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EECS 16A Designing Information Devices and Systems I
Summer 2022 Homework 3

This homework is due July 15th, 2022, at 23:59.
Self-grades are due July 18th, 2022, at 23:59.
Submission Format
Your homework submission should consist of a single PDF file that contains all of your answers (any hand-
written answers should be scanned).

1. Reading Assignment

For this homework, please read Note 7, 8, and 9. These notes will give you an overview of matrix subspaces
and eigenvalues/eigenvectors. You are always welcome and encouraged to read beyond this as well.

2. Finding Null Spaces and Column Spaces

Learning Objectives: Null spaces and column spaces are two fundamental vector spaces associated with
matrices and they describe important attributes of the transformations that these matrices represent. This
problem explores how to find and express these spaces.

Definition (Null space): The null space of a matrix, A ∈ Rm×n, is the set of all vectors ~x ∈ Rn such that
A~x =~0. The null space is notated as Null(A) and the definition can be written in set notation as:

Null(A) = {~x | A~x =~0,~x ∈ Rn}

Definition (Column space): The column space of a matrix, A ∈ Rm×n, is the set of all vectors A~x ∈ Rm for
all choices of ~x ∈ Rn. Equivalently, it is also the span of the set of A’s columns. The column space can be
notated as Col(A) or range(A) and the definition can be written in set notation as:

Col(A) = {A~x |~x ∈ Rn}

Definition (Dimension): The dimension of a vector space is the number of basis vectors - i.e. the minimum
number of vectors required to span the vector space.

(a) Consider a matrix A ∈ R3×5. What is the maximum possible number of linearly independent column
vectors (i.e. the maximum possible dimension) of Col(A)?

(b) You are given the following matrix A.

A =

1 1 0 −2 3
0 0 1 −1 1
0 0 0 0 0


Find a minimum set of vectors that span Col(A) (i.e. a basis for Col(A)). (This problem does not have a
unique answer, since you can choose many different sets of vectors that fit the description here.) What
is the dimension of Col(A)?
Hint: You can do this problem by observation. Alternatively, use Gaussian Elimination on the matrix
to identify how many columns of the matrix are linearly independent. The columns with pivots (leading
ones) in them correspond to the columns in the original matrix that are linearly independent.

UCB EECS 16A, Summer 2022, Homework 3, All Rights Reserved. This may not be publicly shared without explicit permission. 1



Last Updated: 2022-07-09 07:08 2

(c) Find a minimum set of vectors that span Null(A) (i.e. a basis for Null(A)), where A is the same matrix
as in part (b). What is the dimension of Null(A)?

(d) Find the sum of the dimensions of Null(A) and Col(A). What do you notice about this sum in relation
to the dimensions of A?

(e) Now consider the new matrix, B = AT ,

B =


1 0 0
1 0 0
0 1 0
−2 −1 0
3 1 0


Find a minimum set of vectors that span Col(B) (i.e. a basis for Col(B)). What is the minimum number
of vectors required to span the Col(B)?

(f) You are given the following matrix G. Find a minimum set of vectors that span Null(G), i.e. a basis
for Null(G).

G =


2 −4 4 8
1 −2 3 6
2 −4 5 10
3 −6 7 14


(g) For the following matrix D, find Col(D) and its dimension, and Null(D) and its dimension.

D =

1 −1 −3 4
3 −3 −5 8
1 −1 −1 2


3. Mechanical Determinants

For each of the following matrices, compute their determinant and state whether they are invertible.

(a)
[

2 0
0 3

]
.

(b)
[

2 1
0 3

]
.

(c)
[

6 9
4 6

]
.

(d)

−4 2 1
5 1 −3
7 3 1

.

(e)

−4 0 0
5 1 −3
7 3 1

.

(f)


−4 0 0 0
0 17 0 0
0 0 −31 0
0 0 0 2

.
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4. Introduction to Eigenvalues and Eigenvectors
Learning Goal: Practice calculating eigenvalues and eigenvectors. The importance of eigenvalues and
eigenvectors will become clear in the following problems.

For each of the following matrices, find their eigenvalues and the corresponding eigenvectors. For simple
matrices, you may do this by inspection if you prefer.

(a) A =

[
5 0
0 2

]
(b) A =

[
22 6
6 13

]
(c) A =

[
1 2
2 4

]
(d) Let A ∈ Rn×n be a general square matrix. Show that the set of eigenvectors corresponding to a partic-

ular eigenvalue of A is a subspace of Rn. In other words, show that

{~x ∈ Rn : A~x = λ~x,λ ∈ R}

is a subspace. You have to show that all three properties of a subspace (as mentioned in Note 8) hold.

5. Is There A Steady State?
So far, we’ve seen that for a conservative state transition matrix A, we can find the eigenvector, ~v, corre-
sponding to the eigenvalue λ = 1. This vector is the steady state since A~v =~v. However, we’ve so far taken
for granted that the state transition matrix even has the eigenvalue λ = 1. Let’s try to prove this fact.

(a) Show that if λ is an eigenvalue of a matrix A, then it is also an eigenvalue of the matrix AT .
Hint: The determinants of A and AT are the same. This is because the volumes which these matrices
represent are the same.

(b) Let a square matrix A have, for each row, entries that sum to one. Show that~1 =
[
1 1 · · · 1

]T is
an eigenvector of A. What is the corresponding eigenvalue?

(c) Let’s put it together now. From the previous two parts, show that any conservative state transition
matrix will have the eigenvalue λ = 1. Recall that conservative state transition matrices have, for each
column, entries that sum to 1.

6. Page Rank
Learning Goal: This problem highlights the use of transition matrices in modeling dynamical linear sys-
tems. Predictions about the steady state of a system can be made using the eigenvalues and eigenvectors of
this matrix.

In homework and discussion, we have discussed the behavior of water flowing in reservoirs and the people
flowing in social networks. We now consider the setting of web traffic where the dynamical system can be
described with a directed graph, also known as state transition diagram.

As we have seen in lecture and discussion the “transition matrix”, T, can be constructed using the state
transition diagram, as follows: entries t ji represent the proportion of the people who are at website i that
click the link for website j.

The steady-state frequency (i.e. fraction of visitors in steady-state) for a graph of websites is related
to the eigenspace associated with eigenvalue 1 for the “transition matrix” of the graph. Once computed,
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an eigenvector with eigenvalue 1 will have values which correspond to the steady-state frequency for the
fraction of people for each webpage. When the elements of this eigenvector are made to sum to one (to
conserve population), the ith element of the eigenvector will correspond to the fraction of people on the ith

website.

(a) For graph A shown below, what are the steady-state frequencies (i.e. fraction of visitors in steady-
state) for the two webpages? Graph A has weights in place to help you construct the transition matrix.
Remember to ensure that your steady state-frequencies sum to 1 to maintain conservation.

1 2
1

1

Graph A

(b) For graph B, what are the steady-state frequencies for the webpages? You may use IPython and the
Numpy command numpy.linalg.eig for this. Graph B is shown below, with weights in place to
help you construct the transition matrix.
Hint: numpy.linalg.eig returns eigenvectors and eigenvalues. The eigenvectors are arranged in
a matrix in column-major order. In other words, given eigenvectors

~v1 =

[
v11
v12

]
and ~v2 =

[
v21
v22

]
NumPy will return: [

v11 v21
v12 v22

]
(1)

1 2

34

1

1

1
31

3

1
3

1
3 1

3

1
3

Graph B

OPTIONAL Find the eigenspace that corresponds to the steady-state for graph C. How many independent systems
(disjoint sets of webpages) are there in graph C versus in graph B? What is the dimension of the
eigenspace corresponding to the steady-state for graph C? Again, graph C with weights in place is
shown below. You may use IPython to compute the eigenvalues and eigenvectors again.
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1

Graph C

7. Intro to Circuits

Learning Goal: This problem will help you practice labeling circuit elements and setting up KCL and KVL
equations.
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(a) How many nodes does the above circuit have? Label them.
Note: The reference/0V (ground) node has been selected for you, so you don’t need to label that, but
you need to include it in your node count.

(b) Notice that elements 1 - 6 and the voltage source Vs have either the voltage across or the current
through them not labeled. Label the missing voltages across or currents through for elements 1 - 6,
and the voltage source Vs, so that they all follow passive sign convention.

(c) Express all element voltages (including the element voltage across the source, Vs) as a function of node
voltages. This will depend on the node labeling you chose in part (a).

(d) Write one KCL equation that involves the currents through elements 1 and 2.
Hint: This will not be specific to your node labeling. Your answer may contain currents through other
elements too.

(e) Write a KVL equation for all the loops that contain the voltage source Vs. These equations should be a
function of element voltages and the voltage source Vs.

8. Reverse Eigenvalues
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Learning Goal: Understand how to construct a matrix with a particular set of eigenvalues and eigenvectors.

In lecture, homework, and section, we have seen a number of ways to compute eigenvalues and eigenvectors
from a particular matrix, and explored what they mean in terms of how the matrix transforms vectors. In this
problem, we will explore this in the reverse direction by designing it to have a desired set of eigenvalues.
Recall the fundamental eigenvector/eigenvalue equation:

Av = λv (2)

(a) Suppose you are given the following eigenvalue/eigenvector pairs:

λ1 = 1, ~v1 =

[
1
1

]
λ2 =−1, ~v2 =

[
−1
1

]
These eigenvectors/eigenvalues will result in a reflection matrix about the vector [1, 1]; in other words
every component orthogonal to [1, 1] will flipped in sign. Explicitly write out the matrix-vector equa-
tions for the two eigenvector/eigenvalue pairs. Make sure to identify each component of the A matrix
and fill in the relevant values for the eigenvector and eigenvalue. Assume the unkown components of
A are a11,a12,a21,a22

(b) Reformat the equations you wrote above into a system of linear equations, with a11,a12,a21,a22 as
unknowns.

(c) Now, setup a matrix-vector system of equations and solve for the A matrix. Think carefully about what
the unknowns in your system are when setting it up.

9. Circuit Analysis
Learning Goal: This problem will help you practice circuit analysis using the node voltage analysis (NVA)
method.

Using the steps outlined in lecture or in Note 11, analyze the following circuits to calculate the currents
through each element and the voltages at each node. Use the ground node labelled for you. You may use a
numerical tool such as IPython to solve the final system of linear equations.

(a) Is = 3mA,R1 = 2kΩ,R2 = 4kΩ

Is R1 R2

10. Homework Process and Study Group
Who did you work with on this homework? List names and student ID’s. (In case you met people at home-
work party or in office hours, you can also just describe the group.) How did you work on this homework?
If you worked in your study group, explain what role each student played for the meetings this week.
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