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EECS 16B Designing Information Devices and Systems II
Fall 2019 Discussion Worksheet Discussion 14A

Questions
1. Complex Inner products, Projections, and Orthonormality

To understand how we want to define complex inner products, it is useful to first “recall” (or “retcon” as
the case may be!) how we came to define real inner products. Inner products grow out of our desire to do
projections. Projections themselves are intimately connected to the idea of orthogonality.

When projecting a vector ~a onto another vector~b, the result needs to be c~b where c is some constant. In
other words, we want a vector that is aligned with~b so that it captures all of~a that is in the direction of~b.

Because the idea of direction is so important, we can first focus on the distilled embodiments of directions
themselves — namely unit vectors. Vectors whose length is 1 essentially are all about direction since their
magnitude/length is known.

If we have a unit vector ~u ∈ Rn, recall that we can define the projection operator as P~u =~u~u> that acts on
vectors. This means, for any vector ~a, we can project ~a onto the unit vector ~u by computing P~u~a. This gives
us a vector that is in the direction of ~u and is a multiple ~u>~a of ~u. This is a projection because the residual
~a−P~u~a is orthogonal to~u since~u>(~a−P~u~a) =~u>~a−~u>~u~u>~a =~u>~a−~u>~a = 0.

(a) As an exercise, explicitly write out the entries in the matrix P~u in terms of the components of the

vector~u =


u[1]
u[2]
...

u[n]

.

(b) In the general case of projecting onto a vector that is not already a unit vector, we can reduce the
problem to the unit case by normalizing. Consider a vector~v that we wish to project onto. Projecting
onto ~v is the same as projecting onto ~v

‖~v‖ . Use this to write an expression for P~v and simplify as
much as possible.

(c) Now, we want to consider formulating this with real inner products instead of norms. Recall that we
defined the real inner product as 〈~a,~b〉 = ∑i a[i]b[i] =~a>~b =~b>~a. Use this to rewrite the matrix P~v
just using inner products instead of norms.
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Use this to show that when we project a vector ~a onto a vector ~b, that the result is c~b where
c = 〈~a,~b〉

〈~b,~b〉
.

Here, we have chosen to use left-to-right reading convention and use 〈~a,~b〉 because we want this to
read in the context of projecting ~a onto~b following standard English grammar, instead of the Yoda-
esque “Project onto the vector ~b, the vector ~a we must.” This is a conscious choice, and we might
as well make it this way despite the fact that the matrix order is more inherently Yoda-eque by the
mathematical grammar for matrix vector multiplication that we have developed. Should new notation
reflect English or the math? The rest of the world seems to have chosen English here. We might as
well go along.

(d) It is apparent from past definitions that the length of a complex vector ~v should be defined as ‖~v‖2 =

∑i |v[i]|2 = ∑i v[i]v[i]. In this context, what are all the scalar (1-dimensional) complex unit vectors?
In the real case, these are just the constants +1 and −1.

(e) What happens when one tries to project with these one-dimensional complex vectors? Consider j and
1. The space is one-dimensional so everything is aligned with everything else, and so in particular,
they are aligned to each other.
If you consider these as vectors, where we expect a projection to be of the form~v1 = c~v2, what is the
coefficient on 1 that gives you j, and what is the coefficient on j that gives you 1. Write these two
coefficients and what you observe.

(f) The previous example has shown you that when complex numbers are involved, the order matters
of who is being projected onto whom, even when both are unit vectors. Now that we do not have
symmetry, we need to be more careful in formulating a projection operator for complex vectors.
Consider a unit vector ~u — this complex vector has length 1. Consider the following operator in the
complex case P~u = ~u~u∗. Here ~u∗ = ~uH is the conjugate transpose of the vector ~u — in other words,
we take the transpose and then take the complex conjugate of every entry in the row. For real vectors
~u, this is the same operator we had above because the complex conjugate would do nothing. For the
scalar 1-d case above, notice that the conjugation is required to give us the correct answer because the
resulting operator must be the constant 1. So, let’s see if this makes sense for the 2-d case.
Let’s start with a case that is like the 1-d case in that the two vectors are aligned.
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For two unit vectors~v1 =

[
j√
2
−1√

2

]
, ~v2 =

[
1√
2
j√
2

]
, compute the projection of~v1 onto~v2 and the projection

of~v2 onto~v1. What are the coefficients? Do these make sense? How are they related to each other?

(g) (DO AT HOME) Similarly, here we have another example with complex vectors where the two vec-
tors are aligned, but the vectors are now aligned by a coefficient that is no longer purely imaginary.

Specifically, we have the following two vectors ~v1 =

[
j√
2
−1√

2

]
, ~v2 =

−1+ j√
2

−1− j√
2

, compute the projection

of~v1 onto~v2 and the projection of~v2 onto~v1. What are the coefficients? Do these make sense? How
are they related to each other?

(h) (DO AT HOME) Now, let’s consider two vectors that aren’t aligned. For the two unit vectors ~v1 =[
j
0

]
, ~v2 =

[
1√
2
j√
2

]
, compute the projection of~v1 onto~v2 and the projection of~v2 onto~v1. What are

the coefficients? Do these make sense? How are they related to each other?

(i) (DO AT HOME) Now let’s see how to extend this for non-unit vectors. For two vectors ~v1 =[
j
−1

]
, ~v2 =

[
1
j

]
, compute the projection of ~v1 onto ~v2 and the projection of ~v2 onto ~v1. What

are the coefficients? Do these make sense? How are they related to each other?

(j) For consistency with the real case and the desired non-Yoda-esque grammar, we want 〈~a,
~b〉
〈~b,~b〉

to be the

coefficient on ~b for the projection of ~a onto ~b. What should the complex inner product 〈~a,~b〉 be
defined as?
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Recall the standard definitions of orthogonal and orthonormal. Two vectors ~a and ~v are defined to be
orthogonal when 〈~a,~b〉 = 0. Note that in the complex inner product case, when 〈~a,~b〉 = 0, 〈~b,~a〉 = 0 as
well. Two vectors~a and~v are orthonormal if they are orthogonal and ‖~a‖= ‖~b‖= 1.

(k) Show that if the columns of a square matrix are orthonormal, then the conjugate transpose of
the matrix is its inverse. (hint: show for a matrix M with orthonormal columns, that M∗M = I).

(l) For the case of a unit vector~b, verify the basic Pythagorean property that the residual that remains
after projecting~a onto~b is orthogonal to~b. Write things mathematically and follow through.

2. Gram Schmidt on Complex Vectors

(a) Consider the three complex vectors

~v1 =

1
j
0

 , ~v2 =

 0
−1
0

 , ~v3 =

1
1
1

 (1)

Compute an orthonormal basis from this list of vectors with Gram Schmidt. Think through what
the GS process should be.

(b) Derive the least-squares solution for the case of a complex tall matrix of data and a tall matrix of
values. We want to find the best (complex) linear combination of the columns for predicting the
observed values in a least-squares sense — we want to minimize the norm of the residual.
This can be formulated as having a feature matrix of data D ∈ Cm×n where m > n and measurements
~y ∈ Cm. In this case, feel free to assume that the columns of D are linearly independent even when we
allow complex linear combinations. First assume that the columns of D are orthonormal.
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(c) (DO AT HOME) Repeat the previous part without the assumption of orthonormality for the
columns of D. You can keep the assumption of linear independence.

Contributors:
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