1. Band-pass filter
It is quite common to need to design a filter which selects only a narrow range of frequencies. One example
is in WiFi radios, it is desirable to select only the 2.4GHz frequency containing your data, and reject infor-
mation from other nearby cellular or bluetooth frequencies. This type of filter is called a band-pass filter;
we will explore the design of this type of filter in this problem.
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(a) Write down the impedance of the series RLC combination in the form Zz; (@) = A(®) + jX (@),
where A(w) and X (o) are real valued functions of ®.
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(b) Write down the transfer function H(®) = ‘:;%(w“’)) for this circuit.
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(c) At what frequency o, does X (@,) = 0? (i.e. at what frequency is the impedance of the series combi-
nation of RLC purely real — meaning that the imaginary terms coming from the capacitor and inductor
completely cancel each other. This is called the natural frequency.)

What happens to the relative magnitude of the impedances of the capacitor and inductor as @
moves above and below @,? What is the value of the transfer function at this frequency w,?
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(d) In most filters, we are interested in the cutoff frequency, since that helps define the frequency range

over which the filter operates. Remember that this is the frequency at which the magnitude of the
transfer function drops by a factor of /2 from its maximum value. Recalling that H(®) can be written
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in the form H(w) = Rrjx(a)’ SO that |H(w)| = W/ we see that |H(w)| < 1. Thus, the cutoff

frequency is @, such that |H (a)c)| = %, which is when X (@) = £R.

We want to find such @.. To do this, we want to see what happens in the neighborhood of @, and
so express the combined effect of the capacitor and inductor in terms of ® = w, + Aw, where Aw is
(presumably) a relatively small number compared to ®,.

Write an expression f"!{ X(w,+ Aa))]where Aw is a variable shift from ®,. Find the values of Aw;
and Aw, which give X(®, +Aw;) = —R, and X (@, + Aw,) = +R. You may use the approximation
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(e) Simplify X(®) in two cases, when © — « and when @ — 0. Plug this simplified X (®) into your
previously solved expressions to find the transfer function at high and low frequencies.
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Our band-pass filter looks like an LR low-pass filter at high frequencies and a CR high-pass filter at low
frequencies. Note that in this case, the cutoff frequencies for the LR and CR filters are not the same as LCR
cutoff frequencies or the resonance frequency. In the vicinity of the resonance frequency, notice that the
filter is much sharper than any first-order LR or RC filter.
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2. Bode Plots

Our eventual goal is to construct Bode plots of the following circuit, with L = 100puH, C = 1pF, R; =100,
and R, = 1kQ.:

Vin(w) Rl R2 Vout(w)

To do this we will-leverage the-fact that Bode plots can be composed in simple ways.

Before we start diving into the problem, let’s consider a modification of the magnitude plot that will help us
work with multiple magnitude plots at once. Namely, instead of plotting |H (a))| vs. @ where the y-axis is
on a logarithmic scale, we plot 20 loglo(’H (a))|) vs. @ instead, and now the y-axis is on a linear scale.

The reason that we do this is that, when combining transfer functions, we end up multiplying them. But
we really want to add two plots graphically, not multiply them, so we will just plot and add the logarithms.
(The constant multiple 20 is there for convention reasons.) Here’s what this looks like, with the old grid on
the left, and the new grid on the right:

Plot of |Hi(®)|. Plot of |Hi(o)].
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Notice that we do not need to do this for the phase plots, since their y axes are naturally in linear scale, and
combining plots can already be done by addition.

Now we are ready to begin working on the problems.

(a) Consider the first half of this circuit:



We learned in the previous discussion that the transfer function is given by
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and plots of the transfer function are given by

Plot of |H; ()|
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Plot of ZH, (o).
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On these grids, draw the Bode plots for magnitude and phase. We,y = %
| \
W) = = jw I
A
Fovr W < W, y H(/‘/‘) ~ \
20 lefu (L1 ) = 20168 (1) =
ZH, = £\ = 0O
___1__ ) \No,
FW w. >0 Wc,\, LW> A =
W, |

dw) = }o\e:fwt\i/\w) }o\ﬁw LV’% )

4H, = :20\465% L\*)C—:‘) “lbhjw@wj
>




(b) Consider the second half of the circuit:
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We learned in the previous discussion that the transfer function is given by
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and plots of the transfer function are given by



Plot of |H,(®)].
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Plot of ZH ().

180
160 -
140
120
100

80

ZH(w)

60
40

10!

10? 103 10* 10°

()

On these grids, draw the Bode plots for magnitude and phase.



(c) Now, we will put this circuit together. Recall the original diagram:
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We learned in the previous discussion that the transfer function is
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and the transfer function plots are given by
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Plot of |H(®)|.
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Plot of ZH(w).
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On these grids, draw the Bode plots for magnitude and phase.
Hint: Recall that

201og;(|H(®)|) = 20log;(|H: (@) Ha(®)|) = 201og,,(|H: (@)||Ha(w)|)
= 201°g10(|H1(C°)|)+2010810(|H2((9)D
and ZH(0) = ZH(®) + ZH(®).



