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Intro

• Last time
– Described systems with state-space model
– Talked about linear systems

• Today
– Change of variables
– A bit on Linearization of non-linear systems
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Revisiting Examples

Q: Is example 3 linear?

A: Linear

A Bu Wux(t)→x(t+1)→
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Revisiting Examples

Q: Is example 3 linear?
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A Bu Wux(t)→x(t+1)→
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State variables are not unique!

Let T be an invertible matrix:

Then,

Changing State Variable
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Changing State Variables

Can be written as, 

Define:

Similarly for continuous systems!

Next: We will see how a special choice of T will 
make it easy to analyze system properties like 
stability, and controllability
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Linearization

State variables: 

Linearization:

x2(t) = ✓̇(t)
<latexit sha1_base64="UWQfcHkjhQOvB2jR/5AhgkCoirc="></latexit><latexit sha1_base64="UWQfcHkjhQOvB2jR/5AhgkCoirc="></latexit><latexit sha1_base64="UWQfcHkjhQOvB2jR/5AhgkCoirc="></latexit><latexit sha1_base64="UWQfcHkjhQOvB2jR/5AhgkCoirc="></latexit>
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Linearization
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Scary Example: Pole on a Cart

How many state variables?
How to systematically linearize?
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Linearization- teaching approach

Start with scalar

Continue to Vector to scalar functions

First for N=2 and slow derivation
Then – show math syntax sugar (gradient)

Generalize to (Jacobian)

f : RN ! R
<latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit><latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit><latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit><latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit>
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Taylor Approximation - scalar

f(x) ⇡ f(x⇤) + f 0(x⇤)(x� x⇤)
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Taylor Approximation - scalar

Example:

Michael Lustig
Watch class for notes
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Taylor Approximation - vector

f : RN ! R
<latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit><latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit><latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit><latexit sha1_base64="0ZAZDqTb+BOLIOCsnrakY9+2+P8="></latexit>

Example: f : R2 ! R
<latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit><latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit><latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit><latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit>

f(~x) = ||~x||2
<latexit sha1_base64="yGsjesJPbdHsIGi8GFziEF54fJM="></latexit><latexit sha1_base64="yGsjesJPbdHsIGi8GFziEF54fJM="></latexit><latexit sha1_base64="yGsjesJPbdHsIGi8GFziEF54fJM="></latexit><latexit sha1_base64="yGsjesJPbdHsIGi8GFziEF54fJM="></latexit>

= x2
1 + x2

2
<latexit sha1_base64="8Pd8PATPje+SxFvVbD9rZ82yGvU=">AAACDHicdZDLSgMxFIYz9VbrpaMu3QSLIAhlMohtF0LBjcsW7AXqdMikaRuayQxJRiyl4BP4Am71DdyJW9/BF/A5zLQVrOiBkI//P+Gc/EHMmdKO82FlVlbX1jeym7mt7Z3dvL2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLpM/dYtlYpF4lqPY+qFeCBYnxGsjeTb+Qt456OuC0/N7XZd3y44RcdxEEIwBVQ6dwxUKmUXlSFKLVMFsKiab3/e9CKShFRowrFSHeTE2ptgqRnhdJq7SRSNMRnhAe0YFDikypvMFp/CY6P0YD+S5ggNZ+rPFxMcKjUOA9MZYj1Uv71U/MvrJLpf9iZMxImmgswH9RMOdQTTFGCPSUo0HxvARDKzKyRDLDHRJqulKQQLQvk0Z4L5/j38H5puERmunxWq9ft5RFlwCI7ACUCgBKrgCtRAAxCQgEfwBJ6tB+vFerXe5q0ZaxHrAVgq6/0LoTiaVA==</latexit><latexit sha1_base64="8Pd8PATPje+SxFvVbD9rZ82yGvU=">AAACDHicdZDLSgMxFIYz9VbrpaMu3QSLIAhlMohtF0LBjcsW7AXqdMikaRuayQxJRiyl4BP4Am71DdyJW9/BF/A5zLQVrOiBkI//P+Gc/EHMmdKO82FlVlbX1jeym7mt7Z3dvL2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLpM/dYtlYpF4lqPY+qFeCBYnxGsjeTb+Qt456OuC0/N7XZd3y44RcdxEEIwBVQ6dwxUKmUXlSFKLVMFsKiab3/e9CKShFRowrFSHeTE2ptgqRnhdJq7SRSNMRnhAe0YFDikypvMFp/CY6P0YD+S5ggNZ+rPFxMcKjUOA9MZYj1Uv71U/MvrJLpf9iZMxImmgswH9RMOdQTTFGCPSUo0HxvARDKzKyRDLDHRJqulKQQLQvk0Z4L5/j38H5puERmunxWq9ft5RFlwCI7ACUCgBKrgCtRAAxCQgEfwBJ6tB+vFerXe5q0ZaxHrAVgq6/0LoTiaVA==</latexit><latexit sha1_base64="8Pd8PATPje+SxFvVbD9rZ82yGvU=">AAACDHicdZDLSgMxFIYz9VbrpaMu3QSLIAhlMohtF0LBjcsW7AXqdMikaRuayQxJRiyl4BP4Am71DdyJW9/BF/A5zLQVrOiBkI//P+Gc/EHMmdKO82FlVlbX1jeym7mt7Z3dvL2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLpM/dYtlYpF4lqPY+qFeCBYnxGsjeTb+Qt456OuC0/N7XZd3y44RcdxEEIwBVQ6dwxUKmUXlSFKLVMFsKiab3/e9CKShFRowrFSHeTE2ptgqRnhdJq7SRSNMRnhAe0YFDikypvMFp/CY6P0YD+S5ggNZ+rPFxMcKjUOA9MZYj1Uv71U/MvrJLpf9iZMxImmgswH9RMOdQTTFGCPSUo0HxvARDKzKyRDLDHRJqulKQQLQvk0Z4L5/j38H5puERmunxWq9ft5RFlwCI7ACUCgBKrgCtRAAxCQgEfwBJ6tB+vFerXe5q0ZaxHrAVgq6/0LoTiaVA==</latexit><latexit sha1_base64="8Pd8PATPje+SxFvVbD9rZ82yGvU=">AAACDHicdZDLSgMxFIYz9VbrpaMu3QSLIAhlMohtF0LBjcsW7AXqdMikaRuayQxJRiyl4BP4Am71DdyJW9/BF/A5zLQVrOiBkI//P+Gc/EHMmdKO82FlVlbX1jeym7mt7Z3dvL2331RRIgltkIhHsh1gRTkTtKGZ5rQdS4rDgNNWMLpM/dYtlYpF4lqPY+qFeCBYnxGsjeTb+Qt456OuC0/N7XZd3y44RcdxEEIwBVQ6dwxUKmUXlSFKLVMFsKiab3/e9CKShFRowrFSHeTE2ptgqRnhdJq7SRSNMRnhAe0YFDikypvMFp/CY6P0YD+S5ggNZ+rPFxMcKjUOA9MZYj1Uv71U/MvrJLpf9iZMxImmgswH9RMOdQTTFGCPSUo0HxvARDKzKyRDLDHRJqulKQQLQvk0Z4L5/j38H5puERmunxWq9ft5RFlwCI7ACUCgBKrgCtRAAxCQgEfwBJ6tB+vFerXe5q0ZaxHrAVgq6/0LoTiaVA==</latexit>

Let’s look at 
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<latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit><latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit><latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit><latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit>

x2
<latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit><latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit><latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit><latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit>

⇤<latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit><latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit><latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit><latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit>

f(x1, x2 = x⇤
2)

<latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit>

= x2
1 + x⇤

2
2

<latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit>
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Partial Derivative f(x) ⇡ f(x⇤) + f 0(x⇤)(x� x⇤)
Scalar “template”

f(x1, x2 = x⇤
2)

<latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit>

= x2
1 + x⇤

2
2

<latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit>

@

@x1
f(x1, x2) = 2x1

<latexit sha1_base64="fW1Ji8uJAUkpv3wLo8kNp4cp3GM="></latexit><latexit sha1_base64="fW1Ji8uJAUkpv3wLo8kNp4cp3GM="></latexit><latexit sha1_base64="fW1Ji8uJAUkpv3wLo8kNp4cp3GM="></latexit><latexit sha1_base64="fW1Ji8uJAUkpv3wLo8kNp4cp3GM="></latexit>

d

dx1
f(x1, x

⇤
2)

<latexit sha1_base64="zwQ06YhEXVMXWdz60vppe47HI8c="></latexit><latexit sha1_base64="zwQ06YhEXVMXWdz60vppe47HI8c="></latexit><latexit sha1_base64="zwQ06YhEXVMXWdz60vppe47HI8c="></latexit><latexit sha1_base64="zwQ06YhEXVMXWdz60vppe47HI8c="></latexit>

=
d

dx1
x2
1 +

d

dx1
x⇤
2
2

<latexit sha1_base64="YduTMo8lUzbg3ZbRZmO+l51rE4c="></latexit><latexit sha1_base64="YduTMo8lUzbg3ZbRZmO+l51rE4c="></latexit><latexit sha1_base64="YduTMo8lUzbg3ZbRZmO+l51rE4c="></latexit><latexit sha1_base64="YduTMo8lUzbg3ZbRZmO+l51rE4c="></latexit>

= 2x1
<latexit sha1_base64="jDMS4EuLHLoMZRHsFnHKda0pVEw=">AAACAnicdZDLSgMxFIbPeK31VnXpJlgEV2VSxLYLoeDGZQv2Au1QMmnahmYyQ5IRy1Bw4Qu41TdwJ259EV/A5zDTVrCiBwIf/3/COef3I8G1cd0PZ2V1bX1jM7OV3d7Z3dvPHRw2dRgryho0FKFq+0QzwSVrGG4Ea0eKkcAXrOWPr1K/dcuU5qG8MZOIeQEZSj7glBgrtdAlKt71cC+Xdwuu62KMUQq4dOFaqFTKRVxGOLVs5WFRtV7us9sPaRwwaaggWnewGxkvIcpwKtg02401iwgdkyHrWJQkYNpLZutO0alV+mgQKvukQTP154+EBFpPAt92BsSM9G8vFf/yOrEZlL2Eyyg2TNL5oEEskAlRejvqc8WoERMLhCpud0V0RBShxia0NIUSSZmYZm0w39ej/6FZLGDL9fN8tX4/jygDx3ACZ4ChBFW4hho0gMIYHuEJnp0H58V5dd7mrSvOItYjWCrn/QtN5peR</latexit><latexit sha1_base64="jDMS4EuLHLoMZRHsFnHKda0pVEw=">AAACAnicdZDLSgMxFIbPeK31VnXpJlgEV2VSxLYLoeDGZQv2Au1QMmnahmYyQ5IRy1Bw4Qu41TdwJ259EV/A5zDTVrCiBwIf/3/COef3I8G1cd0PZ2V1bX1jM7OV3d7Z3dvPHRw2dRgryho0FKFq+0QzwSVrGG4Ea0eKkcAXrOWPr1K/dcuU5qG8MZOIeQEZSj7glBgrtdAlKt71cC+Xdwuu62KMUQq4dOFaqFTKRVxGOLVs5WFRtV7us9sPaRwwaaggWnewGxkvIcpwKtg02401iwgdkyHrWJQkYNpLZutO0alV+mgQKvukQTP154+EBFpPAt92BsSM9G8vFf/yOrEZlL2Eyyg2TNL5oEEskAlRejvqc8WoERMLhCpud0V0RBShxia0NIUSSZmYZm0w39ej/6FZLGDL9fN8tX4/jygDx3ACZ4ChBFW4hho0gMIYHuEJnp0H58V5dd7mrSvOItYjWCrn/QtN5peR</latexit><latexit sha1_base64="jDMS4EuLHLoMZRHsFnHKda0pVEw=">AAACAnicdZDLSgMxFIbPeK31VnXpJlgEV2VSxLYLoeDGZQv2Au1QMmnahmYyQ5IRy1Bw4Qu41TdwJ259EV/A5zDTVrCiBwIf/3/COef3I8G1cd0PZ2V1bX1jM7OV3d7Z3dvPHRw2dRgryho0FKFq+0QzwSVrGG4Ea0eKkcAXrOWPr1K/dcuU5qG8MZOIeQEZSj7glBgrtdAlKt71cC+Xdwuu62KMUQq4dOFaqFTKRVxGOLVs5WFRtV7us9sPaRwwaaggWnewGxkvIcpwKtg02401iwgdkyHrWJQkYNpLZutO0alV+mgQKvukQTP154+EBFpPAt92BsSM9G8vFf/yOrEZlL2Eyyg2TNL5oEEskAlRejvqc8WoERMLhCpud0V0RBShxia0NIUSSZmYZm0w39ej/6FZLGDL9fN8tX4/jygDx3ACZ4ChBFW4hho0gMIYHuEJnp0H58V5dd7mrSvOItYjWCrn/QtN5peR</latexit><latexit sha1_base64="jDMS4EuLHLoMZRHsFnHKda0pVEw=">AAACAnicdZDLSgMxFIbPeK31VnXpJlgEV2VSxLYLoeDGZQv2Au1QMmnahmYyQ5IRy1Bw4Qu41TdwJ259EV/A5zDTVrCiBwIf/3/COef3I8G1cd0PZ2V1bX1jM7OV3d7Z3dvPHRw2dRgryho0FKFq+0QzwSVrGG4Ea0eKkcAXrOWPr1K/dcuU5qG8MZOIeQEZSj7glBgrtdAlKt71cC+Xdwuu62KMUQq4dOFaqFTKRVxGOLVs5WFRtV7us9sPaRwwaaggWnewGxkvIcpwKtg02401iwgdkyHrWJQkYNpLZutO0alV+mgQKvukQTP154+EBFpPAt92BsSM9G8vFf/yOrEZlL2Eyyg2TNL5oEEskAlRejvqc8WoERMLhCpud0V0RBShxia0NIUSSZmYZm0w39ej/6FZLGDL9fN8tX4/jygDx3ACZ4ChBFW4hho0gMIYHuEJnp0H58V5dd7mrSvOItYjWCrn/QtN5peR</latexit>

@

@x2
f(x1, x2) = 2x2

<latexit sha1_base64="7fnn83Yu5r2S1QFIPunLmE+Dn+k="></latexit><latexit sha1_base64="7fnn83Yu5r2S1QFIPunLmE+Dn+k="></latexit><latexit sha1_base64="7fnn83Yu5r2S1QFIPunLmE+Dn+k="></latexit><latexit sha1_base64="7fnn83Yu5r2S1QFIPunLmE+Dn+k="></latexit>



EE16B M. Lustig,  EECS UC Berkeley

Taylor Approximation - vector f(x) ⇡ f(x⇤) + f 0(x⇤)(x� x⇤)
Scalar “template”

Similarly:

So, 

f(x1, x2 = x⇤
2)

<latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit><latexit sha1_base64="uoKLyytuGbx2ALduARPo6KH1xoY="></latexit>

= x2
1 + x⇤

2
2

<latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit><latexit sha1_base64="TwR71BJMPhMyuPMHe1zYoSJmvMg="></latexit>

f(x1, x
⇤
2) ⇡ x⇤

1
2 + x⇤

2
2

<latexit sha1_base64="fxiI8VLL1dWL/Ql2jNmTF1AbypM="></latexit><latexit sha1_base64="fxiI8VLL1dWL/Ql2jNmTF1AbypM="></latexit><latexit sha1_base64="fxiI8VLL1dWL/Ql2jNmTF1AbypM="></latexit><latexit sha1_base64="fxiI8VLL1dWL/Ql2jNmTF1AbypM="></latexit>

(x1 � x⇤
1)

<latexit sha1_base64="U6EJAH7SskfEJACqCMoHc7uFBDg="></latexit><latexit sha1_base64="U6EJAH7SskfEJACqCMoHc7uFBDg="></latexit><latexit sha1_base64="U6EJAH7SskfEJACqCMoHc7uFBDg="></latexit><latexit sha1_base64="U6EJAH7SskfEJACqCMoHc7uFBDg="></latexit>

+2x⇤
1

<latexit sha1_base64="STR3S6I2dZ9EyY0T9ys3HzMBhi0=">AAACBHicdZDLSgMxFIYzXmu9VV26CRZBFEpmaG27K7hx2YK9SDuWTJq2oZnMkGTEMhRc+QJu9Q3ciVvfwxfwOcy0FazogcDH/59wzvm9kDOlEfqwlpZXVtfWUxvpza3tnd3M3n5DBZEktE4CHsiWhxXlTNC6ZprTVigp9j1Om97oIvGbt1QqFogrPQ6p6+OBYH1GsDbS9Rl07ro2vDntZrIo5xRQuViCKFdAdjnvGECoVD5H0DaQVBbMq9rNfHZ6AYl8KjThWKm2jULtxlhqRjidpDuRoiEmIzygbYMC+1S58XThCTw2Sg/2A2me0HCq/vwRY1+pse+ZTh/rofrtJeJfXjvS/ZIbMxFGmgoyG9SPONQBTK6HPSYp0XxsABPJzK6QDLHERJuMFqYQLAjlk7QJ5vt6+D80nJxtuJbPVmr3s4hS4BAcgRNggyKogEtQBXVAgA8ewRN4th6sF+vVepu1LlnzWA/AQlnvX3mBmDA=</latexit><latexit sha1_base64="STR3S6I2dZ9EyY0T9ys3HzMBhi0=">AAACBHicdZDLSgMxFIYzXmu9VV26CRZBFEpmaG27K7hx2YK9SDuWTJq2oZnMkGTEMhRc+QJu9Q3ciVvfwxfwOcy0FazogcDH/59wzvm9kDOlEfqwlpZXVtfWUxvpza3tnd3M3n5DBZEktE4CHsiWhxXlTNC6ZprTVigp9j1Om97oIvGbt1QqFogrPQ6p6+OBYH1GsDbS9Rl07ro2vDntZrIo5xRQuViCKFdAdjnvGECoVD5H0DaQVBbMq9rNfHZ6AYl8KjThWKm2jULtxlhqRjidpDuRoiEmIzygbYMC+1S58XThCTw2Sg/2A2me0HCq/vwRY1+pse+ZTh/rofrtJeJfXjvS/ZIbMxFGmgoyG9SPONQBTK6HPSYp0XxsABPJzK6QDLHERJuMFqYQLAjlk7QJ5vt6+D80nJxtuJbPVmr3s4hS4BAcgRNggyKogEtQBXVAgA8ewRN4th6sF+vVepu1LlnzWA/AQlnvX3mBmDA=</latexit><latexit sha1_base64="STR3S6I2dZ9EyY0T9ys3HzMBhi0=">AAACBHicdZDLSgMxFIYzXmu9VV26CRZBFEpmaG27K7hx2YK9SDuWTJq2oZnMkGTEMhRc+QJu9Q3ciVvfwxfwOcy0FazogcDH/59wzvm9kDOlEfqwlpZXVtfWUxvpza3tnd3M3n5DBZEktE4CHsiWhxXlTNC6ZprTVigp9j1Om97oIvGbt1QqFogrPQ6p6+OBYH1GsDbS9Rl07ro2vDntZrIo5xRQuViCKFdAdjnvGECoVD5H0DaQVBbMq9rNfHZ6AYl8KjThWKm2jULtxlhqRjidpDuRoiEmIzygbYMC+1S58XThCTw2Sg/2A2me0HCq/vwRY1+pse+ZTh/rofrtJeJfXjvS/ZIbMxFGmgoyG9SPONQBTK6HPSYp0XxsABPJzK6QDLHERJuMFqYQLAjlk7QJ5vt6+D80nJxtuJbPVmr3s4hS4BAcgRNggyKogEtQBXVAgA8ewRN4th6sF+vVepu1LlnzWA/AQlnvX3mBmDA=</latexit><latexit sha1_base64="STR3S6I2dZ9EyY0T9ys3HzMBhi0=">AAACBHicdZDLSgMxFIYzXmu9VV26CRZBFEpmaG27K7hx2YK9SDuWTJq2oZnMkGTEMhRc+QJu9Q3ciVvfwxfwOcy0FazogcDH/59wzvm9kDOlEfqwlpZXVtfWUxvpza3tnd3M3n5DBZEktE4CHsiWhxXlTNC6ZprTVigp9j1Om97oIvGbt1QqFogrPQ6p6+OBYH1GsDbS9Rl07ro2vDntZrIo5xRQuViCKFdAdjnvGECoVD5H0DaQVBbMq9rNfHZ6AYl8KjThWKm2jULtxlhqRjidpDuRoiEmIzygbYMC+1S58XThCTw2Sg/2A2me0HCq/vwRY1+pse+ZTh/rofrtJeJfXjvS/ZIbMxFGmgoyG9SPONQBTK6HPSYp0XxsABPJzK6QDLHERJuMFqYQLAjlk7QJ5vt6+D80nJxtuJbPVmr3s4hS4BAcgRNggyKogEtQBXVAgA8ewRN4th6sF+vVepu1LlnzWA/AQlnvX3mBmDA=</latexit>

f(x⇤
1, x2) ⇡ x⇤

1
2 + x⇤

2
2 + 2x⇤

2(x2 � x⇤
2)

<latexit sha1_base64="XtepRhCIe9xWUjbqKj2kD/NtR8Y="></latexit><latexit sha1_base64="XtepRhCIe9xWUjbqKj2kD/NtR8Y="></latexit><latexit sha1_base64="XtepRhCIe9xWUjbqKj2kD/NtR8Y="></latexit><latexit sha1_base64="XtepRhCIe9xWUjbqKj2kD/NtR8Y="></latexit>

f(x1, x2) ⇡ x⇤
1
2 + x⇤

2
2 + 2x⇤

1(x1 � x⇤
1) + 2x⇤

2(x2 � x⇤
2)

<latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit><latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit><latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit><latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit>

@

@x1
f(x1, x2)

����
x⇤
1 ,x

⇤
2

= 2x⇤
1

<latexit sha1_base64="AK+RrmJ+IjHiwuh5hE0gz2elo/4="></latexit><latexit sha1_base64="AK+RrmJ+IjHiwuh5hE0gz2elo/4="></latexit><latexit sha1_base64="AK+RrmJ+IjHiwuh5hE0gz2elo/4="></latexit><latexit sha1_base64="AK+RrmJ+IjHiwuh5hE0gz2elo/4="></latexit>
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x1
<latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit><latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit><latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit><latexit sha1_base64="3h6Qq2ASWgcssfiSw3zdLtvboIo=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46iDs7PLzGwki+ALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrChr0lCE6s4nmgkuWdNwI9hdpBgJfMHa/vgq9dv3TGkeylsziZgXkKHkA06JsdLNQw/38gW36LouxhilgMuXroVqtVLCFYRTy1YBllXv5T+7/ZDGAZOGCqJ1B7uR8RKiDKeCTXPdWLOI0DEZso5FSQKmvWS+6hSdWaWPBqGyTxo0V3/+SEig9STwbWdAzEj/9lLxL68Tm0HFS7iMYsMkXQwaxAKZEKV3oz5XjBoxsUCo4nZXREdEEWpsOitTKJGUiWnOBvN9PfofWqUitty4KNQas0VEWTiBUzgHDGWowTXUoQkUhvAIT/DszJwX59V5W7RmnGWsx7BSzvsXn92Wug==</latexit>

x2
<latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit><latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit><latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit><latexit sha1_base64="zA64z/xr5cZwN65reaMvaHrdEFc=">AAAB/nicdZDfSgJBFMbP2j+zf1aX3QxJ0JXsSKTeCd10qZQa6CKz46wOzs4uM7ORiOALdFtv0F1026v0Aj1Hs2qQUQcGfnzfGc45nx8Lro3rfjiZtfWNza3sdm5nd2//IH941NJRoihr0khE6s4nmgkuWdNwI9hdrBgJfcHa/ugq9dv3TGkeyVszjpkXkoHkAafEWOnmoVfq5Qtu0XVdjDFKAZcvXQvVaqWEKwinlq0CLKvey392+xFNQiYNFUTrDnZj402IMpwKNs11E81iQkdkwDoWJQmZ9ibzVafozCp9FETKPmnQXP35Y0JCrcehbztDYob6t5eKf3mdxAQVb8JlnBgm6WJQkAhkIpTejfpcMWrE2AKhittdER0SRaix6axMoURSJqY5G8z39eh/aJWK2HLjolBrzBYRZeEETuEcMJShBtdQhyZQGMAjPMGzM3NenFfnbdGacZaxHsNKOe9foXWWuw==</latexit>

⇤<latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit><latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit><latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit><latexit sha1_base64="9QkLDpATKonxPoFIEkaoE/CWAmk=">AAAB/HicdZDLSgMxFIYz9VbrrerSTbAI4qJMith2V3DjsgV7gXYomfS0Dc1khiQjlKHi3q2+gTtx67v4Aj6HmbaCFT0Q+Pj/E845vx8Jro3rfjiZtfWNza3sdm5nd2//IH941NJhrBg0WShC1fGpBsElNA03AjqRAhr4Atr+5Dr123egNA/lrZlG4AV0JPmQM2qs1Ljo5wtu0XVdQghOgZSvXAvVaqVEKpiklq0CWla9n//sDUIWByANE1TrLnEj4yVUGc4EzHK9WENE2YSOoGtR0gC0l8wXneEzqwzwMFT2SYPn6s8fCQ20nga+7QyoGevfXir+5XVjM6x4CZdRbECyxaBhLLAJcXo1HnAFzIipBcoUt7tiNqaKMmOzWZnCqGQgZjkbzPf1+H9olYrEcuOyUGs8LCLKohN0is4RQWVUQzeojpqIIUCP6Ak9O/fOi/PqvC1aM84y1mO0Us77F/Kulcg=</latexit>
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Taylor Approximation - vector

Write in vector form:

f(x1, x2) ⇡ x⇤
1
2 + x⇤

2
2 + 2x⇤

1(x1 � x⇤
1) + 2x⇤

2(x2 � x⇤
2)

<latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit><latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit><latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit><latexit sha1_base64="ckaQuhWbgtbANUYQbQDeCx20bKk="></latexit>

f(x1, x2) ⇡ x⇤
1
2 + x⇤

2
2

<latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit><latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit><latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit><latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit>

+
⇥
2x⇤

1 2x⇤
2

⇤
<latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit><latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit><latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit><latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit>

(~x� ~x⇤)
<latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit><latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit><latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit><latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit>
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Taylor Approximation - vector

f(x1, x2) ⇡ x⇤
1
2 + x⇤

2
2

<latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit><latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit><latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit><latexit sha1_base64="fMyYkuskleKKFMIheTBmHaxEF5Q="></latexit>

+
⇥
2x⇤

1 2x⇤
2

⇤
<latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit><latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit><latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit><latexit sha1_base64="ZPTlyvUUlljuw1Qx8qD7QK9WfFE="></latexit>

(~x� ~x⇤)
<latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit><latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit><latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit><latexit sha1_base64="2rFYqnRwPsEGNp+/h/5d0ngM9zw=">AAACEnicdZDLSgMxFIYzXmu9VcWVm2ARqqBMimi7E9y4tGAv0I4lk55qaCYzJBmxDAM+hC/gVt/Anbj1BXwBn8NMW0FFDwQ+/v+Ec87vR4Jr47rvztT0zOzcfG4hv7i0vLJaWFtv6DBWDOosFKFq+VSD4BLqhhsBrUgBDXwBTX9wmvnNG1Cah/LCDCPwAnoleZ8zaqzULWyWOjfAktsU7+MJXe7tdgtF98B1XUIIzoAcH7kWqtVKmVQwySxbRTSp827ho9MLWRyANExQrdvEjYyXUGU4E5DmO7GGiLIBvYK2RUkD0F4yWj/FO1bp4X6o7JMGj9TvPxIaaD0MfNsZUHOtf3uZ+JfXjk2/4iVcRrEBycaD+rHAJsRZFrjHFTAjhhYoU9zuitk1VZQZm9iPKYxKBiLN22C+rsf/Q6N8QCzXDosntbtxRDm0hbZRCRF0jE7QGTpHdcRQgh7QI3py7p1n58V5HbdOOZNYN9CPct4+ARJsnfE=</latexit>

f(~x) ⇡ f(~x⇤)
<latexit sha1_base64="ClCWtXL0NsDaJxQ9qZXXGPurSyI="></latexit><latexit sha1_base64="ClCWtXL0NsDaJxQ9qZXXGPurSyI="></latexit><latexit sha1_base64="ClCWtXL0NsDaJxQ9qZXXGPurSyI="></latexit><latexit sha1_base64="ClCWtXL0NsDaJxQ9qZXXGPurSyI="></latexit>

+
⇥

@
@x1

f(~x⇤) @
@x2

f(~x⇤)
⇤
(~x� ~x⇤)

<latexit sha1_base64="PyxwqkJyxugpW/2EUxD7fXszxWQ="></latexit><latexit sha1_base64="PyxwqkJyxugpW/2EUxD7fXszxWQ="></latexit><latexit sha1_base64="PyxwqkJyxugpW/2EUxD7fXszxWQ="></latexit><latexit sha1_base64="PyxwqkJyxugpW/2EUxD7fXszxWQ="></latexit>

f(x) ⇡ f(x⇤) + f 0(x⇤)(x� x⇤)
Scalar “template”

f : R2 ! R
<latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit><latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit><latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit><latexit sha1_base64="gIJCbOHDuntvkDL0z4QsKA2Vcpg="></latexit>

f(~x) ⇡ f(~x⇤) +rf(~x⇤)(~x� ~x⇤)
<latexit sha1_base64="Shec8QRHda2LTp3r3IwSiKgnNpQ="></latexit><latexit sha1_base64="Shec8QRHda2LTp3r3IwSiKgnNpQ="></latexit><latexit sha1_base64="Shec8QRHda2LTp3r3IwSiKgnNpQ="></latexit><latexit sha1_base64="Shec8QRHda2LTp3r3IwSiKgnNpQ="></latexit>

Q: What are the dimensions of ∇f(x*) ?  (gradient / Jacobian)
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Taylor Approximation - vector

Nx1

}

Nx1
}
Nx1

}

Q: What are the dimensions of ∇f(x*) ?  (Jacobian)→

A: NxN ? 

f(~x) ⇡ f(~x⇤) +rf(~x⇤)(~x� ~x⇤)
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Taylor Approximation - vector

i,j th entry:



EE16B M. Lustig,  EECS UC Berkeley

Taylor Approximation - vector

i,j th entry:
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Taylor Approximation - vector

i,j th entry:
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Linearization of State-Space 

Linearize around an equilibrium, a point s.t.:

= 0

}
write a state model for deviation!

Which of the variables is a function of t?

Q: why?
A: no change!



EE16B M. Lustig,  EECS UC Berkeley

Linearization of State-Space

}
A

= 0}
= 0}

d

dt
x̃(t) = [rf(~x⇤)] x̃(t)

(t)
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Scary Example: Pole on a Cart

Q ) Can you do it for this example?
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Back to the Pendulum
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Back to the Pendulum
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Pendulum at Equilibrium

x1* = 0, x2*= 0 , Downward equilibrium 

x1* = π, x2* = 0 , Upward equilibrium

This is the same as small signal 
analysis!

Talk about next lecture!
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Discrete Time

is an equilibrium if:
(for cont.                      ) 
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Summary

• Described linearization about an equilibrium point
– Continuous time
– Discrete time

• Next time:
– Conditions for stability of a linear systems
–Discrete, First order and scalar
–Vector case! (which leads to Eigen-value analysis)


