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EECS 16B Designing Information Devices and Systems II
Fall 2019 Discussion Worksheet Discussion 12B

Questions
1. Quadratic Approximation and Vector Differentiation

As we’ve seen many times in the past, least-squares is an extremely useful tool for us to find optimal
solutions to a wide range of problems, especially ones that involve learning a pattern from data. We would
like to leverage least-squares in other cases such as classification, but there can be a few pitfalls. As you will
see on the homework, datasets that are natural may skew the least-squares optimal solution to a classification
problem, and lead to errors in the classifier. One solution to this problem will be to use a different non-linear
loss function (so instead of least-squares we will do “least- f ” where f is a non-quadratic function that
penalizes errors differently) that is less susceptible to certain natural variations in the dataset, but use a local
quadratic approximation of the loss function so that we can still leverage our understanding of the least-
squares formulation to solve the problem in an iterative manner. (This is like how we did Newton-method
iterations on the HW to set the joint angles on our robot arm to reach a particular point.) To work our way
up to doing this, this discussion will teach you how to make a quadratic approximation of a function with a
vector input.

As shown in the previous discussion, a common way to approximate a non-linear high-dimensional functions
is to perform linearization near a point. In the case of a two-dimensional function f (x,y) with scalar output,
the linear approximation of f (x,y) at a point (x0,y0) is given by

f (x,y)≈ f (x0,y0)+ fx(x0,y0) · (x− x0)+ fy(x0,y0) · (y− y0).

where fx(x0,y0) is the partial derivative of f (x,y) with respect to x at the point (x0,y0):

fx(x0,y0) =
∂ f (x,y)

∂x

∣∣∣∣
(x0,y0)

and fy(x0,y0) is the partial derivative of f (x,y) with respect to y at the point (x0,y0). In vector form, this can
be written as:

f (~x)≈ f (~x0)+ [
∂

∂~x
f |~x0 ](~x−~x0)

where [ ∂

∂~x f |~x0 ] in this case is a row-vector filled with the partial derivatives ∂

∂x[i] f evaluated at~x0.

(In some other courses, you might see the transpose of the derivative above referred to as the gradient and
denoted by ∇ f (~x0), but this is a subtly different object. The gradient of a scalar function of a vector argument
is a vector while the derivative is a row.)

We want to extend this idea to a quadratic approximation, so we need some notion of a second derivative
term.

For this discussion, we will only be considering these types of functions from Rn → R, since that is the
typical form for a cost function used during optimization.
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(a) Given the function f (x) = e−2x, find the first and second derivatives, and write out its quadratic
approximation at x = x0

(b) Write an expression for the minimum of the quadratic approximation of f (x)

(c) Given the function f (x,y) = x2y2, find all of the first and second partial derivatives.

(d) Write out the quadratic approximation of f (x,y) near (x0,y0).

(e) Write out the general formula for the quadratic approximation of a scalar-valued function of a
vector in vector/matrix form.

(f) Do your quadratic approximation for the scalar-valued function e~x
>~w around ~w = ~w0. Here,

assume that~x is just some given vector.

(g) Use linearity to give the quadratic approximation for the function ∑
m
i=1 e~x

>
i ~w around ~w= ~w0. Here,

assume that the~x are just some given vectors.
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(h) The second derivative also has an interpretation as the derivative of the derivative. However, we saw
that the derivative of a scalar-valued function with respect to a vector is naturally a row. If you wanted
to approximate how much the derivative changed by moving a small amount ~δw, how would you
get such an estimate using your expression for the second derivative?

(i) How does the answer to the previous question help you better understand the factor 1
2 in your

quadratic approximation expression? What does this have to do with the area of a triangle?
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