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Where do you live?

• In a 2D plane, we only need to specify three points:
– Origin (Downtown Library)
– Location 1 (Cream on Telegraph)
– Location 2 (Cory Hall)

• Equivalently, we need to specify two vectors 

• As long as the vectors are not co-linear, we can specify any 
other location

• In other words, the vectors must be linearly independent
– !! ≠ #!"
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Generalize to 3D and Beyond

• Any N vectors that are linearly independent can form a basis in 
an N dimensional space. 
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Standard Basis

• "̂!, "̂", … , "̂#are just one representation of mutually orthogonal 
vectors.  

• Note that even the standard basis is not unique as we can 
easily rotate the standard basis to find a new basis
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Sather Gate

• Here we take "̂! and "̂" to be 
North and East

• Which directions are better?

• Both get you to the same 
location, so they are 
equivalent.

-0

⑰
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How to change basis?

• Say you know a location using basis set %!, %", … but you’re 
talking to someone who has no idea where Cory Hall or 
another other place in Berkeley resides

• What to do?  Tell them to pull out a compass and walk along 
"!, e" instead

• Since the destination is the same, we have:
N

z =+y,zi =y,z +yv

v, +hz 3,2v inneardy
indepudent



x,i +x +-.. +Xnz =I

+X =10:...1
I = y,5 +4.F +-1 +YnT

IX =vy *=y +

y

Transformation Matrix



z =Ax =BTB A =(a, . . . a]

> B =(5,5. ... 5.7
XB = AXA

=TBAYA
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Matrix Product:  Standard Basis

• Recall that a matrix-vector multiplication is just a linear 
combination of the columns of a matrix.  

• If we form two matrices, we have:

• But ' = ), so we have:

• Likewise, since V has independent columns
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Non-Standard Basis

• In the previous calculation one basis was the standard basis 

• What if we have two non-standard basis vectors A and B

– Why can we always invert A?
• The columns of A are linearly independent !
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Standard Basis to New Basis

• We found that:

• If B is the standard basis, then - = ) and we have
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Linear Transformations

• Let’s see how a linear transformation in one basis can be 
written in another basis

• Say .$ is a linear transformation (mapping) from 0⃗ to 1⃗ both 
represented in basis 2

• In other words, for all 0 we have 

• To represent .$ as a matrix, we note that 0⃗ can be written as



25i3 + z

v =x,z, +yzv +x,y +.--

255) =4,255,3 +42(v3 +...

ma
non

n
,

=X,a+yz +15...

=AT



2:23 =V I same mapping

2. 53 =Y
z=Vzx

* E =(j)
- of fair


