+ 177.78

b) The bode plot is:

Figure 10: Bode plot for Gc(s).
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Problem 5
a) The DC gain is given by:

20 log

(
20 · 10

12 · 62
)

= 14.9 ≈ 15 dB

With that, using the same rules from Problem 3 we have the sketch:

Figure 11: Sketch of Bode plot for G(s).

b) We find the frequency at which we have 0 dB (i.e. |G| = 1) by solving:∣∣∣∣ 20(jω + 10)

(jω + 1)2(jω + 6)2

∣∣∣∣ = 1→ ω ≈ 2 rad/s

Then the angle is given by ∠(G(j2)) = −153 degrees. With that, the phase margin is 27◦. To get to

40 we need 13 more, that we will compensate. The complicated part of compensating using a lead

network is that it moves the phase margin frequency and the design may not work. In such case,

you keep increasing the phase compensation until it’s a desired response. Trying with 36◦ degrees

of compensation we have:

sin(36◦) =
1− β
1 + β

→ β = 0.26

This β will add up around 7 dB compensation based on Figure 11.8 of the textbook at their peak

phase. Based on this we find in the uncompensated system when −7 dB occurs, that is around
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ωmax = 3 rad/s.

With that, T can be computed as:

ωmax =
1

T
√
β
→ T =

1

ωmax
√
β

=
1

3 ·
√

0.26
= 0.6537

With that, the lead network is given by:

Gc(s) = Gc(s) =
1

β

s+ 1
T

s+ 1
βT

=
3.8462(s+ 1.53)

s+ 5.883

Remark: The idea here is similar of what is proposed in the textbook, but compensating using

lead network is usually more complicated than lag networks, due to the possible change of the phase

margin frequency. As mentioned, you can iterate with the method proposed by increasing more and

more the compensation until we obtained the desired response.

c) The compensated Bode plot is:

Figure 12: Bode plot for G(s)Gc(s).

As can be seen, the DC gain is still 15 dB, while the phase margin is now 40◦.

The step response is:
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Figure 13: Step responses for compensated and uncompensated system.

Although both systems have the same steady state error of 1 − 0.847 = 0.153, the settling time of

the uncompensated system is 10 seconds, while the compensated one is only 4.05 seconds.
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