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Intro

• Last time
– State feedback control
– Eigen value asignment

• Today:
– Continue state feedback control 
– Example of cooperative, adaptive cruise control
– System ID



EE16B M. Lustig,  EECS UC Berkeley

GOOGLE PROJECT LOON BALLOONS

https://x.company/loon/
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Continuous Time

Choose K s.t. , Re λi(A+BK) < 0,  i=1,2,3…n

d

dt
~x(t) = A~x(t) +Bu(t)

u(t) = K~x(t)
d

dt
~x(t) = (A+BK)~x(t)
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Re
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Example 3: Pole on a Cart

Design state-feedback control
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Example 3: Pole on a Cart
Linearization about ✓ = 0 ✓̇ = 0

State space model:

d

dt
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✓(t)
✓̇(t)
ẏ(t)

3
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0 1 0

M+m
Ml g 0 0
�m

M g 0 0

3
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✓(t)
✓̇(t)
ẏ(t)

3
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0

� 1
Ml
1
M

3

5u(t)

M = 1
m = 0.1
l = 1
g = 1

<latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit>
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Controller

Characteristic polynomial:

M = 1
m = 0.1
l = 1

A =

2

4
0 1 0
11 0 0
�1 0 0

3

5 B =

2

4
0
�1
1

3

5

A+BK =

2

4
0 1 0

11� k1 �k2 �k3
�1 + k1 k2 k3

3

5

�3 + (k2 � k3)�
2 + (k1 � 11)�+ 10k3 = 0

�1,�2,�3
Desired:

(�� �1)(�� �2)(�� �3)

g = 1
<latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit><latexit sha1_base64="B/9pt46MsCQEYT+MAg6RtRXv/wk=">AAACAHicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch4MVjFDcJJCHMTnqTIbOzy8ysEJZc/AGv+gfexKsnf8Mf8DucPITER0FDUdVNd1eQCK6N6344uaXlldW1/HphY3Nre6e4u1fTcaoY+iwWsWoEVKPgEn3DjcBGopBGgcB6MLgc+/U7VJrH8tYME2xHtCd5yBk1VvJ75IJ4nWLJK7sTEPcX+bZKMEO1U/xsdWOWRigNE1Trpucmpp1RZTgTOCq0Uo0JZQPaw6alkkao29nk2BE5skqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2umJjxvZ1wmqUHJpovCVBATk/HnpMsVMiOGllCmuL2VsD5VlBmbz8IWRiVDMSrMB/M/qZ2UPcuvT0uVm/dpRHk4gEM4Bg/OoAJXUAUfGHB4gEd4cu6dZ+fFeZ225pxZrPuwAOftC8OJluc=</latexit>
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Re
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Controller

What is open loop? (no feedback control, ki=0):

�3 + (k2 � k3)�
2 + (k1 � 11)�+ 10k3 = 0

�3 � 11� = 0
�(�2 � 11) = 0

x xx

Ask yourself what if you can control just one, or two state variables?
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Cooperative Adaptive Cruise control

Example:
lf

plpf

d

dt
vl(t) = ul(t)

d

dt
vf (t) = uf (t)

d

dt
pl(t) = vl(t)

d

dt
pf (t) = vf (t)

x1(t) = pl(t)� pf (t)� �

x2(t) = vl(t)� vf (t)

d

dt
x1(t) = vl(t)� vf (t)

d

dt
x2(t) = ul(t)� uf (t)

�
= u(t)
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Cooperative Adaptive Cruise control

Q) What eigen-values will you want here?

lf

plpf

d

dt
x1(t) = vl(t)� vf (t)

d

dt
x2(t) = ul(t)� uf (t)

�
= u(t)

A =


0 1
0 0

�
B =


0
1

�
) A+BK =


0 1
k1 k2

�
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Let’s look at input more closely…
lf

plpf

u(t) = k1x1(t) + k2x2(t)

But leader chooses his own acceleration ul(t) u(t) = ul(t)� uf (t)

) u(t) = k1(pl(t)� pf (t)� �) + k2(vl(t)� vf (t))

uf (t) = ul(t)� u(t)
�k2(vl(t)� vf (t))

Q) What does the follower need to know to implement?

A) Cooperative (vehicle2vehicle comm.) 
range sensor (for distance and velocity)

= ul(t)� k1(pl(t)� pf (t)� �)
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Outputs

Can’t always measure state directly or all states…
~x(t+ 1) = A~x(t) +Bu(t)

Define output:
p x n matrix for p 
outputs

~y(t) = C~x(t)
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Outputs

Can’t always measure state directly or all states…
~x(t+ 1) = A~x(t) +Bu(t)

Define output:
p x n matrix for p 
outputs

y = x1 ) C = [1 0 0 · · · 0]

) C = [1 1 0 · · · 0]

) C =


1 0 0 · · · 0
0 1 0 · · · 0

�
y = x1 + x2

~x =

2

6664

x1

x2
...
xn

3

7775
~y =


x1

x2

�

~y(t) = C~x(t)
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Least Squares

Least Squares, minimizes       , which is orthogonal to columns of D

<latexit sha1_base64="y3Yj6XqGjY2hcB4xq6U0+FlsBVg=">AAAB/HicdZDLSgMxFIYz9VbrbbRLN8EiuCpJUdsuhKIuXFawF2iHkkkzbWjmQpIpDEN9FTcuFHHrg7jzbcy0FVT0QODj/8/hnPxuJLjSCH1YuZXVtfWN/GZha3tnd8/eP2irMJaUtWgoQtl1iWKCB6yluRasG0lGfFewjju5yvzOlEnFw+BOJxFzfDIKuMcp0UYa2MX+lNE0mcELeA3nHM0GdgmVEUIYY5gBrp4jA/V6rYJrEGeWqRJYVnNgv/eHIY19FmgqiFI9jCLtpERqTgWbFfqxYhGhEzJiPYMB8Zly0vnxM3hslCH0QmleoOFc/T6REl+pxHdNp0/0WP32MvEvrxdrr+akPIhizQK6WOTFAuoQZknAIZeMapEYIFRycyukYyIJ1Savggnh66fwf2hXyvisjG5PS43LZRx5cAiOwAnAoAoa4AY0QQtQkIAH8ASerXvr0XqxXhetOWs5UwQ/ynr7BE83lJE=</latexit>

~y = D~p

?=

<latexit sha1_base64="aTOJliNT3E06VfwEdeLtsFn/2pA=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFclaSobXdFNy6r2Ad0asmkaRuayQxJRizD/IobF4q49Ufc+Tdm2goqeiBwOOde7snxI8G1QejDWVpeWV1bz23kN7e2d3bdvUJLh7GirElDEaqOTzQTXLKm4UawTqQYCXzB2v7kIvPbd0xpHsobM41YLyAjyYecEmOlvluIPC6hFxAzpkQk1+ntpO8WUQkhhDGGGcGVM2RJrVYt4yrEmWVRBAs0+u67NwhpHDBpqCBadzGKTC8hynAqWJr3Ys0iQidkxLqWShIw3Utm2VN4ZJUBHIbKPmngTP2+kZBA62ng28kspP7tZeJfXjc2w2ov4TKKDZN0fmgYC2hCmBUBB1wxasTUEkIVt1khHRNFqLF15W0JXz+F/5NWuYRPS+jqpFg/X9SRAwfgEBwDDCqgDi5BAzQBBffgATyBZyd1Hp0X53U+uuQsdvbBDzhvn1RSlKU=</latexit>

p 2 Rk
<latexit sha1_base64="lH+QKqNr3M6WE+4/m4Q67OWWv5U=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFclaSobXdFNy6r2Ad0asmkaRuayQxJRizD/IobF4q49Ufc+Tdm2goqeiBwOOde7snxI8G1QejDWVpeWV1bz23kN7e2d3bdvUJLh7GirElDEaqOTzQTXLKm4UawTqQYCXzB2v7kIvPbd0xpHsobM41YLyAjyYecEmOlvluYelxCLyBmTIlIrtNb0XeLqIQQwhjDjODKGbKkVquWcRXizLIoggUafffdG4Q0Dpg0VBCtuxhFppcQZTgVLM17sWYRoRMyYl1LJQmY7iWz7Ck8ssoADkNlnzRwpn7fSEig9TTw7WQWUv/2MvEvrxubYbWXcBnFhkk6PzSMBTQhzIqAA64YNWJqCaGK26yQjoki1Ni68raEr5/C/0mrXMKnJXR1UqyfL+rIgQNwCI4BBhVQB5egAZqAgnvwAJ7As5M6j86L8zofXXIWO/vgB5y3T2QTlK8=</latexit>

y 2 Rl
<latexit sha1_base64="HioREtmp+AafbblzrwO5VtwVUoM=">AAAB7nicdVDLSgNBEJz1GeMr6tHLYBAEIcwENckt6MVjBPOAZAmzk95kyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG0I+nJXVtfWNzdxWfntnd2+/cHDY0lGiODR5JCPV8ZgGKUJoGmEkdGIFLPAktL3xTea3J6C0iMJ7M43BDdgwFL7gzFipfd6bAMfQLxRJiRBCKcUZoZUrYkmtVi3TKqaZZVFESzT6hffeIOJJAKHhkmndpSQ2bsqUEVzCLN9LNMSMj9kQupaGLADtpvNzZ/jUKgPsR8pWaPBc/T6RskDraeDZzoCZkf7tZeJfXjcxftVNRRgnBkK+WOQnEpsIZ7/jgVDAjZxawrgS9lbMR0wxbmxCeRvC16f4f9Iql+hlidxdFOvXyzhy6BidoDNEUQXV0S1qoCbiaIwe0BN6dmLn0XlxXhetK85y5gj9gPP2Cds2j0Q=</latexit>

+~e

+

<latexit sha1_base64="r+jC2hR2y6FreEqkGdrkVEk2uE4=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk9lkyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDxq6yhRjLdYJCPV9ajmUoS8ZYSRvBsrTgNP8o43ucn8zpQrLaLw3sxi7gZ0FApfMGqs1OlPOUtn80GxhMsYY0IIygipXmFL6vVahdQQySyLEqzQHBTf+8OIJQEPDZNU6x7BsXFTqoxgks8L/UTzmLIJHfGepSENuHbTxblzdGaVIfIjZSs0aKF+n0hpoPUs8GxnQM1Y//Yy8S+vlxi/5qYijBPDQ7Zc5CcSmQhlv6OhUJwZObOEMiXsrYiNqaLM2IQKNoSvT9H/pF0pk8syvrsoNa5XceThBE7hHAhUoQG30IQWMJjAAzzBsxM7j86L87pszTmrmWP4AeftEwG/kAU=</latexit>

~y
<latexit sha1_base64="FyrbIHV5xEVbgqdcq5ycL2Uhojk=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk95kyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDxq6yhRHFo8kpHqekyDFCG0jDASurECFngSOt7kJvM7U1BaROG9mcXgBmwUCl9wZqzU6U+BpzAfFEukTAihlOKM0OoVsaRer1VoDdPMsiihFZqD4nt/GPEkgNBwybTuURIbN2XKCC5hXugnGmLGJ2wEPUtDFoB208W5c3xmlSH2I2UrNHihfp9IWaD1LPBsZ8DMWP/2MvEvr5cYv+amIowTAyFfLvITiU2Es9/xUCjgRs4sYVwJeyvmY6YYNzahgg3h61P8P2lXyvSyTO4uSo3rVRx5dIJO0TmiqIoa6BY1UQtxNEEP6Ak9O7Hz6Lw4r8vWnLOaOUY/4Lx9AuNMj/E=</latexit>

~e
<latexit sha1_base64="HSLlu7kkyqN7Eh5/dlcmhmNsyfI=">AAAB73icdVDLSgNBEJz1GeMr6tHLYBA8hZmgJrkF9eAxgnlAsoTZyWwyZPbhTK8QlvyEFw+KePV3vPk3ziYRVLSgoajqprvLi5U0QMiHs7S8srq2ntvIb25t7+wW9vZbJko0F00eqUh3PGaEkqFoggQlOrEWLPCUaHvjy8xv3wttZBTewiQWbsCGofQlZ2ClzlVvxCCNp/1CkZQIIZRSnBFaOSeW1GrVMq1imlkWRbRAo1947w0ingQiBK6YMV1KYnBTpkFyJab5XmJEzPiYDUXX0pAFwrjp7N4pPrbKAPuRthUCnqnfJ1IWGDMJPNsZMBiZ314m/uV1E/CrbirDOAER8vkiP1EYIpw9jwdSCw5qYgnjWtpbMR8xzTjYiPI2hK9P8f+kVS7RsxK5OS3WLxZx5NAhOkIniKIKqqNr1EBNxJFCD+gJPTt3zqPz4rzOW5ecxcwB+gHn7ROAR5BJ</latexit>

Dp̂

<latexit sha1_base64="m94B92h/pgTiigVXgoJFnJO+ZP0=">AAAB73icdVBNS0JBFL3Pvsy+rJZthiRoJTNSqTupFi0N8gP0IfPGUQfnfTQzT5CHf6JNiyLa9nfa9W+apwYVdeDC4Zx7ufceL5JCG4w/nMzK6tr6RnYzt7W9s7uX3z9o6jBWjDdYKEPV9qjmUgS8YYSRvB0pTn1P8pY3vkr91oQrLcLgzkwj7vp0GIiBYNRYqX3dnXCWRLNevoCLGGNCCEoJKV9gS6rVSolUEEktiwIsUe/l37v9kMU+DwyTVOsOwZFxE6qMYJLPct1Y84iyMR3yjqUB9bl2k/m9M3RilT4ahMpWYNBc/T6RUF/rqe/ZTp+akf7tpeJfXic2g4qbiCCKDQ/YYtEglsiEKH0e9YXizMipJZQpYW9FbEQVZcZGlLMhfH2K/ifNUpGcF/HtWaF2uYwjC0dwDKdAoAw1uIE6NICBhAd4gmfn3nl0XpzXRWvGWc4cwg84b5+B7pBK</latexit>

D~p

<latexit sha1_base64="FyrbIHV5xEVbgqdcq5ycL2Uhojk=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk95kyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDxq6yhRHFo8kpHqekyDFCG0jDASurECFngSOt7kJvM7U1BaROG9mcXgBmwUCl9wZqzU6U+BpzAfFEukTAihlOKM0OoVsaRer1VoDdPMsiihFZqD4nt/GPEkgNBwybTuURIbN2XKCC5hXugnGmLGJ2wEPUtDFoB208W5c3xmlSH2I2UrNHihfp9IWaD1LPBsZ8DMWP/2MvEvr5cYv+amIowTAyFfLvITiU2Es9/xUCjgRs4sYVwJeyvmY6YYNzahgg3h61P8P2lXyvSyTO4uSo3rVRx5dIJO0TmiqIoa6BY1UQtxNEEP6Ak9O7Hz6Lw4r8vWnLOaOUY/4Lx9AuNMj/E=</latexit>

~e

<latexit sha1_base64="x6kk9BJlf2hvJZbBqHXUOfp+3Fk=">AAAB8nicdVBNS0JBFJ1nX2ZfVss2QxK0khmp1J3UpqVBfoA+ZN541cF5H8zME+Tpz2jTooi2/Zp2/ZvmqUFFHbhwOOde7r3Hi6TQhpAPJ7O2vrG5ld3O7ezu7R/kD4+aOowVhwYPZajaHtMgRQANI4yEdqSA+Z6Elje+Sf3WBJQWYXBvphG4PhsGYiA4M1bqzGbdCfAE5rNZL18gRUIIpRSnhJaviCXVaqVEK5imlkUBrVDv5d+7/ZDHPgSGS6Z1h5LIuAlTRnAJ81w31hAxPmZD6FgaMB+0myxOnuMzq/TxIFS2AoMX6veJhPlaT33PdvrMjPRvLxX/8jqxGVTcRARRbCDgy0WDWGIT4vR/3BcKuJFTSxhXwt6K+Ygpxo1NKWdD+PoU/0+apSK9LJK7i0LtehVHFp2gU3SOKCqjGrpFddRAHIXoAT2hZ8c4j86L87pszTirmWP0A87bJ3aykgk=</latexit>

||~e||

<latexit sha1_base64="IkS7Dzkq5wKhRDRzpc2bQ03l5Tc=">AAAB9XicdVBNSwMxEJ31s9avqkcvwSJ4Kon4UQ+CqAePFVoV2irZdKqh2eySZJWy9H948aCIV/+LN/+N2VpBRR8MPN6bYWZemChpHaXvwdj4xOTUdGGmODs3v7BYWlo+s3FqBDZErGJzEXKLSmpsOOkUXiQGeRQqPA97R7l/fovGyljXXT/BdsSvtexKwZ2XLo8v661bFBkOyD6hV6UyrVBKGWMkJ2x3h3qyt1fdZFXCcsujDCPUrkpvrU4s0gi1E4pb22Q0ce2MGyeFwkGxlVpMuOjxa2x6qnmEtp0Nrx6Qda90SDc2vrQjQ/X7RMYja/tR6Dsj7m7sby8X//KaqetW25nUSepQi89F3VQRF5M8AtKRBoVTfU+4MNLfSsQNN1w4H1TRh/D1KfmfnG1W2HaFnm6VDw5HcRRgFdZgAxjswgGcQA0aIMDAPTzCU3AXPATPwctn61gwmlmBHwhePwB5nJHa</latexit>

DT~e = 0
<latexit sha1_base64="sSQKv5f1hUeO1XYsD3DjaTpu5xs="></latexit>

) DT (~y �Dp̂) = 0
<latexit sha1_base64="b1nRcafWUOCtHzipxFPuMoAUcIE="></latexit>

) DT~y �DTDp̂ = 0
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Least Squares
<latexit sha1_base64="y3Yj6XqGjY2hcB4xq6U0+FlsBVg=">AAAB/HicdZDLSgMxFIYz9VbrbbRLN8EiuCpJUdsuhKIuXFawF2iHkkkzbWjmQpIpDEN9FTcuFHHrg7jzbcy0FVT0QODj/8/hnPxuJLjSCH1YuZXVtfWN/GZha3tnd8/eP2irMJaUtWgoQtl1iWKCB6yluRasG0lGfFewjju5yvzOlEnFw+BOJxFzfDIKuMcp0UYa2MX+lNE0mcELeA3nHM0GdgmVEUIYY5gBrp4jA/V6rYJrEGeWqRJYVnNgv/eHIY19FmgqiFI9jCLtpERqTgWbFfqxYhGhEzJiPYMB8Zly0vnxM3hslCH0QmleoOFc/T6REl+pxHdNp0/0WP32MvEvrxdrr+akPIhizQK6WOTFAuoQZknAIZeMapEYIFRycyukYyIJ1Savggnh66fwf2hXyvisjG5PS43LZRx5cAiOwAnAoAoa4AY0QQtQkIAH8ASerXvr0XqxXhetOWs5UwQ/ynr7BE83lJE=</latexit>

~y = D~p
<latexit sha1_base64="HioREtmp+AafbblzrwO5VtwVUoM=">AAAB7nicdVDLSgNBEJz1GeMr6tHLYBAEIcwENckt6MVjBPOAZAmzk95kyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG0I+nJXVtfWNzdxWfntnd2+/cHDY0lGiODR5JCPV8ZgGKUJoGmEkdGIFLPAktL3xTea3J6C0iMJ7M43BDdgwFL7gzFipfd6bAMfQLxRJiRBCKcUZoZUrYkmtVi3TKqaZZVFESzT6hffeIOJJAKHhkmndpSQ2bsqUEVzCLN9LNMSMj9kQupaGLADtpvNzZ/jUKgPsR8pWaPBc/T6RskDraeDZzoCZkf7tZeJfXjcxftVNRRgnBkK+WOQnEpsIZ7/jgVDAjZxawrgS9lbMR0wxbmxCeRvC16f4f9Iql+hlidxdFOvXyzhy6BidoDNEUQXV0S1qoCbiaIwe0BN6dmLn0XlxXhetK85y5gj9gPP2Cds2j0Q=</latexit>

+~e
<latexit sha1_base64="b1nRcafWUOCtHzipxFPuMoAUcIE="></latexit>

) DT~y �DTDp̂ = 0

If DTD is invertible, 
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Scalar System ID

…

<latexit sha1_base64="hoJiYtinRCbB7QvedhLw08i/zmU="></latexit>2

66664

3

77775

<latexit sha1_base64="0qfe3xcTZ6uVT9SMtro5rcR19Cc="></latexit>
�
b

�

<latexit sha1_base64="0fcCn7DDj6hiXvq9rE6HZ2qyK60=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmp1J1Ui5YK+QH6kHnjfTo574OZeYGIv6BNiyLa9pPa9W+apwYVdeDC4Zx7ufceL5ZCG0I+nMzK6tr6RnYzt7W9s7uX3z9o6ShRHJo8kpHqeEyDFCE0jTASOrECFngS2t74KvXb96C0iMJbM4nBDdgwFL7gzFipcd3PF0iREEIpxSmh5QtiSbVaKdEKpqllUUBL1Pv5994g4kkAoeGSad2lJDbulCkjuIRZrpdoiBkfsyF0LQ1ZANqdzg+d4ROrDLAfKVuhwXP1+8SUBVpPAs92BsyM9G8vFf/yuonxK+5UhHFiIOSLRX4isYlw+jUeCAXcyIkljCthb8V8xBTjxmaTsyF8fYr/J61SkZ4XSeOsULtcxpFFR+gYnSKKyqiGblAdNRFHgB7QE3p27pxH58V5XbRmnOXMIfoB5+0T5bGNAg==</latexit>

D

<latexit sha1_base64="TXrVDOxuWBU6b0t9mSYh28sXY6A=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4KklR2+6KblxWsA9oh5JJM21oJhOSTKEM/Qg3LhRx6/e482/MtBVU9MCFwzn3cu89gRLcWIQ+vNza+sbmVn67sLO7t39QPDxqmzjRlLVoLGLdDYhhgkvWstwK1lWakSgQrBNMbjK/M2Xa8Fje25lifkRGkoecEuukTn/KaKrmg2IJlRFCGGOYEVy9Qo7U67UKrkGcWQ4lsEJzUHzvD2OaRExaKogxPYyU9VOiLaeCzQv9xDBF6ISMWM9RSSJm/HRx7hyeOWUIw1i7khYu1O8TKYmMmUWB64yIHZvfXib+5fUSG9b8lEuVWCbpclGYCGhjmP0Oh1wzasXMEUI1d7dCOiaaUOsSKrgQvj6F/5N2pYwvy+juotS4XsWRByfgFJwDDKqgAW5BE7QABRPwAJ7As6e8R+/Fe1225rzVzDH4Ae/tE/QDj/w=</latexit>

~p
<latexit sha1_base64="r+jC2hR2y6FreEqkGdrkVEk2uE4=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk9lkyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDxq6yhRjLdYJCPV9ajmUoS8ZYSRvBsrTgNP8o43ucn8zpQrLaLw3sxi7gZ0FApfMGqs1OlPOUtn80GxhMsYY0IIygipXmFL6vVahdQQySyLEqzQHBTf+8OIJQEPDZNU6x7BsXFTqoxgks8L/UTzmLIJHfGepSENuHbTxblzdGaVIfIjZSs0aKF+n0hpoPUs8GxnQM1Y//Yy8S+vlxi/5qYijBPDQ7Zc5CcSmQhlv6OhUJwZObOEMiXsrYiNqaLM2IQKNoSvT9H/pF0pk8syvrsoNa5XceThBE7hHAhUoQG30IQWMJjAAzzBsxM7j86L87pszTmrmWP4AeftEwG/kAU=</latexit>

~y
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Scalar System ID

Least Squares Estimate:

<latexit sha1_base64="0qfe3xcTZ6uVT9SMtro5rcR19Cc="></latexit>
�
b

�

<latexit sha1_base64="0fcCn7DDj6hiXvq9rE6HZ2qyK60=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmp1J1Ui5YK+QH6kHnjfTo574OZeYGIv6BNiyLa9pPa9W+apwYVdeDC4Zx7ufceL5ZCG0I+nMzK6tr6RnYzt7W9s7uX3z9o6ShRHJo8kpHqeEyDFCE0jTASOrECFngS2t74KvXb96C0iMJbM4nBDdgwFL7gzFipcd3PF0iREEIpxSmh5QtiSbVaKdEKpqllUUBL1Pv5994g4kkAoeGSad2lJDbulCkjuIRZrpdoiBkfsyF0LQ1ZANqdzg+d4ROrDLAfKVuhwXP1+8SUBVpPAs92BsyM9G8vFf/yuonxK+5UhHFiIOSLRX4isYlw+jUeCAXcyIkljCthb8V8xBTjxmaTsyF8fYr/J61SkZ4XSeOsULtcxpFFR+gYnSKKyqiGblAdNRFHgB7QE3p27pxH58V5XbRmnOXMIfoB5+0T5bGNAg==</latexit>

D
<latexit sha1_base64="TXrVDOxuWBU6b0t9mSYh28sXY6A=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4KklR2+6KblxWsA9oh5JJM21oJhOSTKEM/Qg3LhRx6/e482/MtBVU9MCFwzn3cu89gRLcWIQ+vNza+sbmVn67sLO7t39QPDxqmzjRlLVoLGLdDYhhgkvWstwK1lWakSgQrBNMbjK/M2Xa8Fje25lifkRGkoecEuukTn/KaKrmg2IJlRFCGGOYEVy9Qo7U67UKrkGcWQ4lsEJzUHzvD2OaRExaKogxPYyU9VOiLaeCzQv9xDBF6ISMWM9RSSJm/HRx7hyeOWUIw1i7khYu1O8TKYmMmUWB64yIHZvfXib+5fUSG9b8lEuVWCbpclGYCGhjmP0Oh1wzasXMEUI1d7dCOiaaUOsSKrgQvj6F/5N2pYwvy+juotS4XsWRByfgFJwDDKqgAW5BE7QABRPwAJ7As6e8R+/Fe1225rzVzDH4Ae/tE/QDj/w=</latexit>

~p
<latexit sha1_base64="r+jC2hR2y6FreEqkGdrkVEk2uE4=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgKcwENckt6MVjBPOAZAmzk9lkyOyDmdlAWPIRXjwo4tXv8ebfOJtEUNGChqKqm+4uL5ZCG4w/nNza+sbmVn67sLO7t39QPDxq6yhRjLdYJCPV9ajmUoS8ZYSRvBsrTgNP8o43ucn8zpQrLaLw3sxi7gZ0FApfMGqs1OlPOUtn80GxhMsYY0IIygipXmFL6vVahdQQySyLEqzQHBTf+8OIJQEPDZNU6x7BsXFTqoxgks8L/UTzmLIJHfGepSENuHbTxblzdGaVIfIjZSs0aKF+n0hpoPUs8GxnQM1Y//Yy8S+vlxi/5qYijBPDQ7Zc5CcSmQhlv6OhUJwZObOEMiXsrYiNqaLM2IQKNoSvT9H/pF0pk8syvrsoNa5XceThBE7hHAhUoQG30IQWMJjAAzzBsxM7j86L87pszTmrmWP4AeftEwG/kAU=</latexit>

~y

<latexit sha1_base64="OQ/A/6D6i/jLg14kfsGd7TfJ9ow="></latexit>2

6664

x(0) u(0)
x(1) (1)
...

x(l) u(l)

3

7775
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2x2 Matrix System ID

<latexit sha1_base64="0jy9kZfi8OtyqhskIV8poTbb8tU="></latexit>
y0(t+ 1)
y1(t+ 1)

�
⇡

<latexit sha1_base64="sUclhp+erBAmiV/IP8uiGoHPC/o="></latexit>
x0(t)
x1(t)

�<latexit sha1_base64="t4wz38ejKmdZTLYoyvmfGGhmItc="></latexit>
a00 a01
a10 a11

� <latexit sha1_base64="ks4xVHJQ/8pQUJZQF/559VoJ3lA="></latexit>
+


b0u(t)
b1u(t)

�

<latexit sha1_base64="QQN2m/8F0nyHNRFn7PPrJoNPj7k="></latexit>2

4
a00
a01
b0

3

5

<latexit sha1_base64="hoJiYtinRCbB7QvedhLw08i/zmU="></latexit>2

66664

3

77775

<latexit sha1_base64="DbRHTGLoh68pKfswOUhVfgGwykA="></latexit>

=

2

664

3

775

<latexit sha1_base64="av3kYX9eb9eYjwaP1m5j/v8CDG8="></latexit>2

4
a10
a11
b1

3

5

<latexit sha1_base64="DbRHTGLoh68pKfswOUhVfgGwykA="></latexit>

=

2

664

3

775

<latexit sha1_base64="hoJiYtinRCbB7QvedhLw08i/zmU="></latexit>2

66664

3

77775
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2x2 Matrix System ID
<latexit sha1_base64="QQN2m/8F0nyHNRFn7PPrJoNPj7k="></latexit>2

4
a00
a01
b0

3

5

<latexit sha1_base64="av3kYX9eb9eYjwaP1m5j/v8CDG8="></latexit>2

4
a10
a11
b1

3

5

<latexit sha1_base64="NDtZ4hIgdyxbUd5moMHzsYD8mYQ="></latexit>2

6664

x0(0) x1(0) u(0)
x0(1) x1(1) u(1)

...
x0(l) x1(l) u(l)

3

7775

<latexit sha1_base64="NDtZ4hIgdyxbUd5moMHzsYD8mYQ="></latexit>2

6664

x0(0) x1(0) u(0)
x0(1) x1(1) u(1)

...
x0(l) x1(l) u(l)

3

7775
<latexit sha1_base64="Gaf+uZK6KzWqXVB2ymppqWmS1y0=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuwiTGtu6KblxWsA9pQ5lMJ+3QySTMTAol9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733BAlnSiP0Ya2srq1vbBa2its7u3v7pYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8XXutydUKhaLOz1NqB/hoWAhI1gb6b43oSRLZn3UL5WRfVmruF4FIhuhquM6OXGr3rkHHaPkKIMlGv3Se28QkzSiQhOOleo6KNF+hqVmhNNZsZcqmmAyxkPaNVTgiCo/mx88g6dGGcAwlqaEhnP1+0SGI6WmUWA6I6xH6reXi3953VSHNT9jIkk1FWSxKEw51DHMv4cDJinRfGoIJpKZWyEZYYmJNhkVTQhfn8L/Scu1nQsb3Xrl+tUyjgI4BifgDDigCurgBjRAExAQgQfwBJ4taT1aL9bronXFWs4cgR+w3j4BMDuQqw==</latexit>

~p0
<latexit sha1_base64="vNXqtrchxJhADMbxVP7fBTpMjJU=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuwiTGtu6KblxWsA9pQ5lMJ+3QySTMTAol9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733BAlnSiP0Ya2srq1vbBa2its7u3v7pYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8XXutydUKhaLOz1NqB/hoWAhI1gb6b43oSRLZn2nXyoj+7JWcb0KRDZCVcd1cuJWvXMPOkbJUQZLNPql994gJmlEhSYcK9V1UKL9DEvNCKezYi9VNMFkjIe0a6jAEVV+Nj94Bk+NMoBhLE0JDefq94kMR0pNo8B0RliP1G8vF//yuqkOa37GRJJqKshiUZhyqGOYfw8HTFKi+dQQTCQzt0IywhITbTIqmhC+PoX/k5ZrOxc2uvXK9atlHAVwDE7AGXBAFdTBDWiAJiAgAg/gCTxb0nq0XqzXReuKtZw5Aj9gvX0CMb+QrA==</latexit>

~p1
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General Matrix System ID
<latexit sha1_base64="QQN2m/8F0nyHNRFn7PPrJoNPj7k="></latexit>2

4
a00
a01
b0

3

5

<latexit sha1_base64="av3kYX9eb9eYjwaP1m5j/v8CDG8="></latexit>2

4
a10
a11
b1

3

5

<latexit sha1_base64="av3kYX9eb9eYjwaP1m5j/v8CDG8="></latexit>2

4
a10
a11
b1

3

5

<latexit sha1_base64="NDtZ4hIgdyxbUd5moMHzsYD8mYQ="></latexit>2

6664

x0(0) x1(0) u(0)
x0(1) x1(1) u(1)

...
x0(l) x1(l) u(l)

3

7775

<latexit sha1_base64="NDtZ4hIgdyxbUd5moMHzsYD8mYQ="></latexit>2

6664

x0(0) x1(0) u(0)
x0(1) x1(1) u(1)

...
x0(l) x1(l) u(l)

3

7775

<latexit sha1_base64="QQN2m/8F0nyHNRFn7PPrJoNPj7k="></latexit>2

4
a00
a01
b0

3

5

<latexit sha1_base64="NDtZ4hIgdyxbUd5moMHzsYD8mYQ="></latexit>2

6664

x0(0) x1(0) u(0)
x0(1) x1(1) u(1)

...
x0(l) x1(l) u(l)

3

7775

<latexit sha1_base64="IziZC4M5Yc0WFAXj5GpCzTq+bkQ="></latexit>2

6664

~xT (0) u(0)
~xT (1) u(1)

...
~xT (l) u(l)

3

7775

<latexit sha1_base64="jjDH+yC0Hz9mWZSV7ujuClyAfUw="></latexit>
AT

BT

� <latexit sha1_base64="IksI8m1gtB4lMiPfO47YYPhuDPw="></latexit>

=

2

6664

~yT (0)
~yT (1)

...
~yT (l)

3

7775

<latexit sha1_base64="Gaf+uZK6KzWqXVB2ymppqWmS1y0=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuwiTGtu6KblxWsA9pQ5lMJ+3QySTMTAol9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733BAlnSiP0Ya2srq1vbBa2its7u3v7pYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8XXutydUKhaLOz1NqB/hoWAhI1gb6b43oSRLZn3UL5WRfVmruF4FIhuhquM6OXGr3rkHHaPkKIMlGv3Se28QkzSiQhOOleo6KNF+hqVmhNNZsZcqmmAyxkPaNVTgiCo/mx88g6dGGcAwlqaEhnP1+0SGI6WmUWA6I6xH6reXi3953VSHNT9jIkk1FWSxKEw51DHMv4cDJinRfGoIJpKZWyEZYYmJNhkVTQhfn8L/Scu1nQsb3Xrl+tUyjgI4BifgDDigCurgBjRAExAQgQfwBJ4taT1aL9bronXFWs4cgR+w3j4BMDuQqw==</latexit>

~p0
<latexit sha1_base64="vNXqtrchxJhADMbxVP7fBTpMjJU=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuwiTGtu6KblxWsA9pQ5lMJ+3QySTMTAol9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733BAlnSiP0Ya2srq1vbBa2its7u3v7pYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8XXutydUKhaLOz1NqB/hoWAhI1gb6b43oSRLZn2nXyoj+7JWcb0KRDZCVcd1cuJWvXMPOkbJUQZLNPql994gJmlEhSYcK9V1UKL9DEvNCKezYi9VNMFkjIe0a6jAEVV+Nj94Bk+NMoBhLE0JDefq94kMR0pNo8B0RliP1G8vF//yuqkOa37GRJJqKshiUZhyqGOYfw8HTFKi+dQQTCQzt0IywhITbTIqmhC+PoX/k5ZrOxc2uvXK9atlHAVwDE7AGXBAFdTBDWiAJiAgAg/gCTxb0nq0XqzXReuKtZw5Aj9gvX0CMb+QrA==</latexit>

~p1
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Control Recap

• Controllability:
An�1B An�2B · · · AB B~x(n)�An~x(0) =

2

4

3

5

2

6664

u(0)
u(1)
...

u(n� 1)

3

7775

If Rn is full rank then 
we can move to any 
target value
Same rank test for 
continuous time

• Open loop control:
Can use the above equation to design an input sequence – and apply it 
blindly. Accuracy of result will depend on accuracy of model.
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Control Recap – State Feedback

Closed-loop system:

If controllable, can assign eigenvalues for A+BK arbitrarily

If not, some eigenvalues of A can not be changed!
(could be OK, if stable, bad news if not)

Must choose K s.t. A+BK has 
eigenvalues inside the unit circle 
(or left half-plane for continuous time)

u(t) = K~x(t)

) ~x(t+ 1) = (A+BK)~x(t)
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System Identification

Given a system:

Can we learn A, and B by applying inputs and 
observing resulting states?

~x(t+ 1) = A~x(t) +Bu(t)
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How Does MRI Work? (some today – more later!)

•Magnetic Polarization
-- Very strong uniform magnet
• Excitation

-- Very powerful RF transmitter
• Acquisition

-- Location is encoded by gradient 
magnetic fields
-- Very powerful audio amps
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Polarization

•Protons have a magnetic moment
•Protons have spins
•Like rotating magnets

1H
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Polarization
• Body has a lot of protons
• In a strong magnetic field B0, spins align with B0 

giving a net magnetization

B0

*Graphic rendering Bill Overall 
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• 0.1 to 12 Tesla
• 0.5 to 3 T common
• 1 T is 10,000 Gauss
• Earth’s field is 0.5G
• Typically a superconducting 

magnet

Polarizing Magnet

B0
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Typical MRI Scanner
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Polarizaion
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Free Precession

• Much like a spinning top
• Frequency proportional to the field
• f = 127MhZ @ 3T

MIT physics demos
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Free Precession

• Precession induces magnetic flux
• Flux induces voltage in a coil

Signal
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2

4
Ṁx(~r, t)
Ṁy(~r, t)
Ṁz(~r, t)

3

5=

2

664
0 � ~G(t) · ~r 0

�� ~G(t) · ~r 0 0
0 0 0

3

775

2

4
Mx(~r, t)
My(~r, t)
Mz(~r, t)

3

5

=

2

664
0 �B0 0

��B0 0 0
0 0 0

3

775

2

4
Mx(~r, t)
My(~r, t)
Mz(~r, t)

3

5
2

4
Ṁx(~r, t)
Ṁy(~r, t)
Ṁz(~r, t)

3

5

=

2

664
0 0 0
0 0 �B1x(t)
0 ��B1x(t) 0

3

775

2

4
Mx(~r, t)
My(~r, t)
Mz(~r, t)

3

5
2

4
Ṁx(~r, t)
Ṁy(~r, t)
Ṁz(~r, t)

3

5

Free precession

Gradient encoding

RF excitation

=

2

664
� 1

T2
0 0

0 � 1
T2

0
0 0 � 1

T1

3

775 +

2

4
0
0
1
T1

3

5M0(~r)

2

4
Mx(~r, t)
My(~r, t)
Mz(~r, t)

3

5

2

4
Ṁx(~r, t)
Ṁy(~r, t)
Ṁz(~r, t)

3

5

Relaxation
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The Bloch Equation
2

4
Ṁx

Ṁy

Ṁz

3

5 =

2

64
� 1

T2
� ~G · ~r ��B1y

�� ~G · ~r � 1
T2

�B1x

�B1y ��B1x � 1
T1

3

75

2

4
Mx

My

Mz

3

5+

2

4
0
0
1
T1

3

5M0

(~r, t)

(~r, t)

(~r, t)

(t)

(t)

(t) (t)

(t)

(t) (~r, t)

(~r, t)

(~r, t)

(~r)

C =

2

4
1 0 0
0 1 0
0 0 0

3

5

Observe:

Inputs: Gx(t), Gy(t), Gz(t), B1x(t), B1y(t)

(~r)

(~r)

(~r)

Unknown:   M0(~r) The image!   

~y(t) =

Z

~R
CM(~r, t)d~r
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MRI Pulse Sequence

B1x

Gz

Gy

Gx

Receive

Excitation

2

4
Ṁx

Ṁy

Ṁz

3

5 =

2

64
� 1

T2
� ~G · ~r ��B1y

�� ~G · ~r � 1
T2

�B1x

�B1y ��B1x � 1
T1

3

75

2

4
Mx

My

Mz

3

5+

2

4
0
0
1
T1

3

5M0

(~r, t)

(~r, t)

(~r, t)

(t)

(t)

(t) (t)

(t)

(t) (~r, t)

(~r, t)

(~r, t)

(~r)(~r)

(~r)

(~r)

Repeat n times
rate = TR seconds

1

n 1

n
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Acquisition
Observe:

~y(t) =

Z

~R
CM(~r, t)d~r

C =

2

4
1 0 0
0 1 0
0 0 0

3

5
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Fourier Reconstruction B1x
Gz

Gy

Gx

Receive

Excitation

Data (showing just magnitude)
y(t) =

Z

R
Mx(r, t) + jMy(r, t)dr

Discrete Fourier Transform (DFT)

The output is a Discrete Fourier Transform!


