EE16B
Designing Information
Devices and Systems I

Lecture 13A
Finite Sequences
The Discrete Fourier Transtorm



Intro

e Last time:
— LTI Systems
— Convolution sum

» Today
— Finite sequences as vectors
— Linear convolutions as matrices
— Change of basis
— Begin discrete Fourier Transform

—Announcements:
— Course evaluations please fill!
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Bad news? — Big Game
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Linear Time Invariant Systems

0|n)

L11

» Decompose Xx[n]:

= —00

- Compute output:

O

Convolution

S

ylnj= > almlhln—m] ==

= —00

Sum of weighted, delayed impulse responses!
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BIBO Stability of LTI systems

» LTI system is BIBO stable if, and only if h[n] is
absolutely summable.

" Jhfn]| < o

Proof (if). n=—00

y[n|| = i clmlhn —m]|< D |z[m]] - |hln —m]
e METC elmll < M
<M » |hn—-ml]|=M » |h[n]|<oc

Only if in EE123
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Graphical Example of Convolution
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Graphical Example of Convolution

0 3 4 5 6 / 8 S 10
n=0 O
A yln] = > x[m]h[n —m)]

-1 3 4 5 6 / 3 10
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Graphical Example of Convolution

T 3 4 5 6 7 8 9 10
n=1 O
A yln] =  a[m]h[n —m]
mMm=—00
. 3 4 5 6 7 8 9 10
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Graphical Example of Convolution

-1 v 3 4 5 6 / 3 ° 10
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Graphical Example of Convolution

1 0 3 4 5 6 7 8 9 10
n=3 O
A yln] =  a[m]h[n —m]
M —=—00
1 C 4 5 6 7 8 C 10

EE16B M. Lustig, EECS UC Berkeley



Graphical Example of Convolution

-1 ¥ 4 5 0 / 3 o 10
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Graphical Example of Convolution

1 O 3 5 6 / 8 S 10
n=J O
A yln] = )  x[m]hln —m)]
m—=—0o0
-1 y . () 6 V4 8 o 10 "
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Graphical Example of Convolution

1 0 3 4 . 6 7 8 9 10
n=6 O
A yln] =  a[m]h[n —m]
M —=—00
1 C / - 7 8 C 10

EE16B M. Lustig, EECS UC Berkeley



Graphical Example of Convolution

1 0 3 4 5 D / 8 - 10
n=/7,7 O
A yln] =  a[m]h[n —m]
M =—00
1 C / : 7 8 9 10
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Graphical Example of Convolution

1 0 3 4 5 6 8 9 10
n=4§ O
A yln] =  a[m]h[n —m]
M —=—00
1 C / - 7 8 C 10

EE16B M. Lustig, EECS UC Berkeley



Graphical Example of Convolution

1 0 3 4 5 6 7 . 9 10
n=9 O
A yln] =  a[m]h[n —m]
M —=—00
1 C / - 7 8 . 10
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Graphical Example of Convolution

1 0 3 4 5 6 7 8 ' 10
n=10 O
A yln] =  a[m]h[n —m]
M —=—00
1 C / - 7 8 . 1o
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Finite Sequences

» Consider a finite sequence of length N

n] = something 0<n<N
= 0 otherwise

0 1 2 3 4 5
N-1

- Can also be written as a vector z(1)
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Convolution as a Matrix-Vector Operation

2 8 8 B 8
L =)
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Convolution of Finite Sequences

» X[n] Is N-length sequence, h[n] is M-length
 Length of z[n] «h[n] iISN+M - 1
 Convolution matrix have Toepelitz structure

<. 2 TTQ Y S
<~ T Y Q2

o Q ~~ L OO
Q 2 O S
—~ Q T O S, D
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Circulant Toeplitz

Convolution with Circulant Matrices - o

a b ¢ d e a b c
- Linear convolution is non-square | ¢ “ 7 ¢ ¢ ||/ "
d e a b c g [ a
- Zero pad X, and cycle h c d e ab||h g f
b c d e al||l i h g
10 0 0 0 ([elo] [l
L 000 z[1 y[1.
oo -1 1 U0 o[2] | _ | yl2
0 0 =1 10 3] || v
0 0 0 —1 1 x4 y4
) 0 0 0 0 —1 1L _ I y5 _
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Convolution with Circulant Matrices .  “'cviant ~ Toeplitz

a b c d e a b c
- Linear convolution is non-square | ¢ * 7 ¢ ¢ ||/ "
d e a b c g [ a
- Zero pad X, and cycle h ¢c d e a b||h g f
b c d e al||l i h g
1 0 0 0 0 —1][=z0]" " yl0]
-1 1.0 0 0 0 ||z y[1
0 -1 1 0 0 0 5132 - y:2
0 0 -1 1 0 0 |paB | |yl
i 0 0 0 0 —1 1 1L 0 _ I y:5 ;

Q: Why bother?
A: Circulant matrices have the coolest eigenvectors! (DFT basis)

EE16B M. Lustig, EECS UC Berkeley
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Finite Sequences as Vectors

» Define an inner-product (for RN):

N-—1
< T, P>=F-7J= z[nlyln] =
n—=—0
=7ty
SO,
N—1 N—1
< T, T >= rn|xin| :Z 552[”] — HfHQ
n=0 n=0
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Finite Sequences as Vectors

» What about complex?

vz =122 = (z, + ju;) (e + jai) = 22 — 2% + 2jzrx; # ||z||?

but,

X

r T = (ZBT —j%‘)(mr +j513z') — 377% ‘|‘5‘7z2 — H5’3H2

» [Transpose vs Transpost conjugate

1 : _
| ST [ 1
= ; X _ ¥, 7]

—XK

1+ j =11 —j 1—j
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Finite Sequences as Vectors

» Define Complex inner product

N —1
<TZy>=7F -y=) xn|yn =7
n=0
7 — 1 =T r=| 1
J

EE16B M. Lustig, EECS UC Berkeley




Projections

» Orthogonality:

» Unit vector: ||z]| =

- Define projection as: ™z

— For which y the projectjon is maximized?

EE16B M. Lustig, EECS UC Berkeley



Change of Coordinates (Basis)

» We can compute new coordinates by
projections onto orthonormal basis vectors

1 0|7
0 1|7

€1 T

1

L
L

DO X X
|
|

T

>

2
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Change of Coordinates (Basis)

» We can compute new coordinates by
projections onto orthonormal basis vectors

New coordinates: * by
b* . 5
r e o | T bl b2 L
b5

N\ N\ N\ N\

= T = (b]T)b1 + (b57)bs

EE16B M. Lustig, EECS UC Berkeley



Change of basis

byvs [ 1111111
L1

:1}5551 . ..

b@f ’ 1

2% T T

153;] l I N S l .

by 3 N

G T

‘ ‘ ‘ ‘ —9 by + Ovbo+ Abg+Cliby+ O bs+ O bg+ O by +O- by
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Frequency Analysis

* How can we find the frequency of this N=32 length signal?

1 - "N 0)
o o

AN

05— O Q |

K I 0 I

-0.5 - O Q) _

1 | n O I I I n O I I

Project on unit sinusoidal vectors?
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Complex Exponential Basis

* Phase is a problem! (inside a cosine)

r | x|n| = cos(won + ¢p)
» Solution: Phase is a coefficient for complex exponentials!
2 2
K I 0 I
L : i :

EE16B M. Lustig, EECS UC Berk&ley 5 10 15 20 25 30 35



Frequency Analysis Through Projections

* N-length normalized discrete frequency:

- | R
Jjwn
uwn_\/_(\/6 0<n<N 0D < w < 2n

6jw()
Jwl
PR . = X(w) = a7
W .
VIV . N-1
ed@ (N 1) =5y x[n]e "
n=>0

EE16B M. Lustig, EECS UC Berkeley Also the DTFT of the finite sequence X



Frequency Analysis Through Projections

T T
+ Example: |n| = cos (gn I r)

N =32

1 S -
¢ Q ¢ Q
©) Q
05— O ©)
O ?l éT ?£ éT
-0.5 O Q)
Q) Q)
O © Q) ©
1 o O | | | o O
0 5 10 15 20 25 30 35
|
| X (w)]]
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Frequency Analysis Through Projections

- Example: 7|n| = cos (gn I VD

N =128

(s (s

3

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
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Frequency Analysis Through Projections

(s (s
. Example: ZU[TL] — COS (gn 4 g@

X (W)

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

AH“ hm

EE16B M. Lustig, EECS UC Berkeley U



Frequency Analysis Through Projections

» Example:

N=16

L

n

T

= COS(§TL) + 0.1 COS(%/D

1.5£
1=
0.5

1X (w)]

EE16B M. Lustig, EECS UC Berkeley




Frequency Analysis Through Projections

- Example: x|

N =256

T

n| = cos(gn) + 0.1 COS(%VD

................................

''''''''''''''''''''''''''''''''''''''''''''''''
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Discrete-Time-Fourier-Transform

. DTFT (not DFT) §

EE16B M. Lustig, EECS UC Berkeley

ejw()
6jwl

ejw(N_l)



Discrete Fourier Transform (DFT)

1 ejwn

«For  Uwlnl= % , pick a set of N
frequencies, which will result in an orthogonal
basis

Choose: ), = — e N T

ke |O,N -1
nel|l0,N -1
VVNZE‘7 ™/ — \/NWN
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DFT Basis

6] 27‘(']({7-0

- 27k -1
e/ N

U =

1
VN

= X |k

EE16B M. Lustig, EECS UC Berkeley

0,N — 1




DFT vs DTFT

€j271']<<:7°0 6]000
1 €j271']\]¢[,-1 1 €JW1
U = U =
VN vV N .
€j27rk-§VN—1) 6]w(N—1)

. %k = e

X|k| =u.x X(w)=1u,x
N-—1 N-—1
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DFT Basis

ejzw](cfo N B Wﬁ;o 7 -
s 1 B o Wkl k & [O, N 1]
*TUN z VN :
. 27k gVN 1) lezf.(N_l)
—k —
= X |k| = u.x m
k=1, N =4 t

Re
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DFT Basis

ejzw](cfo n B Wﬁ;o . k
2k -1 . E O N - ].
L1 e N 1 Wy 0, |
U —— = —F= :
"N | VN :
o 27 k- gVN 1) i lezf.(N_l)

= X k| =u.x

Re
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DFT Basis

- 21mk-0

o e |l ke N
*TUN z " UN 5
. 27k g\rN 1) lezf.(N_l)
= X |k| = u,o
k=1,N =4 Itn}zzl k=2N=6 i
n=1
L L ke o AN =
/N N Re Re
n=3J3
n=>=2
n=2>a
N —1
zw;@k—?:{ N k=0
— 0 k7£0
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Orthonormality of DFT Basis

 DFT basis vectors are orthonormal. Proof:

0 k#m

EE16B M. Lustig, EECS UC Berkeley
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Example 2

What if there is no integer k to fit the frequency

rn| = Cos(gn) + 0.1 COS(%@

EE16B M. Lustig, EECS UC Berkeley

‘: Xk Xlw
PN S ! L
) —Re

. —Im .
L | m

27



DFT

ejzsz-o . sz\cf()
) 1 oJ 25 1 leffl L c O N — 1
U = = : s _
" VN VN
€j2wk-§VN—1) WJIZ-(N—l)
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DFT
- DFT Analysis

X 0] v

1
X[N — 1] VN n
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DFT

* DFT Synthesis

|0

mﬂVl—H
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|
T )
Uupg Uq UunN-—1
VN | |
| X10]
UN_1 f
| X[N —1]
= F(F*7)
KW




Quiz
Compute a 2 point DFT of:

S
o
|

~
-

>

|

>l
|
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Example cont

- DFT, matrix:

EE16B M. Lustig, EECS UC Berkeley




