
 EECS 1GB Lecture 18 Module 2 Lectures

Today wrap up controllability
orthonormal bases GramSchmidt procedure

Reminder MT Re do's due tomorrow

Recap Controllability
Recall soln ofdiscrete time system

I fit Aegis Bug assume single
input ii me

e Alas

KILLAM I

Controllability matrix

n dim of 7 m dim of Efi
Cm I for our caseA mxn B nx I

l time index 0,12 l se

Ce n x lm nil for our

case of m 1

Q Can we find input sequence ufo uh ne is that brings
state Ico time 0 to a target Target attime l



IEEE III Etta

Yes if target Alto lies in the
column span of

Cet AMBI IAB B

Deff A system is called controllable if given any
target state Target andinitialcondition 263 we can find a
time l and an input sequence Info no ult B
such that I e Target

Informally controllable ability togo from anywhere
in an a dim in Rn to anywhere in Rnstate control

by exerting the right controlsystem
action

a How do we check this If G has n linearly indep
columns for some l then column space is IR where

n is the statedimension This means we canmake

Cef anything we want in IR by choosing
Mt the infant controlsequence UConn all D
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CONTROLLABLE

EXAMPLES
Icity I É ICitt to Uci

in 5
C B dim L

Cz CAB B t I dim 1

CzEAZB AB B L dim 1

Dim can't increase further stuck at Inez

UNCONTROLLABLE



o fit D e Ci tali t n fi
72 it 13 2 x2 i

Say we want to go from 203 1 to

Faget E in l steps can we

do it by appropriate design if Eli

Target AB B f
design choice

I 3 EH X
not possible



What we observe about dim getting stuck is
due to the following resultTheorem

Fma If AlB is linearly dependent on
AtB AB B then Alt B is also linearly dependent

on AMB ABB

LIE implies
if dim span Ceti dim span G D

then dimspan Cet dim span ad
Once the dimension stops growing it stops

growing for good
We know that dim span Ceti cannot exceed me

as Cet has n rows and

drin CetD max dimCrowspace ofCetD dim col space ofCeti





Controller Canonical Form (single input, m--1)
A special structure of A andB in which we
can arbitrarily assign evalues of

ACL =A+BF

with the choice of F :
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B=/
Laitaz =
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ai

Example2 had this farm : n=2, 91=3,92--2

Nice properties of this form :

1) Characteristic polynomial d- A is transparent :

detELI-A)= R"-anR
"'
- an-it-2 . .

.
- air-a,

Example2 : 12-2/2-3

For n=3 : 23- asR2- azR-ai is the
characteristic polynomial of

A-- [%, ?%) .

(check .)
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Ex A

n 2 A G d IA GaIa
detAIA P a 7 a



2) A+BF has the same structure as A :

-0 1 c- -

'

' 1)+ [
it - - - A]

Lai
- - - on

i÷:-. : :]
= ? same structure as A, but

Aik → aktfk , k=L, - rn .

From Properties 1 and 2 ,

det( R1-Aa )= In- Can+fn)Ñ" - . . -Caufield -Cartel .

Suppose we want Ace -_A-+BF to have evolves
II. . . -In .

Then , the characteristicpolynomial of
ACL should be :

62-11162-121 . . -CR-tr)

= In- Eh + . - in 1/2^-1 - - - +1-17721 . .tn

actfi = - C-1)72, - In = C-1)
""
the -In ⇒ fr=fÑÉ . .tn

:
i

-ai

Anefn = Rit - - - +Rn ⇒ fn= the- --tr-an
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A 1 i B W ABF

If we want to place eigenvaluesof
at 7273 0

on what is the char poly of Aa
b what are the feedbackvalues f f ifs
Are At BF L Iff fats

L
Itf 2 82 3 83

char Poly ofAn

detAI Aa 73 5735 4377 IfiWant A 72 73 0

det AI A 7 73 83 3 f 2 2 f 1



FACT Any controllable system

Ints A FG Bun

e one having controllability matrix

Cn fit d HAB B that

is rank n therefore invertible

can be transformed to a canonicalfor

FlatD Ay IED By A

where Hy L If By E
where Jen TIED for
a carefully chosen invertible

transformation matrix T
HW problem on how to find T
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Example : @= [
asf -5M£) (rotationmatrix)sine case '

,
in in

q? 97 Ñiqz= -coso-siho-l-siho-c.es0-1
=0 1

Gigi = cos#+sine =L I

t
so called becausesme-y-i.at

"

É AI rotates Is

by angle a- in the

-s.no plane without

charging its length

Useful features of matrices with orthonormal
columns :

1) HAI 11--11%11 (preserves length : whatwe
- -

observed in example above is⑥É& IET true for other A with orthonormal

=×→QQ×T
" columns )

II
2) A also preserves dot product :(QI)YQy→)

= oiay
=3

3) Easy visualization d- column space : =ÑY

column space of D=Id?Ñz] ifdi.de were orthonormal

i. spaced.is



and projection onto column space istrial :

i

(disIdi

projection of 8 onto column space of D:
= (Iit)di + (dis)dz→

Recall least-squares :

I = Dp→+I

D= (DTD)"D-'§

What if (by some miracle) D had orthonormalcolumns?

D-'D=I ⇒ p^ = D8 (no matrix inversion !)

compare to picture above . . .

Gran -Schmidt :

Even if columns of D are not orthonormal, we can
construct on orthonormal basis for the column space
that is close to the original columns in the sense that . . .

tM
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YEME33
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Example drone network
Internet of Things

Is 8

East

D ST Air traffic controller
for drones

Dis
I'signatures ofdrones

D I 2,5 22524

I D ST FI wait to knowwho is transmitting
i

received
signal

i
5 SI SI ST

E HELLE
Goal T T
Estimate 4.2 123,24 using Leastsquares

Is CATA ATI



What if we learn about each device drone
one by one on line fashion
Initially St t
9 How well does St explain received e

as I

WE 2 1555 s'tTT
Is ist 84

Expanded set 5,5 t

is sister a
5 5.5.53

is 114 1



Oh serve A keeps getting fatter

LF EE Ese
WA Tz 3

AT A move more work from scratch

CATAJ inverses of growing matrices
OUCH

Recall properties of ortho normality

Least squares is easy if columns of
matrix A are orthonormal

É

vii its

119.511 1 495,95 Normalized

Orthogonal



AI T
P fr

A 9497 Orthonormal

HAJ ATE

the 15

Es IEEE foiefib
A 1.9 Egg AT 5

Orthonormal

ATA I L



ELIAS'ATE 6557
IctyE

E E E E

ti 95,57

We can reuse our previous work

Goal To find P as a linear combination

of ST ST where we only find

out the ST vectors one at a time

ST 5,5 convert them to

E Tia
such that I I 93 etc are all

orthonormal



Iww How to orthogonalize vectors

I I

SI in terms of St

a post of
Yes Inter dimension

orthogonal toSt

ftp.sttqId's

past

of I BST Review of
fine25,957 0

S5 I pot o

fCST I B 11517 0

Be ip



Gram Schmidt Algorithm Procedure

Given 5,5 In

Convert this to a set

97,95 In
such that g 957 119112 1

Eigg 0

adspangst span

span 5,53 span 97,53

span 5,5 si span 9,95 tn

Considrilinaryindpendent
T.si I lin indep

Gram Schmidt Alg



ST ST 533

53 find

14 9 unit norm

span 973 span ST

ST 53 97 15
What is new in 5 that is not captured by97

Remove from St the projection ofST onto

a
T
Fei

EI It
I I I I

FEEL unitnom

Chek I 97 GEE 9



Effie at

I at est Eat
Imre span s is

O a spanking

15.5.53 Do
53
9

tin H

T 797

Project 5 onto span 9,5
prog 1

53,93
5 E

EE

Eat
true by projection formula
the fact that 97,92 are orthonormal



5 5 5 gist 5.5 5

95,53
of q q span 5,55

Chek 495,57 495,957 0

Tissier

Tumnspizasis.no
umnspace

of A


