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Lectures 8A, 8B & 9A: Overview Slides

Data Analysis

Singular Value Decomposition
and
Principal Component Analysis
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The SVD
(Singular Value Decomposition)
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"

N A — N U

g
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"

N A — N U

g

diagonal
O, real and +ve
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"

diagonal
O, real and +ve
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"

SINGULAR VALUES
01 2 02 2 03 2 S 2 Om 2 0 diagonal
O, real and +ve
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"

gl — e . —

|
'
|

SINGULAR VALUES
01 2 02 2 03 2 S 2 Om 2 0 diagonal
O, real and +ve
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"

SINGULAR VALUES unitary
01209203220, =0 diagonal
O, real and +ve

U'U =1
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Singular Value Decomposition

* |_ooks like eigendecomposition, but is different
* Any matrix A (no exceptions) can be decomposed as

A=UXV"

- — m — e —
m
[ A =0 U
T T unitary
SINGULAR VALUES unitary Jv
01209203220, =0 diagonal VTV — 7

o. real and +ve
U'U =1
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Unitary Matrices: Orthonormality

U1 (9% us Un
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Unitary Matrices: Orthonormality

: iy s

: Uy :>

y wd b \ — — — —

\ U3 4 'LLl ?_LQ ug UrL
< Uy, 2 I R L
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Unitary Matrices: Orthonormality
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Unitary Matrices: Orthonormality

: iy s 1

: Uy :> 1

{ 3 | (U1 U2 U3 Up | = 1

_{ ﬁg }_ — N - ~N- - 1_
iy i = 1
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Unitary Matrices: Orthonormality

: iy s 1
: Uy :> 1
{ 3 | (U1 U2 U3 Up | = 1
_{ ﬁg }_ — ~ - b 1_
iy i =1 Ut =0 ;i3 =0 TERTIEN )
f—.iT — .
LLZ u1 — 0
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Unitary Matrices: Orthonormality

: iy s 1

: Uy :> 1

{ 3 | (U1 U2 U3 Up | = 1

_{ ﬁg }_ — N ~ s ~N- = 1_
iy i =1 Ut =0 ;i3 =0 TERTIEN )
Uy =0 sty =1
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Unitary Matrices: Orthonormality

4 iy > 1
< s ; 1
{ 3 | (U1 U2 U3 Up | = 1
L { ﬁg } - — o - N - 1 -

iy i =1 Ut =0 ;i3 =0 TERTIEN )
Us Uy =0 Usuo =1 usguz =0 -+ us;u, =0
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Unitary Matrices: Orthonormality

[<
<
’
iy i = 1
iy i =0

S|
|
-

iy >

U ;

’L_!:g 7 Uy U
i ] Ll
i1 iy = 0 7 i3 =0
s iy = 1 Ua i3 =

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)

Slide 4



Unitary Matrices: Orthonormality

[< it >

{ U ;

< ’L_!:g 7 Uy U
L iy, 1 Ll ]
Ui =1 Ut =0 i3 =0
ity =0 sy =1 U2 is =
u,uy =0 u,up =0 u,uz =0
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Unitary Matrices: Orthonormality

: iy >

{ U ;

< ’L_!:g 7 Uy U

. i ] Ll |
Ui =1 Ut =0 i3 =0
Wi =0 @ty =1 alds =
u,uy =0 u,up =0 u,uz =0
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Unitary Matrices: Orthonormality

: iy >

{ U ;

< ’L_!:g 7 Uy U
. i ] Ll |
[ - L [ — L [ — L _
uyur =1 uyus =0 uyus =0
oty =0 sl =1 tsii3=0 -
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Unitary Matrices: Orthonormality

U’ U |

: iy s 1
% U > 1
< ’I,Tg ? U1 ?IQ ’lfg ﬁ'ﬂ — 1
< iy, 2 I U ! 1
Ly, o, -+ U
[ - [ — = y, y, y (L
u:ur =1 u =0 U7 U2 =0 -
; 1 ; 2 ; 3 called ORTHONORMAL
272’5120 ’1_1:2_}2:1 u3u3:0 .
: : T 1, ite=7y
p— p— p— ¢ o o p— J .
w,, U1 0 U, U2 0 U, U3 0 U,, Un 1 ‘ 0 otherwise

Similarly,
V1,02, yUm

are ORTHONORMAL
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Rank 1 Matrices and Outer Products

e Consider 4 —

I?\DC.«OHI

I 1
3 3
2 2

DO Qo =
Do QO =
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Rank 1 Matrices and Outer Products

rank=1\
e Consider 4 —

I?\DC.«OHI

I 1
3 3
2 2

DO Qo =
Do QO =
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Rank 1 Matrices and Outer Products

rank=1\ ) _col
e Consider 4 —

NCRIGURS
|

I 1
3 3
2 2

DO Qo =
Do QO =

1 1 1 1 1fe—row
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Rank 1 Matrices and Outer Products

rank=1 col
N\

1 1 1
e Consider 4— (3 3 31 1 1 1 1Je—row
2 2 2

I 1
3 3
2 2

1
3
2 —
e written as z;!: an outer product

-
®3

e rank-1 matrix ca
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Rank 1 Matrices and Outer Products

rank=1 col
N\

) N
e Consider 4 — — (311 1 1 1fe—row
2

* rank-1 matrix can be written as z;': an outer product

DO QU

I 1
3 3
2 2

DO Qo =
Do QO =

e outer product: product of col and row vectors

X
o y[abcde}

<
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Rank 1 Matrices and Outer Products

rank=1 col
N\

| 1 1 1 1 1 1
eConsider 4=1{3 3 3 3 3/=[3|[1 1 1 1 1]e—ron
2 2 2 2 2 2

* rank-1 matrix can be written as z;': an outer product

e outer product: product of col and row vectors

X lxa xb zc xd e
® Y [a, b ¢ d e} = |lya yb yc wyd ye
|z za zb  zc zd ze.
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Rank 1 Matrices and Outer Products

rank=1 col
N\

| 1 1 1 1 1 1
eConsider 4=1{3 3 3 3 3/=[3|[1 1 1 1 1]e—ron
2 2 2 2 2 2

* rank-1 matrix can be written as z;': an outer product

e outer product: product of col and row vectors

rank=1
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Rank 1 Matrices and Outer Products

e Consider 4 —

e outer product: product of col and row vectors

T
¢ Y

<

rank=1
N\

DO QO =

[a, b c d e}

Do QO =

I 1
3 3
2 2

Ld

ya
<A

col

DO QU

1
3
2

b xc xd xe

yb  yc

zb

<C

yd ye

zd

<€

* rank-1: a very “simple” type of matrix
* its "data” can be "compressed” very easily
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Rank 1 Matrices and Outer Products

e Consider 4 —

* rank-1 matrix can be written as z;': an outer product

e outer product: product of col and row vectors

T
¢ Y

<

rank=1
N\

DO QO =

[a, b c d e}

Do QO =

I 1
3 3
2 2

Ld

ya
<A

col

DO QU

1
= (31 1 1 1 I1je—row

2

b xc xd xe

yb
zb

yc  yd ye

zc zd

<€

* rank-1: a very “simple” type of matrix
* its "data” can be "compressed” very easily
> can be written as outer product: 4 = 7y’
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Rank 1 Matrices and Outer Products

e Consider 4 —

* rank-1 matrix can be written as z;': an outer product

e outer product: product of col and row vectors
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* rank-1: a very “simple” type of matrix
* its "data” can be "compressed” very easily
> can be written as outer product: A = 7y’
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Rank 1 Matrices and Outer Products

e Consider 4 —

* rank-1 matrix can be written as z;': an outer product

e outer product: product of col and row vectors

T
¢ Y

<

rank=1
N\

DO QO =

[a, b c d e}

Do QO =

I 1
3 3
2 2

Ld

ya
<A
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DO QU

2

b xc xd xe

yb yc
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yd ye

zd

<€

* rank-1: a very “simple” type of matrix
* its "data” can be "compressed” very easily

> can be written as outer product: ;4 —
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Rank 1 Matrices and Outer Products

e Consider 4 —

e outer product: product of col and row vectors

T
¢ Y

<

rank=1
N\

DO QO =
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Do QO =
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3 3
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Ld
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yb yc
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yd ye

zd

<€

* rank-1: a very “simple” type of matrix

* its "data” can be "compressed” very easily
—r—rT

> can be written as outer product: ;4 —
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rank=1

'

1 1 1 1 1fe—row

* rank-1 matrix can be written as z;': an outer product
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Rank 1 Matrices and Outer Products

rank=1\\k
e Consider 4 —

DO QO

1
3
2

Do QO =

1
3
2

e outer product: product of col and row vectors

7 | | za
* |y [a b ¢ d e} = |ya
2 za

col

IMQOH

1
3

2_

rank=1

b xc xd xel ,/

yb  yc
b zc

yd ye

zd

<€

* rank-1: a very “simple” type of matrix

* its "data” can be "compressed” very easily
> can be written as outer product: A
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* rank-1 matrix can be written as zy’: an outer product
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Rank 1 Matrices and Outer Products

rank=1\ _col )
e Consider 4 —

1
= 3|1 1 1 1 1fe—row

2
* rank-1 matrix can be written as zy’: an outer product

DO QO
DO QU

1
3
2

Do QO =

1
3
2

e outer product: product of col and row vectors

rank=1

| ‘xa xb xc xd xeEl /
o Y [a b ¢ d e} = |lya yb yc wyd ye
z za zb zc zd ze

* rank-1: a very “simple” type of matrix
* its "data” can be "compressed” very easily
> can be written as outer product: A = fj‘gj‘T
X

nm numbers ST,

nxim nx1 1xm

ﬂﬁﬁm Siide &
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Rank 1 Matrices and Outer Products

rank=1\ _col )
e Consider 4 —

1
= 3|1 1 1 1 1fe—row

2
* rank-1 matrix can be written as zy’: an outer product

DO QO
DO QU

1
3
2

Do QO =

1
3
2

e outer product: product of col and row vectors

rank=1

| ‘xa xb xc xd xeEl /
o Y [a b ¢ d e} = |lya yb yc wyd ye
z za zb zc zd ze

* rank-1: a very “simple” type of matrix
* its "data” can be "compressed” very easily
> can be written as outer product: A = fj‘gj‘T
X

nm numbers ST,

nxim nx1 1xm

ﬂﬁﬁm Siide &

n+m << nm: data compression
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Matrix Multiplication using Outer Products

X Y'

= A e . A A ™ < y_ﬁ]z—j }_
— Yy —
T1 To I3 T ) ?jg \
— g —
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Matrix Multiplication using Outer Products

X Y'

[ A e P A T ‘[’ -

— ’
_51_’
- = — — < y2 ) T’ 75 T’
T\ To T'3 Tn| | gg y| = Z1y;] + Toys + T3ys
: =+ +?ngg
— iy —
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Matrix Multiplication using Outer Products

X

A A A

vid N
Y1 7
_;17

U5 ?
=’ \
Y3 7
_qj

Yn, ?
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Matrix Multiplication using Outer Products

e =

C

b
d

e Example:

A A A

YT

vid N
Y1 7
_;17

U5 ?
=’ \
Y3 7
_qj

Yn, ?
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Matrix Multiplication using Outer Products

) =

3
e Example:
a bl |z
c df| |p

-
Y
—i
— i
T Ys3
_qj
< Yn

~ |ax + bp

~ |ecx +dp

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)

each of these is a

y rank-1 OUTER PRC?DUQT
S D
»| = T1Yp T T2lYy T X3Y3 &
—

+ TnYn,
>—
ay +bqg az+br
cy+dq cz+ar
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Matrix Multiplication using Outer Products

X YT each of these is a
[”’” T 7 T y g‘? >_ rank-1 OUTER PRQDUQT
_,{1"
¥ Lo T " < 3{% ) I T T '
I 2 3 *+ Ip 4 ryg 5 — 513191 —|— $2y2 —|— ngyg |
[ N Y T4
— Yy —]

e Example:

bl |z vy =z axr +bp ay+bg az+br
c d|ll|p q 1 cxr+dp cy—+dq cz+ar
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Matrix Multiplication using Outer Products

YT

) =

Ty T2 I3

e Example:
a bl |z vy
c d| |p q
»
NS

each of these is a

y rank-1 OUTER PRQDUQT

S

| =T+ Tolls + Tals
I T

?

_q_‘

—i

— i

T Ys3

_qj

< Yn
| fax + bp
| |ecx+dp
axr ay az
cxr ¢y cz

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)

ay +bqg az+br
cy+dq cz+ar

Slide 6



Matrix Multiplication using Outer Products

X YT each of these is a
[”’” T 7 T y g‘? >_ rank-1 OUTER PRQDUQT
_,{1"
¥ Lo T " < 3{% ) I T T '
I 2 3 *+ Ip 4 ryg 5 — 513191 —|— $2y2 —|— ngyg |
[ N Y T4
— Yy —]

e Example:

bl |z vy =z axr +bp ay+bg az+br
c d|ll|p q 1 cxr+dp cy—+dq cz+ar

ar ay az

_C_ [CU 9 Z}: _C.’L' CY CZ_
o
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Matrix Multiplication using Outer Products

X YT each of these is a
[”’” T 7 T y g‘? >_ rank-1 OUTER PRQDUQT
_,{1"
¥ Lo T " < 3{% ) I T T '
I 2 3 *+ Ip 4 ryg 5 — 513191 —|— $2y2 —|— ngyg |
[ N Y T4
— Yy —]

e Example:

bl |z vy =z axr +bp ay+bg az+br
c d|ll|p q 1 cxr+dp cy—+dq cz+ar

ar ay az
cCr CcYy cCz

1 |bp bg br
d P g r|= dp dq dr
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Matrix Multiplication using Outer Products

X YT each of these is a
["ﬂ" T 7T T y g‘? >_ rank-1 OUTER PRC?DUQT
_q_'

L | < Y2 ’ I ' '

Ty @2 Ty Tl e gl | =BG + Boyy + T3l |
[ ; N Y T4

| e— g —]
e Example:

a bllz y =z B axr+bp ay+bg az+br

c d||p q 1T - cxr+dp cy+dg cz+dr

a - lax ay az

c [a: J Z} o lex cy cz

| pa = dp dqg dr
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SVD: Sum of Outer Products Form

U D V'

) —— 1 >
& — Ty —
03
A — 61 _}2 _}3 ﬁn |
| | — U, —
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SVD: Sum of Outer Products Form

U D V'

) —— 1 >
& — Ty —
g3
A = 61 _}2 _}3 ﬁn |
| | — U, —
91T [«— v —]

|l
l
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SVD: Sum of Outer Products Form

U D V'

N 2~ A~ PN . . fﬁ?ﬂ >—
& — Ty —
g3
A = 61 _}2 _}3 ﬁn |
Om N 1751 }_

91T | [«— ] —]

outer product
u1 |  nxm rank-1

matrix

iy 77

|l
l
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SVD: Sum of Outer Products Form

J9
g3
A — |u1 us Us Unp,
01U ] [«— 0T —] O2[1] [«+— o
outer product 4
— U1 Nxm rank-1 U2
matrix
ﬂ’lﬁ‘f
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SVD: Sum of Outer Products Form

U D V'

T T 7 T 1 [o — U1 >
& — Ty —

g3 )

A = Uy Uz U3 Un, :
Tm < 651 >

O[T [— o —] 92[] ] [— o —]

outer product 4 outer product
u1 |  nxm rank-1 u2 | nxm rank-1

1
l

matrix matrix
e o UL
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SVD: Sum of Outer Products Form

up Uz U3

outer product
Nxm rank-1

matrix

iy o7

— 07 —| 92

+

2

VT

— U1
£ —— Ts
g3
ET'H.?- < /t_)},?-'n
— U3 —] Om [T
outer product i n
NxM rank-1 - n a U,
matrix
o UL
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— Upy —]
outer product
nxm rank-1

matrix

T
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SVD: Sum of Outer Products Form
U DA

a1 < Ul >
& — Ty —
g3
A= i i ds - i, :
ol [— U, —
O1 1T [ xd i N O21TT 1 |« =1 N o T | i \
]- [ A ’Ul I ] 2 [ Y Uz I ] m [ A UTH }
outer product 4 outer product i n outer product
— (5] Nxm rank-1 U9 Nnxm rank-1 = a U, Nxm rank-1
matrix matrix matrix
107 o UL U T

~ y A

Frobenius norm (sgrt(sum of squares) = 1)
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SVD: Sum of Outer Products Form
U DA

a1 < Ul >
& — Ty —
03
A= i a@ a - iy :
ou| | Upy —
™1 [ /4 \ O21 T 1 |« 1 \ o T |, T
|:*-. U1 f] 2 [\ Us ,-] m [\ U H}
outer product 4 outer product i n outer product
— (751 Nxm rank-1 U2 Nxm rank-1 = Um | NxmM rank-1
matrix matrix matrix
107 o UL U T

~ y A

Frobenius norm (sgrt(sum of squares) = 1)
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SVD: Sum of Outer Products Form

VT

~ ~ ~

2

next biggest weight

— 07 —| 92

outer product
Nxm rank-1

matrix

iy o7

N

Frobenius norm (sgrt(sum of squares) = 1)

+

< Ui
& , Uy
g3
E-T'Hi'- < /t_)},?-'n
— Uy —] Om
outer product i n
Nnxm rank-1 " mn
matrix
o UL
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SVD: Sum of Outer Products Form
U DA

7 — U3 >

o wd
: 4 Us >

03
A= |i @ d - i, ;

wd A
E-T'Hi'- ( Um >
0 next biggest weight smallst weight

1 [e— o7 —] 0217 [+— oF —] O [ 1] [e— oL —

T

1
l

outer product 4 outer product i n outer product
U1| nxm rank-1 u2 | nxm rank-1 = Um | Nxm rank-1

matrix matrix matrix
U107 T U UL

~ y A

Frobenius norm (sgrt(sum of squares) = 1)
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SVD: Sum of Outer Products Form

VT

~ ~ ~ ~

T [— o7 —] 02

outer product 4
U1 | nxm rank-1

matrix

iy o7

1
l

N

2

3 next biggest weight

d &

<

(T'HI-

Us

>1

outer product
nxm rank-1

!

matrix

T

y Ui
y Uy

T
y vl

smallest weight

'

O-’TTI

T...T

e

Frobenius norm (sgrt(sum of squares) = 1)

— Upy —]

T

outer product
Nxm rank-1

matrix

T

SVD splits a matrix into a weighted sum of rank-1 matrices of norm 1
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Using the SVD for Image
Analysis and Compression
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Example: B&W Polish Flag as a Matrix

e size: 281x450

o

original: 3.2MB
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Example: B&W Polish Flag as a Matrix

e size: 281x450

"I e

original: 3.2MB rank=1: 58kB
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Example: B&W Polish Flag as a Matrix

e size: 281x450

"I e

original: 3.2MB rank=1: 58kB
91 [T ||« o > |
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Example: B&W Polish Flag as a Matrix

e size: 281x450

"I e

original: 3.2MB rank=1: 58kB

011 [¢+— 77 —]
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Example: B&W Polish Flag as a Matrix

e size: 281x450

"I e

original: 3.2MB rank=1: 58kB
oL [e— o —=]

ual values are normalized)

; |G|
(act

(actual values are normalized)l :
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Example: B&W Polish Flag as a Matrix

e size: 281x450

"I e

original: 3.2MB rank=1: 58kB
oL [e— o —=]

e

09 == 10_10 - -

ual values are normalized)

; |G|
(act

(actual values are normalized)l :

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 9



Example: B&W Polish Flag as a Matrix

e size: 281x450

"I e

original: 3.2MB rank=1: 58kB

O1 17T [

e

C—

O9 = 10_10 - -

ual values are normalized)

L EREE:

(actual values are normalized

RANK-1 FLAG )l
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

N

original: 10MB
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

I

original: 10MB rank 1: 17.5kB
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

I

original: 10MB rank 1: 17.5kB
911 1< o > |
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

I

original: 10MB rank 1: 17.5kB

91 [T ] 1< Ui >

RGB components
(actual ones are normalized)
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

I

original: 10MB rank 1: 17.5kB

O1 17T [{ ’l_)?ﬂ

RGB components
(actual ones are normalized)

RGB components
(actual ones are normalized)
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

I

original: 10MB rank 1: 17.5kB

O1 17T [{ ’l_)?ﬂ

e

(8.5,6.4,6.6)x10" i

RGB components
(actual ones are normalized)

RGB components
(actual ones are normalized)
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

I

original: 10MB rank 1: 17.5kB

O-l T I:{ ?__/’x]?—l kjl

e

(8.5,6.4,6.6)x10" i

oo~ 1071 for R, G, B T

RGB components
(actual ones are normalized)

RGB components
(actual ones are normalized)
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Example: Polish Flag as a Matrix

* size: 281x450 (x 3 colours: R, G, B)

I

original: 10MB rank 1: 17.5kB

O-l T I:{ ?__/’x]?—l kjl

e

(8.5,6.4,6.6)x10" i

oo~ 1071 for R, G, B T

RGB components
(actual ones are normalized)

This is a

RGB components

RANK-1 FLAG (actual ones are normalized)
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Example: SVD of the Austrian Flag

* size: 281x450 (x 3 colours: R, G, B)

original: 73MB rank 1: 48.5kB

01 [T [+— 77 —]

d hl

2.3x10° Uq
RGB components
(actual ones are normalized)

N\

This is ALSO a RGB components
RANK-1 FLAG (actual ones are normalized)
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Z-.-Z:l TV

Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)
N —
. h

original: 10.1MB
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= = T
Z-.-Z:l TV

Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)
N —
. h

o rank 1: 18kb
original: 10.1MB o1y U
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Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)
N —
. h

o rank 1: 18kb
original: 10.1MB o1y U
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Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)
N —
. h

original: 10.1MB
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= = T
Z-.-Z:l TV

Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)
N —
. h

original: 10.1MB
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= = T
Z-.-Z:l TV

Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)

. I
.h
I

original: 10.1MB

rank 3: 54kb

3 — T
D _i—1 Oili;V

()
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= = T
Z-.-Z:l TV

Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)

strongest
“feature”

. I
.h
I

rank 1: 18kb

original: 10.1MB o iy T

rank 2: 36kB

rank 3: 54kb s

3 — ST
D _i—1 Oili;V

()
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= = T
Z-.-Z:l TV

Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)

strongest 2" strongest
“feature” “feature”

. I
.h
I

original: 10.1MB

rank 2: 36kB

rank 3: 54kb s

3 — T
D _i—1 Oili;V

()
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= = T
Z-.-Z:l TV

Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)

. F strongest 2" strongest 3" strongest
“feat:.lre” “feature” “feature”
I
H EE——
. h '
N I
I T —
rank 1: 18kb TolloUe Tallals
. _ = 2 3 U3U3
original: 10.1MB o1y U

rank 2: 36kB

rank 3: 54kb s

3 — T
D _i—1 Oili;V

()
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Example: SVD of the Greek Flag

* size: 295x450 (x 3 colours: R, G, B)

strongest 2" strongest 3" strongest
“feature” “feature” “feature”

. I
.h
I

original: 10.1MB

This is a
RANK-3 FLAG
g1U1Vq -+
rank 3: 54kb L7
3 02U2Vq

Pyabrdd
S:?:—l 04Uz V;
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Example: SVD of the US Flag

size: 450x237 (x 3 colours: R, G, B)

-
*
*
*

*

»

* % % %
* % % % %
* % % %
* % % % %
* % % %
* % % % %
* % % %
* % % % %
* % % %
* % % * %

original: 8.8MB
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Example: SVD of the US Flag

* size: 450x237 (x 3 colours: R, G, B)

strongest
“feature”

*
*
*
*

original: 8.8MB
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Example: SVD of the US Flag

* size: 450x237 (x 3 colours: R, G, B)

strongest
“feature”

oollaT 16.5kb 03t 16.5kB  04lial; 16.5kB

o5iisUs 16.5kb  0giigUe 16.5Kb
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Example: SVD of the US Flag

* size: 450x237 (x 3 colours: R, G, B)

strongest
“feature”

original: 8.8MB rank 5: 83kB  rank 10: 167kB

oollaT 16.5kb 03t 16.5kB  04lial; 16.5kB

o5iisUs 16.5kb  0giigUe 16.5Kb
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Example: SVD of the US Flag

* size: 450x237 (x 3 colours: R, G, B)

strongest
“feature”

rank 5: 83kB rank 10: 167kB

oollaT 16.5kb 03t 16.5kB  04lial; 16.5kB

I ;7] 16.5kb  ogiigtl 16.5Kb
rank 15: 253kB
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Example: SVD of Michel Maharbiz

* size: 1100x757 (grayscale)

original
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Example: SVD of Michel Maharbiz

* Sjze: 1100x757 (grayscale)

strongest “feature”
21

.

original

011177 15kB
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Example: SVD of Michel Maharbiz

* Sjze: 1100x757 (grayscale)

strongest “feature”
21

.

original

— I 2 .
o1U1T; 15KB D _i—q TiliU;
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Example: SVD of Michel Maharbiz
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strongest “feature”
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Example: SVD of Michel Maharbiz

* Sjze: 1100x757 (grayscale)

strongest “feature”
21
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Example: SVD of Michel Maharbiz

* Sjze: 1100x757 (grayscale)

strongest “feature”
21

.

original

o1u1v; 15kB 2;—1 0;U;V; :i_l ;Ui V; 2 , U
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Example: SVD of Michel Maharbiz

* Sjze: 1100x757 (grayscale)

strongest “feature”
21

.

original

o1U1T; 15KB D _i—q TiliU;

o, Features not always intuitive
EE16B, Spring 2018, Lectures on SVE} and PCA (Roychowdhury) Slide 14



Michel’s Singular Values

* How Michel’s singular values drop oft

Michel's singular values

100 200 300 400 500 600 700
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Michel’s Singular Values

* How Michel’s singular values drop oft

Michel's singular values

Singular Values drop off rapidly
in typical real-life applications

100 200 300 400 500 600 700
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Michel’s Singular Values

* How Michel’s singular values drop oft

10* |

Michel's singular values

Singular Values drop off rapidly

in typical real-life applications

typical resolution of eye (rule of thumb):

2 orders of magnitude below max SV

.

10° |

100 200 300 400 500 600
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Michel’s Singular Values

* How Michel’s singular values drop oft

Michel's singular values

Singular Values drop off rapidly

in typical real-life applications
10°

typical resolution of eye (rule of thumb):
2 orders of magnitude below max SV

.

:
Keeping only the top few singular values

(and associated cols of U, rows of VT)
Is usually a good approximation
(and requires much less data to store)

1025‘

100 200 300 400 500 600 700
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Geometric View of Orthogonality
Projection onto Orthonormal Bases

Geometric View of Unitary Operations
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Geometric View of Orthogonality

1, ifi=j
0 otherwise called ORTHONORMAL

UL, U, * , Unp

e recall: 4 u; = {
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Geometric View of Orthogonality

If not necessarily = 1 (but # 0): then called ORTHOGONAL

@{1“—3 By, g, i

e recall: ﬁ’fﬁj = .
0 otherwise called ORTHONORMAL
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Geometric View of Orthogonality

If not necessarily = 1 (but # 0): then called ORTHOGONAL

o= —

e recall: ﬁ’fﬁj = .
0 otherwise called ORTHONORMAL

e |n2D:
ol

ORTHOGONAL
~~—T0 EACH OTHER
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Geometric View of Orthogonality

If not necessarily = 1 (but # 0): then called ORTHOGONAL

o= —

e recall: ﬁ’fﬁj = .
0 otherwise called ORTHONORMAL

* |n 2D:
e H e [{'1{ﬁ}-7>] "o H " ”’*LE [_‘1]

ORTHOGONAL NOT ORTHOGONAL
~~—T0 EACH OTHER TO EACH OTHER

1/(2v2)
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Geometric View of Orthogonality

If not necessarily = 1 (but # 0): then called ORTHOGONAL

o= —

e recall: ﬁ’fﬁj = .
0 otherwise called ORTHONORMAL

* In 2D:

L] . o PO U U ORTHOGONAL
I ] R R | WA TO EACH OTHER

/

ORTHOGONAL NOT ORTHOGONAL
~~—T0 EACH OTHER TO EACH OTHER

1/(2v2) il iy =0
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Geometric View of Orthogonality

If not necessarily = 1 (but # 0): then called ORTHOGONAL

o i

0 otherwise

UL, U, * , Unp

e recall: @ i; =

called ORTHONORMAL

* In 2D:

~~—T0 EACH OTHER

NOT ORTHOGONAL
TO EACH OTHER

AL

ORTHOGONAL

TO EACH OTHER

Ut iy = —1/2

[—1] NOT ORTHOGONAL

U S T
U1 = ﬂ ”_J_Ev.fE l

NOT ORTHOGONAL
TO EACH OTHER

il = —1/(2V2)

NOT ORTHOGONAL
TO EACH OTHER

A\

Lty # 0
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Geometric View of Orthogonality

If not necessarily = 1 (but # 0): then called ORTHOGONAL

* recall: ﬁZTﬁ S U, U2,y "+ ,Un

J :
0 otherwise called ORTHONORMAL

* In 2D:

=[] - _ [0 P S B ORTHOGONAL
SR () e [OR R (R WoR TO EACH OTHER

/

ORTHOGONAL NOT ORTHOGONAL
~~—T0 EACH OTHER TO EACH OTHER

iy = —1/(2V/2) il iy =0

i — H — [—1] NOT ORTHOGONAL NOT ORTHOGONAL : .
0 2| 0 TO EACH OTHER TO EACH OTHER 3D: orthogonality also
e L \ means at right angles
TO EACH OTHER
] iy = —1/2 @ iy # 0 il iy # 0
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Geometric View of Orthogonality

If not necessarily = 1 (but # 0): then called ORTHOGONAL

* recall: @ i, =

* In 2D:

o i

0 otherwise

S (1] I (1 R (R WoR

ORTHOGONAL
~~—T0 EACH OTHER

i — H -1 [—1] NOT ORTHOGONAL
o[> 2|0 TO EACH OTHER
NOT ORTHOGONAL \
TO EACH OTHER

NOT ORTHOGONAL
TO EACH OTHER

NOT ORTHOGONAL
TO EACH OTHER

\

u].quj..'

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)
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called ORTHONORMAL

ORTHOGONAL
TO EACH OTHER

3D: orthogonality also

means at right angles

4D and higher: “right angles”

means orthogonality!
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Projection onto Orthonormal Bases
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Projection onto Orthonormal Bases
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orthonormal basis

1 0

_0 1_
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Projection onto Orthonormal Bases
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B =

orthonormal basis

1 0

_0 1_

SAMPLES
X y
b
1 1.5
-2 1
—1 —0.5
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Projection onto Orthonormal Bases
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Projection onto Orthonormal Bases
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Projection onto Orthonormal Bases

another orthonorma

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)

V2

1

0 1

1]

orthonormal basis

basis

SAMPLES
X

y
N
1 ¢ 1.5
—2 o 1

—10 0.5
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Projection onto Orthonormal Bases

orthonormal basis SAMPLES
Bo_ |10 X
________________________ 0 1= 19 1 _ j ] )
A , - 1 ¢ 1.5
% D=|-2 5 1
/72 _—1 O —05_
1 A |pi|| =1
L o]l =
RO Bg = — _ e sl
V2 | L pipa =0
another orthonormal basis
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Projection onto Orthonormal Bases

orthonormal basis SAMPLES
Bo_ |10 X
________________________ 0 1= 19 1 _ j ] )
A , - 1 ¢ 1.5
% D=|-2 5o 1
/72 _—1 O —05_
1 A |pi|| =1
s I ﬁg —
RO Bg = — _ e sl
V2 | L pipa =0
another orthonormal basis
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Projection onto Orthonormal Bases
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V2

another orthonorma

(1 0
_0 1_
Do
bl

1

1

orthonormal basis

) —
;|| =1
p1pa =0
basis

SAMPLES
X

y
N
1 ¢ 1.5
—2 o 1]

—10 0.5
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Projection onto Orthonormal Bases

orthonormal basis SAMPLES
Bo_ |10 X
1= 19 1 b
0 i - 1 ¢ 1.5
D= 1]|1-2 o0 1
]72 _—1 O —0.5_
1 " |pi|| =1
1 [Ipill =
By = — e
V2 | L] pipo =0
another orthonormal basis
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Projection onto Orthonormal Bases

SAMPLES

orthonormal basis

another orthonorma
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(1 0
_0 1_
Do
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) —
;|| =1
p1pa =0
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Projection onto Orthonormal Bases

orthonormal basis

another orthonorma
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V2

(1 0
_0 1_
Do
bl

1

]_

) —
;|| =1
p1pa =0
basis

SAMPLES
X

y
N
1 ¢ 1.5
—2 o 1]

—10 0.5
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Projection onto Orthonormal Bases

PROJECTIONof &  OFthonormal basis
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Projection onto Orthonormal Bases

PROJECTIONof &  OFthonormal basis

onto Bz

V2

another orthonorma

(1 0
_0 1_
Do
bl

1

]_

) —
;|| =1
p1pa =0
basis

SAMPLES
X

y
N
1 ¢ 1.5
—2 o 1]

—10 0.5

* How can we calculate the projections?
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PROJECTIONof &  OFthonormal basis

onto Bz
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Do
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;|| =1
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* How can we calculate the projections?

X
Y

* data point:
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Projection onto Orthonormal Bases

PROJECTIONof &  OFthonormal basis

onto Bz

V2

another orthonorma

1 0

0 1

) —
;|| =1
p1pa =0
basis

SAMPLES

X

|

1 o 1.5

)

—10 0.5

* How can we calculate the projections?

X

* data point: )

— 0y + Bpe, OF [z y] =opl + 3P

y
|

1

. post-multipli/ _by basis vectors: [ Y|P =0, [z y|pa=0
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Projection onto Orthonormal Bases

PROJECTIONof &  OFthonormal basis SAMPLES
onto B, B 1 O X
1= 19 1 .
o’ - - 1 o 1.5
“ D=1|-2=0s1
l sz —1 o —0.5_
L L lpill = 1
By = — e
V2 | 1 p?ﬁz =0
another orthonormal basis

* How can we calculate the projections?

£z
Y.
e post-multiply by basis vectors: [z v|pi =, [z y|p2 =7

e data point: || = 5, + g, or [z y] = 05T + o

2 ]
.}1

> or: | O] =z y|By;or, forall the data b, - 5| = DBy
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Projection onto Orthonormal Bases

PROJECTIONof &  OFthonormal basis SAMPLES
ﬂntﬂBE B B 1 O X y
o 1= 19 1 .
a’ - - 1 ¢ 1.5
' D=1]-20o 1
Do —1 o —0.5_
1 A il = 1
Ll lpi]] =
By = — e
V2 1 p?ﬁz =0

another orthonormal basis

* How can we calculate the projections?

L
Y
» post-multiply by basis vectors: [z vy|p1 = [z y|p2 =7

e data point: || = 51 + 8ps, Or |z y| =p] + Bps

> or: |« 5] =z y|Bs;or, forall the data b, - By| =

projeting the data
onto the basis B,

D
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Using the SVD for Data
Analysis, Feature Extraction
and Clustering
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Matrices Representing Ratings

* Movies rated by Users (eg, Netflix, Amazon Video)

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A O O 4 O D D 1 2 1
B 1 1 1 3 4 3 D 5 5
C 2 1 1 5 O 4 2 1 1
D 5 5 D D 0 0 0 0 o
E 1 2 1 2 1 2 2 2 1
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Matrices Representing Ratings

* Movies rated by Users (eg, Netflix, Amazon Video)

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A O O 4 0 D D 1 2 1
B 1 1 3 4 3 D 5 5
C 2 1 1 5 O 4 2 1 1
D 5 5 D D 0 0 D D o
E 1 2 1 2 1 2 2 2 1

S

=== _ V7
e

lighter colours

stronger ratings

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 20



Features of Rating Matrices

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A D 5 4 5 5 D 1 2 1
B 1 1 1 3 4 3 D D 5
C 2 1 1 5 5 4 2 1 1
D D 4, D <, 3, 4 i 3 5
E 1 2 1 2 1 2 Z 2 1
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Features of Rating Matrices

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You
1]
A D 5 4 5 5 D 1 2 1
B 1 1 3 4 3 D D 5
C 2 1 1 5 5 4 2 1 1
D D 4, D <, 3, 4 i 3 5
E 1 2 1 2 1 2 Z 2 1
— ]’

11
11111
.IIIIIIII

4 ‘
1 2

3 4 5 B E 8 9

movie #
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Features of Rating Matrices

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A D 5 4 5 5 D 1 2 1
B 1 1 3 4 3 D D 5
C 2 1 1 5 5 4 2 1 1
D D 4, D <, 3, 4 i 3 5
E 1 2 1 2 1 2 Z 2 1

M

- . ..lI

user #
Lad

u

Ln
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Features of Rating Matrices

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You
!
A D 5 4 5 5 D 1 2 1
B 1 1 3 4 3 D D 5
C 2 1 1 5 5 4 2 1 1
D D 4, D <, 3, 4 i 3 5
E 1 2 1 2 1 2 Z 2 1
J1 u 1 U ?

HEE 11
‘AHENEEEEE
' ANEEEEENE

—
4 —
1 2

3 4 5 B E 8 9

.4+
0.3
S 0.2}
0.1+
ol
1 4 7

—

U7

movie #

£ 195N
- b E g |
. l I 420
D
20
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Features of Rating Matrices

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You
!
A D 5 4 5 5 D 1 2 1
B 1 1 3 4 3 D D 5
C 2 1 1 5 5 4 2 1 1
D D 4, D <, 3, 4 i 3 5
E 1 2 1 2 1 2 2 2 1
J1 ”Jl ’l_)?
ENENEEEEE
ANEEEEEEE ! .
‘AnmEEEnnn S |
- = - :
1l d il id I =
; 2 3 4 5 6 7 B 9 h - T i :
movie # =
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Features of Rating Matrices

Movie — Full Die  Yojimbo
Metal Hard
User Name  Jacket

!

A 5 5 4 5
B 1 1 3
C 2 1 | 5
D b o O S
E 1 2 1 2

Would | Dr. Hokkabaz
Lie to Strangelove
You
5 D 1 2 1
4 3 D < 0
5 4 2 1 1
o < O D 5
1 2 2 2 1

‘most typical” col (movie) feature:
65% like D’s choices, 50% like A’s,
40% like B's, 35% like C’s

EEEEEEEEE
T
T T T

—
4 —
1 2

3 4 5 B E 8 9

movie #
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Features of Rating Matrices

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A D 5 4 5 5 D 1 2 1
B 1 1 3 4 3 D D 5
C 2 1 1 5 5 4 2 1 1
D D 4, D <, 3, 4 i 3 5
E 1 2 1 2 1 2 Z 2 1

‘most typical” col (movie) feature:

65% like D’s choices, 50% like A’s, —
40% like B’s. 35% like C’s most typical” row (user) feature:

01 U1 Uy 20% E’s likes SF more;
action somewhat less:

. . \ e and comedy even less
TTT -

11
T

Q
AN EEEEEE 'u -
, —_—
‘ ) :
1l J il dil I >
P EEANERR - Ll
movie # _1‘
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Features of Rating Matrices (contd.)

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A o D 4 D D o 1 2 1

B 1 1 3 4 3 D D D

C Z 1 1 D O 4 2 1 1

D D i, D D 0 D 5 D 3,

E 1 2 1 2 1 2 2 2 1
J9 ’J ), fﬁg

e
o
=
D
H
=
o
=
4t
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Features of Rating Matrices (contd.)

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You
!
A o D 4 D D o 1 2 1
B 1 1 3 4 3 D D D
C Z 1 1 D O 4 2 1 1
D D i, D D 0 D 5 D 3,
E 1 2 1 2 1 2 2 2 1

2" most typical col (movie) feature:
55% like A’s choices, /0% unlike B’s,
- I 35% like C's, 15% unlike D'’s,

negligibly like E's

\ - T
0.4r
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Features of Rating Matrices (contd.)

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You
!
A o D 4 D D o 1 2 1
B 1 1 3 4 3 D D D
C Z 1 1 D O 4 2 1 1
D D i, D D 0 D 5 D 3,
E 1 2 1 2 1 2 2 2 1

2" most typical col (movie) feature:
55% like A’s choices, /0% unlike B’s,
- I 35% like C's, 15% unlike D'’s,

negligibly like E's

\m

2" most typical row (user) feature:
likes mostly action;
a bit less SF;

strongly anti-comedy

y
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Projection in the Feature Basis

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A b D 4 5 5 b 1 2 1
B 1 1 3 4 3 0 5 i
C 2 1 1 5 5 4 2 1 1
D D 3, 5 5 D 5 5 5 D
E 1 2 1 2 1 2 2 2 1
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Projection in the Feature Basis

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal Hard Lie to Strangelove
User Name  Jacket You

!

A b D 4 5 5 b 1 2 1
B 1 1 1 3 4 3 0 5 i
C 2 1 1 5 5 4 2 1 1
D D 3, 5 5 D 5 5 5 D
E 1 2 1 2 1 2 2 2 1

* Express each col of A (movie column) as a linear
combination of col. features
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Projection in the Feature Basis

Die  Yojimbo Would | Dr. Hokkabaz
Hard Lie to Strangelove
You

N O O W O
- O 00 & O
N O & W O
N O N O —
N O = O N
SSN (1 = O -

O -
1 1
1 1
O 5
2 1

* Express each col of A (movie column) as a linear
combination of col. features
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Projection in the Feature Basis

Die  Yojimbo Would | Dr. Hokkabaz
Hard Lie to Strangelove
You

N O = O N
SSN (1 = O -

1
O
2
o
2

N O O W Ol
- O O H~ O
N O B W O

O -
1 1
1 1
O 5
2 1

* Express each col of A (mowe_column) as a linear
combination of col. features

* e.g., Full Metal Jacket column:

= q11U] + Q21U + az1Us + - - - + a1 Us

|
'r--ii.‘.:-'ll;\.'.li—*f;'_.
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Projection in the Feature Basis

Die  Yojimbo Would | Dr. Hokkabaz
Hard Lie to Strangelove
You

N O = O N
SSN (1 = O -

1
O
2
o
2

N O O W Ol
- O O H~ O
N O B W O

O -
1 1
1 1
O 5
2 1

* Express each col of A (mowe_column) as a linear
combination Of col. features col.(movie) features

v\
* e.g., Full Metal Jacket column:

= 11Uy + ol + g1tz + - - - + gy Us

|
'r--ii.‘.:-'ll;\.'.li—*f;'_.
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Projection in the Feature Basis

Die  Yojimbo Would | Dr. Hokkabaz
Hard Lie to Strangelove
You
D 4 5 5 0 1 2 1
1 3 4 3 @, 5 i
1 1 5 5 4 2 1 1
3, 5 5 D 5 5 5 D
2 1 2 1 2 2 2 1

* Express each col of A (mowe_column) as a linear
combination Of col. features col.(movie) features

v\
* e.g., Full Metal Jacket column:

ff.'_-

= 11Uy + ol + g1tz + - - - + gy Us

\

“how much FMJ
IS like the most
typical movie”

I
‘l—-i G i
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Projection in the Feature Basis

Movie — Full Die  Yojimbo Would | Dr. Hokkabaz
Metal § Hard Lie to Strangelove
User Name J Jacket You

!

A D 4 5 5 0 1 2 1
B 1 3 4 3 @, 5 i
C 1 1 5 5 4 2 1 1
D 3, 5 5 D 5 5 5 D
E 2 1 2 1 2 2 2 1

* Express each col of A (mowe_column) as a linear
combination Of col. features col.(movie) features

v\
* e.g., Full Metal Jacket column:

ff.'_-

= 11Uy + ol + g1tz + - - - + gy Us

\ \

- "how much FMJ “how much FMJ
is like the most is like the 3™ most
typical movie” typical movie”

— Ol Do =
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Projection in the Feature Basis

Movie — Full Die  Yojimbo
Metal Hard
User Name § Jacket

A O - o O o
B 1 3 . 3
C 1 1 < O 4
D O 5 o o o
E 2 1 2 1 2

Would | Dr. Hokkabaz
Lie to Strangelove
You
1 2 1
@, 5 i
2 1 1
5 5 D
2 2 1

* Express each col of A (movie column) as a linear

combination of col. features

* e.g., Full Metal Jacket column:

bo = O

= O

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)
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— Ol Do =

col.(movie) features

7V N\

= 11Uy + Qots + 31Uz + - - - + a1 Us

\ \

“how much FMJ “how much FMJ
is like the most is like the 3™ most
typical movie” typical movie”
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Projection in the Feature Basis

Movie — Full
Metal
User Name § Jacket

Die  Yojimbo Would | Dr. Hokkabaz
Hard Lie to Strangelove
You
D 4 5 5 0 1 2 1
1 3 4 3 @, 5 D
1 1 5 5 4 2 1 1
3, 5 5 D 5 5 5 D
2 1 2 1 2 2 2 1

* Express each col of A (movie column) as a linear

combination of col. features |’ /w' gn{t
* e.g., Full Metal Jacket column: 2| =cqu@ +ant+ants -+ ants
“‘how much FMJ “how much FMJ
> i = U =1, wen /B is like the most s like the 3™ most

*"3
bt O Do = O

typical movie” typical movie”

Projections of 1% col (FMJ)

onto column feature basis
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Clustering in Feature Bases

e Scatter plot of a., ., o

117 21°

Movies classified by projections
on column (movie) features

clustering movies by col-feature similarity

oeff of third col fealure

The Quiat Earth

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)
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Clustering in Feature Bases

e Scatter plot of a., ., o

117 21°

Movies classified by projections
on column (movie) features

clustering movies by col-feature similarity

oeff of third col fealure

111111111111111
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and o, for all movies

row (user) features
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Clustering in Feature Bases

e Scatter plot of o, o, and o, for all movies

Movies classified by projections
on column (movie) features row (user) features

clustering movies by col-feature similarity

oeff of third col fealure

coetf of second col feature
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Clustering in Feature Bases

e Scatter plot of o, o, and o, for all movies

Movies classified by projections
on column (movie) features row (user) features

clustering movies by col-feature similarity

oeff of third col fealure

coetf of second col feature
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Clustering in Feature Bases

e Scatter plot of o, o, and o, for all movies

Movies classified by projections
on column (movie) features row (user) features

clustering movies by col-feature similarity

. [these movies share similar
“typical movie” coeffs

\ i
On The Beach

oeff of third col fealure

coeff of first col feature

coetf of second col feature
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Clustering in Feature Bases

e Scatter plot of o, o, and o, for all movies

117
Movies classified by projections Users classified by projection on
on column (movie) features row (user) features
clustering movies by col-feature similarity EIUEtEring users by movie $|m||ﬂrlty

3 © 2~
E A E

2 ‘_:.'l} & D ®
o l:l_.'-' ¢
g 1< > 04
k5 . — Q
s , [these movies share similar £
= i i . =y e
3 typical movie” coeffs £
2 \ 2 B 2~ .B

On The Beach qﬂ,} C
o @
Etr[}‘l : A Space Odyssey O
- o [ ]
S The Quiet Earth
3 i 8
-h .....,_..- .---.-. E
- e 6.5
0
; ol . 8.5
v -85 R coeff of first movie feature
T — FORT TR R IEEE coeff of second movie feature
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Clustering in Feature Bases

e Scatter plot of o, a. .,

Movies classified by projections
on column (movie) features

clustering movies by col-feature similarity

3 Die Hard

]
- S Full Metal Jacket

these movies share similar
“typical movie” coeffs

\ i
On The Beach

Etr[}‘l : A Space Odyssey

®
Dr. Strangelove Hokkabaz

coeff of third col feature
=

-]
Would | Lie to You

o &
g5 The Quiet Earth

- i 8.5

coeff of first col feature
coetf of second col feature

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury)

and o for all movies

UHLI’

E} row =

. T
. #jalvl i

121212221]

i f T
ddg UQ T 3}5‘3}3 ERR .-'{SSSFUE,

Users classified by projection on
row (user) features

clustering users by movie similarity

o AW
/ /

coeff of third movie feature
N
]

coeff of first movie feature

coeff of second movie feature
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Clustering in Feature Bases

e Scatter plot of o, o, and a., for all movies

271"
uanr-ﬂmw— 1 2 1 2 1 2 2 2 1]
= Balﬁlf + B5o0. UQ + 3}3,1;'3 e .,.{'355@?{
Movies classified by projections Users classified by projection on
on column (movie) features row (user) features
clustering movies by col-feature similarity ElUSlErng users by movie $|m||ﬂrlty

i DI Hard o 2
—
2. le Metal Jacket E e 'E
QO
o QD
E : % {j =
g , these movies share similar L . £
c “typical movie” coeffs iacioam i el 1 1= these users share similar
— g i . 1 . .
: . = -2~ "typical user” characteristics B
- L Would | Lie to You e &
On The Beach ﬂtﬂg .C
Etr[}‘l : A Space Odyssey O
-9 e S~ T;E' Quiet Earth
3 s
1 J"'\-\.'\--\. 5]
" = — ) 6.5
T~ 7.5
5 ﬁ* ; 8.5
v b I coeff of first movie feature
T —— FosT eI e coeff of second movie feature
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Principal Component Analysis
(PCA)
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Covariance Matrices

NxM
o data matrix

A

(assumed real)
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Covariance Matrices

each col is a type of data
(eg: position, velocity)

RRRRRRY

NxM
o data matrix

A

(assumed real)
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Covariance Matrices

each col is a type of data
(eg: position, velocity)

RRRRRRY

P D

-
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NxMm — =

. 0 ®n

° data matrix]—3:
A 23

— c

(assumed real) E
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Covariance Matrices

each col is a type of data
(eg: position, velocity)

RRRRRRY

(D
—— fub)
0
P -
0
NxM — =
: @ B
< data matrix 33 row of col means of A
A | S
— 2
(assumed real) o
~— 3
(D
-— A
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Covariance Matrices

each col is a type of data
(eg: position, velocity)

RRRRRRY

mean of
col 1

mean of
col m

NxM
o data matrix

| |

(ajdwes)
juawiainseaw e s| Mod yoea

A

(assumed real)
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Covariance Matrices
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Covariance Matrices

each col is a type of data
(eg: position, velocity)

RRRRRRY

mean of
col 1

mean of
col m

| |
p\ ECEIE

subtract
row-of-means

from EACH
row of A
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(assumed real)
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Covariance Matrices

ear.:h col is a type of data
each col has averagle 0 position, velocity)
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SRRRRN

mean of
col 1

mean of
col m

| |
p\ ECEIE

subtract
row-of-means

from EACH
row of A

o A — |data /rﬂ\natrix

(assumed real)
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JugWalnseall e SI MOJd YJE9
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Covariance Matrices

each col is a type of data
each col has averag]e 0 position, velocity)
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SRRRRN

mean of
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(assumed real)
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Covariance Matrices

each col is a type of data
each col has averag]e 0 position, velocity)
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mean of
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Covariance Matrices

each col is a type of data
each col has averag]e 0 position, velocity)
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SRRRRN

mean of
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mean of
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p\ ECEIE
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Covariance Matrices

each col is a type of data
each col has averag]e 0 position, velocity)

SRRRRN T

S _ 0 o
— & B . o)
__ 5 X
o
Nnxm — =
: & @
P~y F o ol —
o A — data matrix 33 = | row of col means of A
*I—E 0
A 53 \
— £
(assumed real) g subtract
o row-of-means
— = from EACH
row of A

. S 1 -
(mxm matrix) n <L A
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Covariance Matrices

each col is a type of data
each col has averag]e 0 position, velocity)

SRRRRN T

S _ S o
— & B . o)
3 " : S
o
NxMm — 2
: & B
P~y F o Al —
o A — data matrix 33 = | row of col means of A
A —F \
— -
(assumed real) g subtract
o row-of-means
— 2 from EACH
row of A

. S 1 -
(mxm matrix) n <L A

covariance matrix

of A
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Covariance Matrices: Properties

e 58 L AT ]

n
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Covariance Matrices: Properties

e 58 L AT ]

T
* S is square and symmetric: 5 = ST or s;; = ;i
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Covariance Matrices: Properties

e 58 L AT ]

T
* S is square and symmetric: 5 = ST or s;; = s
* The diagonal entries of S are realand 20
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Covariance Matrices: Properties

e 58 L AT ]

T
* S is square and symmetric: 5 = ST or s;; = s
* The diagonal entries of S are realand 20

T

o Sii = — E a;; > 0 : variance of it" row of A
Tl

j=1
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Covariance Matrices: Properties

e 58 L AT ]

T
* S is square and symmetric: 5 = ST or s;; = s
* The diagonal entries of S are realand 20

T

VAN ~ . .
¢ 57 S5 = — E a;; > 0 : variance of it" row of A
T
7=1
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Covariance Matrices: Properties

e 58 L AT ]

T
* S is square and symmetric: 5 = ST or s;; = s
* The diagonal entries of S are real and 2 0

. S 2 g = E w > () : variance of i*" row of A
51 512 513 S1m
2
S21 82 5923 Som
} ,2
e ( — | 931 932 S3 S3m
2
_Sml 8m2 SmB Sgrn,

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 27



Covariance Matrices: Properties

e 58 L AT ]

T
* S is square and symmetric: 5 = ST or s;; = s
* The diagonal entries of S are real and 2 0

. S 2 g = E w > () : variance of i*" row of A
51 512 513 S1m
2
S21 82 5923 Som
} ,2
e ( — | 931 932 S3 S3m
2
_Sml 8m2 SmB T Sgrn, |

e can also show: |s;;| < s;5;
> using the Cauchy-Schwartz inequality
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Covariance Matrices: Properties

e 58 L AT ]

T
* S is square and symmetric: 5 = ST or s;; = s
* The diagonal entries of S are real and 2 0

. S 2 g = E w > () : variance of i*" row of A
S7 5122 513 S S1m covariance
S21 S9 523 " S2m / matrix
1 } ,2 :
e ¢— |931 532 S3 " 93m
S S S v 82
i m1 m2 m3 m _

e can also show: |s;;| < s;5;
> using the Cauchy-Schwartz inequality
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The Correlation Matrix

L R —_— (symmetry); = i = IR
”\ sis; 0 W — T Y Yh' = il <=17
correlation
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21 L 7o T2m
® [ — |31 32 1 '3m
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Correlation: Geometric Intuition
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Correlation: Geometric Intuition
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Correlation: Geometric Intuition
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Correlation: Geometric Intuition
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The Intuition behind PCA

e PCA: finds (orthogonal) ‘main axes along which
the data lie”: the principal components
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the data lie”: the principal components

* provides weights indicating “strength” of each axis
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* PCA: finds (orthogonal) “main axes along which
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The Intuition behind PCA

* PCA: finds (orthogonal) “main axes along which
the data lie": the principal components

* provides weights indicating “strength” of each axis
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The Intuition behind PCA

e PCA: finds (orthogonal) ‘main axes along which
the data lie”: the principal components

e provides weights indicating “strength” of each axis
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The Intuition behind PCA

e PCA: finds (orthogonal) ‘main axes along which
the data lie”: the principal components

e provides weights indicating “strength” of each axis
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The Intuition behind PCA

 PCA: finds (orthogonal) “main axes along which
the data lie": the principal components

* provides weights indicating “strength” of each axis
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The Intuition behind PCA

* PCA: finds (orthogonal) “main axes along which
the data lie": the principal components

* provides weights indicating “strength” of each axis
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 starting point for PCA: the covariance matrix S
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PCA: The Procedure

* Eigendecompose the covariance matrix

- 5 | | -

ST 519 S13 S1m

2
521 S9 S23  *°° 92m
2
e §— |S31 S32 S35 o Sa3m| — PAP!
9
_Sm’l Sm2 Sm3 " Sm _
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PCA: The Procedure

* Eigendecompose the covariance matrix

51 S12 513
2

S21 S5 593

2

Sml  Sm2 Sm3
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PCA: The Procedure

* Eigendecompose the covariance matrix

p— 12 ] } ) — P M T T
ST 519 S13 S1m
2
S21 S9 S23 ' S52m / ’
2 _
9
_Sm’l Sm2 Sm3 " Sm _

N\ /

cols will be orthonormal
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PCA: The Procedure

* Eigendecompose the covariance matrix

S21 S5 593
2

Sml  Sm2 Sm3
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PCA: The Procedure

* Eigendecompose the covariance matrix

- 5 | | -
ST 519 S13 S1m
2
S21 S9 S23 ' S52m / ’
2
e §— |S31 S32 S35 - Sa3m| — PAP!
9
_Sm’l Sm2 Sm3 " Sm _
_)\l.q_lf{,r)/é —
A S
2 /R
~ S/
A3 9,7
4N
. l \"0
| 1
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PCA: The Procedure

* Eigendecompose the covariance matrix

_‘vf 512 513 Slm_
521 ‘?é S23 " S2m / ’
o G — |31 832 5§ " S3m | = PAP!
5
_Sm’l Sm2 Sm3 " Sm _
N —",
)\J#-- G/‘@
— : Y
* Vv A; = the weights @j%
* (i.e., the variances) | X
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PCA: The Procedure

* Eigendecompose the covariance matrix

-5% S12 S13 c+ Sim [
So1 S5 Sa3  cc+  Som /_’
2
o S=|Tosm2o S S| = PAPTL R gy py e B
2
Sml Sm2 Sm3 °°° Sm [
7, 1 \\1 /
)\.-"'.‘—- G,h i
- : \ PCCy cols will be orthonormal
* \/ A; = the weights @»j%
" (I.E., the varlances) ] /\-mJ

.With )\12)\22)\322)\?1@20
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PCA: The Procedure

* Eigendecompose the covariance matrix

— 12 — . A, A I .
S S12 S13 " S1m [
2
S21 S5  S23 -+ Sam /_’
2
o 9§ — | S31 $32 Sz 83m| — PAP L S N

2
_SmI Sm2 Sm3 Sm i \ [

. h A“ﬁ%’ 3, | c:hvihae Lrthoﬁnal
* v/ A; = the weights o @»j%
* (i.e., the variances) | .

.With )\12)\22)\322)\?1@20

* eigenvectors p; = the principal components
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PCA: The Procedure

* Eigendecompose the covariance matrix

— 12 — . A, A I .
S S12 S13 " S1m [
2
S21 S5  S23 -+ Sam /_’
2
o 9§ — | S31 $32 Sz 83m| — PAP L S N

2
_SmI Sm2 Sm3 e Sm _ \ [

) )“ﬂf//é@’“ S c‘chvihae Lrthoénal
e /)i = the weights o G’@]»%O
* (i.e., the variances) | 2

.With )\12)\22)\322)\?1@20

* eigenvectors p; = the principal components
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Principal Components of the Data
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Principal Components of the Data
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PCA: Why it Works: The Flow

* First: establish some properties of P and A
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* properties of real symmetric matrices

> real eigenvalues
> real set of orthonormal eigenvectors
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* properties of real symmetric matrices

> real eigenvalues
> real set of orthonormal eigenvectors

e properties of real A" A
> eigenvalues 2 0
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* properties of real symmetric matrices

> real eigenvalues
> real set of orthonormal eigenvectors

e properties of real A" A
> eigenvalues 2 0

* Express data in eigenvector basis
* project each data point onto eigenvectors
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PCA: Why it Works: The Flow

* First: establish some properties of P and A

* properties of real symmetric matrices
> real eigenvalues
> real set of orthonormal eigenvectors

* properties of real A" A

> eigenvalues 2 0 SN L

* Express data in eigenvector basis ~ - - - -
* project each data point onto eigenvectors

ol et PC: var=0.953804
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* project each data point onto eigenvectors
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PCA: Why it Works: The Flow

* First: establish some properties of P and A

* properties of real symmetric matrices

> real eigenvalues
> real set of orthonormal eigenvectors

* properties of real A" A
> eigenvalues 2 0

* Express data In eigenvector basis -
* project each data point onto eigenvectors

 Show that the covariance matrix of the projected
data Is diagonal

* the variances of the projections along each axis/PC
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PCA: Why it Works: The Flow

* First: establish some properties of P and A

* properties of real symmetric matrices

> real eigenvalues
> real set of orthonormal eigenvectors

* properties of real A" A
> eigenvalues 2 0

* Express data In eigenvector basis
* project each data point onto eigenvectors

 Show that the covariance matrix of the projected
data Is diagonal

* the variances of the projections along each axis/PC

e First PC maximizes variance along any 1D
projection
e 2" PC maximizes remaining variance; and so on
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Properties of Covariance Matrices

e If S is a real mxm symmetric matrix (s, = s,)
* 1. its eigenvalues are all real
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Properties of Covariance Matrices

e If S is a real mxm symmetric matrix (s, = s,)
* 1. its eigenvalues are all real
> Sp=Ap. S symmetric » 57§ = \g?. — 7S5 =\ g p = il
> Sreal - Sp=Ap.— p'Sp=\pp=\p]*
> hence \||p]|° = \||p]|° — A = X — Ais real.
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* 1. its eigenvalues are all real
> Sp=Ap. S symmetric » 57§ = \g?. — 7S5 =\ g p = |72
> Sreal - Sp=Ap.— p'Sp=\pp=\p]*
> hence \||p]|° = \||p]|° — A = X — Ais real.
e 2. A set of real eigenvectors can be found (see the notes)
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Properties of Covariance Matrices

e If S is a real mxm symmetric matrix (s, = s,)
* 1. its eigenvalues are all real
> Sp=Ap. S symmetric » 57§ = \g?. — 7S5 =\ g p = il
> Sreal - Sp=Ap.— p'Sp=\pp=\p]*
> hence \||p]|° = \||p]|° — A = X — Ais real.

e 2. A set of real eigenvectors can be found (see the notes)

* 3. The eigenvectors form an orthonormal set (basis).
* (see the notes)
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Properties of Covariance Matrices

e If S is a real mxm symmetric matrix (s, = s,)
* 1. its eigenvalues are all real
> Sp=Ap. S symmetric —» 578 = \g! . — 5L S5 = \p — \||p]|?
> Sreal - Sp=Ap.— p'Sp=\pp=\p]*
> hence \||p]|° = \||p]|° — A = X — Ais real.

e 2. A set of real eigenvectors can be found (see the notes)

* 3. The eigenvectors form an orthonormal set (basis).
* (see the notes)

 [f S is in the form A'A (A real)

* 4, Its eigenvalues are all 2 0.
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Properties of Covariance Matrices

e If S is a real mxm symmetric matrix (s, = s,)
* 1. its eigenvalues are all real
> Sp=Ap. S symmetric » 57§ = \g?. — 7S5 =\ g p = il
> Sreal - Sp=Ap.— p'Sp=\pp=\p]*
> hence \||p]|° = \||p]|° — A = X — Ais real.

e 2. A set of real eigenvectors can be found (see the notes)

* 3. The eigenvectors form an orthonormal set (basis).
* (see the notes)

 [f S is in the form A'A (A real)

* 4, Its eigenvalues are all 2 0.
> ATAg=)\pg - pT AT A= \p'p — (Ap)T Ap = \pl

; T .
= 147" = NAI? = A=

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 34




PCA Basis Diagonalises the Data

* eigenvectors orthonormal —» pp? — 1 — pT — p-!
e eigendecomposition of S: S = PAP!
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PCA Basis Diagonalises the Data

* eigenvectors orthonormal —» pp? — 1 — pT — p-!
e eigendecomposition of S: S = PAP!

* project rows of (zero-mean) A in basis P: F = AP
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PCA Basis Diagonalises the Data

* eigenvectors orthonormal —» pp? — 1 — pT — p-!
e eigendecomposition of S: S = PAP!

* project rows of (zero-mean) A in basis P: F = AP
* columns of F are the projections along p;

* Let G be the co-variance matrix of F: G = (F' F) /n
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PCA Basis Diagonalises the Data

* eigenvectors orthonormal —» pp? — 1 — pT — p-!
e eigendecomposition of S: S = PAP!

* project rows of (zero-mean) A in basis P: F = AP
e columns of F are the projections along p;

* Let G be the co-variance matrix of F: G = (F' F) /n
e nG = F'F = PTATAP = nPTSP = nPTPAPTP = nA

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 35



PCA Basis Diagonalises the Data

* eigenvectors orthonormal —» pp? — 1 — pT — p-!
e eigendecomposition of S: S = PAP!

* project rows of (zero-mean) A in basis P: F = AP
e columns of F are the projections along p;

* Let G be the co-variance matrix of F: G = (F' F) /n
. nG\: F'F =P ATAP = nPTSP =nPT PAPTP = nA
= A (diagonal)

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 35



PCA Basis Diagonalises the Data

* eigenvectors orthonormal —» pp? — 1 — pT — p-!
e eigendecomposition of S: S = PAP!

e project rows of (zero-mean) A in basis P: FF = AP
* columns of F are the projections along p;

* Let G be the co-variance matrix of F: G = (F* F)/n
' nG= FITF =PTATAP = nPTSP = nPTPAPTP = nA

Data projected on PC basis

= A (diagonal) becomes UNCORRELATED
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PCA Basis Diagonalises the Data

* eigenvectors orthonormal —» pp? — 1 — pT — p-!
e eigendecomposition of S: S = PAP!

* project rows of (zero-mean) A in basis P: ' = AP
* columns of F are the projections along p;

* Let G be the co-variance matrix of F: G = (F* F)/n
*nG=F'F = PTATAP = nP'SP = nP" PAP" P = nA
G T o mes UNCORRELATED
* the diagonal entries are the variances of the data
projected along p; (recall: from defn. of covariance matrix)
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e project rows of (zero-mean) A in basis P: FF = AP
* columns of F are the projections along p;
* Let G be the co-variance matrix of F: G = (F* F)/n
*nG=F'F = PTATAP = nP!1SP = nPTPAPTP = nA
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* the diagonal entries are the variances of the data
projected along p; (recall: from defn. of covariance matrix)
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Why do PCs Align with Visual Axes?

* So far: have shown that PCs are orthonormal
* data projected onto them becomes uncorrelated
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Why do PCs Align with Visual Axes?

Why this?
and not this?

* So far: have shown that PCs are orthonormal
* data projected onto them becomes uncorrelated

* but why Is the first PC aligned with the
direction of maximum spread?
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Why do PCs Align with Visual Axes?

Why this?
and not this?

* So far: have shown that PCs are orthonormal
* data projected onto them becomes uncorrelated

* but why Is the first PC aligned with the
direction of maximum spread?

e Key property of PCA
* consider any norm-1 vector (“direction”) p
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Why do PCs Align with Visual Axes?

Why this?
and not this?

* So far: have shown that PCs are orthonormal
* data projected onto them becomes uncorrelated

* but why Is the first PC aligned with the
direction of maximum spread?

e Key property of PCA
e consider any norm-1 vector (“direction”) p
* project the data along it: Ay
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Why do PCs Align with Vlsual Axes?

Why this?

and not this?

e So far: have shown that PCs are orthonormal
* data projected onto them becomes uncorrelated

* but why Is the first PC aligned with the
direction of maximum spread?

e Key property of PCA
* consider any norm-1 vector( direction”) p
* project the data along it: Ay
* find the variance of the prOJected data: —(Aﬁ)T(Aﬁ)
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Why do PCs Align with Vlsual Axes?

Why this?

and not this?

e So far: have shown that PCs are orthonormal
* data projected onto them becomes uncorrelated

* but why Is the first PC aligned with the
direction of maximum spread?

e Key property of PCA
* consider any norm-1 vector (“direction”) p
* project the data along it: Ay {
 find the variance of the prOJected data: —(Aﬁ)T(Aﬁ)

* the first PC 1 _maximizes this varlance (the max is A1)
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Why do PCs Align with Vlsual Axes?

Why this?

and not this?

e So far: have shown that PCs are orthonormal
* data projected onto them becomes uncorrelated

* but why Is the first PC aligned with the
direction of maximum spread?

e Key property of PCA
* consider any norm-1 vector (“direction”) p
* project the data along it: Ay
* find the variance of the prOJected data: —(Aﬁ)T(Aﬁ)

* the first PC 1 _maximizes this varlance (the max is A1)

> 2" PC: maximizes variance along directions orthogonal to p;
— 3"‘i PC: maximizes var. along dirs. orthogonal to p1 and p2 ; and so on

EE16B, Spring 20106, Leciures on SVU and PCA {Roychowanury) Siige 36
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PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!
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PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!

e the covariance matrix Is:

1

N N I’
> 9 £ lATA — VX' Utuxvt =V i
T T

N

VT

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 37



PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!
* the covariance matrix iIs: |

27| s
. H

= EATA — lVZTUTUXH/T —V
Tl Tl
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PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!
* the covariance matrix iIs: |

1 L)

sga tirio LystyrysyT - y|2Zly T
Tl Tl Tl

> recall PCA: S = PA P! Q
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PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!

e the covariance matrix Is:

= EATA — lVZTUTUXH/T —V
Tl Tl

> recall PCA: S = PIA|P!
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PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!
* the covariance matrix iIs: |

> G 2 LiTj— lVETUTUEVT —
T T

> recall PCA: S :m,_
diagonal and 2 0
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PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!

e the covariance matrix Is:

> G 2 LiTj— lVETUTUEVT —
T T

> recall PCA S — PAPT IDENTICAL FORM
diagonal and 2 0

EE16B, Spring 2018, Lectures on SVD and PCA (Roychowdhury) Slide 37




PCA: the Connection with the SVD

e Suppose you run an SVD on the data: A = UX V!
* the covariance matrix iIs: |

> G 2 LiTj— lVETUTUEVT —
T T

> recall PCA S — PAPT IDENTICAL FORM
diagonal and 2 0

e i.e., can use the SVD of A for PCA:

2
a 9y

> just set \; £ —~and P =V (no need to even form S)!
Tl
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Computing SVDs via Eigendecomposition

- . . ETZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

n
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

n

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’

-seta.g%\/)\j, Vap
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’
eseto; =\, V2P
 what about U?
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’
-seta.g%\/)\j, VEP

* what about U?
> just eigendecompose S = AAT = QAQT ; then [ £ ()
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’

eseto;, = VN, VEP
Nxn

* what about U? /
> just eigendecompose S = AAT = QAQT ; then [ £ ()
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’

A A more work, because (we had assumed) n2 m
eseto, =V, V2P [

NxN

* what about U? /
> just eigendecompose S = AAT = QAQT ; then [ £ ()
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Computing SVDs via Eigendecomposition

- . . ZTZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’

A A more work, because (we had assumed) n2 m
eseto, =V, V2P [

NxN

* what about U? /
> just eigendecompose S = AAT = QAQT ; then [ £ ()
> can also get V from the same eigendecomposition
e A=UsVT > UTA=3VT - ATy = V5T — A”

U =
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Computing SVDs via Eigendecomposition

. . . ETZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’

A A more work, because (we had assumed) n2 m
eseto, =V, V2P [

NxN

* what about U? /
> just eigendecompose S = AAT = QAQT ; then [ £ ()
> can also get V from the same eigendecomposition
e A=USVT > UTA=5vT— ATy =3 — A”d;

7 =

If o, = 0, choose v, arbitrarily to o

omplete orthonormal basis for V i—1 ...
)
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Computing SVDs via Eigendecomposition

. . . ETZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’

A A more work, because (we had assumed) n2 m
eseto, =V, V2P [

NxN

* what about U? /
> just eigendecompose S = AAT = QAQT ; then [ £ ()
> can also get V from the same eigendecomposition
e A=USVT > UTA=5vT— ATy =3 — A”d;

U =

A if o = 0, choose v. arbitrarily to oF;
* set 0, = VA - -
C : omplete orthonormal basis for V i—1 ...
)
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Computing SVDs via Eigendecomposition

. . . ETZ T . .
 Prev. slide: SVD: S =V Vi :PCA: s =pPAPT

(L

* QQ: how to calculate an SVD of a matrix A?
* using eigendecomposition

* A: Just use the above Insight (PcA/eigendecomposition)!
e form S £ A’ A, eigendecompose S = PAP’

A A more work, because (we had assumed) n2 m
eseto, =V, V2P [

NxN

* what about U? /
> just eigendecompose S = AAT = QAQT ; then [ £ ()
> can also get V from the same eigendecomposition
e A=USVT > UTA=5vT— ATy =3 — A”d;

U =

A if o = 0, choose v. arbitrarily to oF;
* set 0, = VA - -
C : omplete orthonormal basis for V i—1 ...
)

* why didn’t we subtract means from A and normalize by n?
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Who Invented the SVD?

e SVD: “Swiss Army Knife” of numerical analysis
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Who Invented the SVD?

e SVD: “Swiss Army Knife” of numerical analysis

Eugenio Beltrami
1835-1900
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Who Invented the SVD?
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Summary: SVD and PCA

e Singular Value Decomposition (SVD)

* useful for “low-rank approximations” of matrices
> Image analysis and compression
> general data analysis, finding important features, clustering

e Covariance, Correlation and PCA

* visualizing data as scatter plots
e covariance and correlation matrices of data
* Principal Component Analysis

> eigenvecs of covariance matrix: principal components

* directions along which data varies maximally
- dropping later PCs can, eg, clean out (small) noise

> eigenvalues correspond to variances along PCs

> SVD can be used instead of eigendecomposition
* eigendecomposition of covariance matrix: performs SVD
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