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Notes
Sinc Interpolation
Recall that when doing interpolation, we are trying to solve the problem of finding an effective set of basis
functions to represent our system, and to find a good way of constructing a good continuous time approxi-
mation of a discrete time function. We boiled this problem down to the creation of good basis functions to
define our system.

Given points (x0,y0),(x1,y1), ...(xn,yn), we define the function h(x) as follows:

h(x0) = y0

h(x1) = y1

...
...

h(xn) = yn

To create the function h(x), we redefine the problem to be creating effective basis functions φi such that:

h(x) =
n

∑
i=0

yiφi(x)

φi(xi) = 1, φi(x j) = 0, xi 6= x j

Problems with Polynomial Interpolation

Previously, to solve this problem, we used polynomial interpolation. However, polynomial interpolation has
a few major setbacks. Firstly, for an n degree polynomial, there are n-1 inflection points. For high degree
polynomials, this can make the function have extremely erratic behavior. In addition, for slowly varying
functions (functions whose derivatives are small compared to the number of points we have sampled), this
can lead to over-fitting of our data.

In addition, polynomial interpolation is unable to provide a good estimate for behavior of our function
beyond the boundaries of our samples. In general, it does not make sense for the function to extend to +∞

or −∞ past the edges of our function. For large numbers of data points, and large degree polynomials, this
can lead to the function behaving vary strangely at the edges.

From these two points, it is clear that we might want to define a new basis function that would solve these
problems.
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Figure 1: Overfitting and edge effects of polynomial interpolation. Notice the variations in the middle of the
function and erratic behavior at the edges.

sinc(x) =

{
sin(πx)

πx x 6= 0
1 x = 0

Figure 2: A graph of the Sinc function

The Sinc Basis

A good basis function to use is the sinc function:

The sinc function is nice because it is zero for all non-zero integers, and it provides the nice property of
being bandlimited. This means that the sinc function does not have any frequencies higher than ω = π . The
implications of this theorem are very large, we will go into them in further detail in later discussions and
lectures.
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Questions
1. Warm-up: Interpolation

Samples from the sinusoid f (x) = sin(0.2πx) are shown below. Draw the results of interpolation using each
of the following three methods:

(a) Zero order hold interpolation (b) Linear interpolation

(c) Sinc interpolation

2. Sinc is band-limited

(a) Show that the sinc function can written in terms of an integral

sinc(x) =
1
π

∫
π

0
cos(ωx)dω.

(b) What is the lowest frequency component of the sinc function?

(c) What is the highest frequency component of the sinc function?

3. Low-frequency sampling of high frequency functions

The demo file interpolation_demo.ipynb shows how sampling and basis function interpolation can
be performed on a cubic function and a low frequency sawtooth function.
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(a) Take some time to understand the code. Where does the formula

y(x) = ∑
k

ykφk(x)

get used?

(b) Modify the code to sample then interpolate a high-frequency sinusoid sin(1.9πx) at the integer points
between -10 and 10. What is the frequency of the interpolated function? What is going on here?

4. How to alias

Consider the function f (x) = sin(0.2πx).

(a) At what period T should we sample so that sinc interpolation recovers a function that is identically
zero?

(b) At what period T should we sample so that sinc interpolation recovers the function f̂ (x)=−sin
( 1

15 πx
)
?
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