
 EE CS 16 B Lecture 20 Module 2 Lecture 8

Announcements

Student Support Hours Mon 1 3pm
Everyone welcome Schedule an appt
on course calendar on class website I

0.25 EC point for each lecture you attend
for rest of the term
links eecslbb.org lecture ee

Last time
Upper triangularisation

Today

Recap ofupper triangularization
any square matrix M can be upper triangulaized

U M U T also known as SCHUR DECOMPOSITION

Proof of upper thangulanzation
Eigenvalues of upper triangularmatrices

Revisiting BI Bo stability non diagonalizable

system matrix
Read Note 13 for details



SL n x1

Reap from last time A nan

CktD HIGH TBI BE its

A diagonalizable if all n e vectors ofA are independent

BIBO stable if all e vatsof A Aila kL
field h

a What if A is not diagonalizable

Example A 84
a e vats of A are A 7

e e vectors of A are not independent

AE AT 8 11.7 Ed
TV tVz AV V2 o

Az are
e re save af
not independent

Next best thing upper triangular matrix
d

o n'see
Start w second eq.dz azxzCH
Then dg A a seat
Can solve analyze system by back substitution



a Can we convertanymatrix Minto upper triangular UT form
using a basis transformation

A Yes

We can always find a change of basis
MU The lilwe O

where U is an

orthonormal on basis
ie UTU I U INT

U In tdformanon basis
Ii uI gift Jingo

for all it
for i j 1,2 n tf it 1 for it 2 a

ANY SQUARE MATRIX CAN BE TRANSFORMED
INTO AN UPPER TRIANGULAR MATRIX I

UT MU patter
triangular

is also

called the SCHUR DECOMPOSITION

of a square matrix



Simplest Case M 1 1 matrix

M m upper triangular

Let's build some intuition

14 2 2 case
i

Assume M has real

ME 1m11
Miz eigenvalues

for convenience onlyM2 M22

U Try eigenvector maybe

Say it is one e vector of M
MF A F e R2

Assume11711 1

V H
Build out the basis using G S

Say t is the vector that completes
Gram Schmidt as procedure with as first

basis vector
We know that UT rt forms and basis



IF T R o

To check if U works try U IM U VTMV
Recall U is an orthonormal

transform by G S construction

UTM U
I RJ M E E

week

EFIM ETA
F ME IT ME
MME SIMA

Check MM F of Air
D F O

ITMT IT At A
capper triangular

U'mu
f I It



Ex of Schur decomposition for a 2 2 matrix M

see Note 13 Sec 6

M
2 3 Eigenvalues ofA and corresponding e

vectors

detCat M are T ft 7 2

det 333
alot 3 2 and 72 43 2 1

92 37 2

Applyingthe algorithm with F initially2 At D
at 2 2 1 we can extend I to an ON basis in IR

using G S algorithm on v7 47,1973

getting U Fir where riff
Then V E

Computing UTM V we get

Wmu g E
e r

Yrs Yrs

2 3
eeO L



Plan Let's build upfrom the 2 2 case

Case M 3 3
having real

e vals

UTM U T
Note we are using T insteadof U to show our

uncertainty
about whether

Try I our idea me
really note

MI A T T is an e vectorof 119

Use I to do G S fill out an
orthonormal

basis
I Giri

Define 97 8 R
MCM

F A B HHW W R 3 2

3 3 1 3 2

Convince yourself that I is
ITA o ATTEO TTRIETRI



Consider TMT

II M C't R

EFFETE A Mr a A

o

J o opuffy
Demi

2 2

RTA I
X RTVE

g What do we need of RTMR

A RTMR should also be UT Dog

Looking at OTME Go we havegood news
badnews

D I R doesn't quite work
for our 3 3 case

We have managed to convertthe 3 3 UT
problem into a 2 2 UT problem



Reduced problem 2 2 RTM R
From earlier 2 7 case we know that there

exists an ON Uz such that

UI RTM R V2 Ta N
Tania

VERT M R Uz
KURT M Ruz Ta A
man at

Idea instead of trying U F R

as we did as our first try it didn't
quite world based on above observation
let's modify our trap to

V3 I RV.IE 7E
IVzTMU3

Eia M E R



ME IT MRU

VIRTMI UETEMPUT
I I fwm

trave
fl

10
I VERTMI UE RTA FA VIRILE

so Uz F RUD is an ON

basis that upper thangularizes
193

3 i ie V3 MU3 73

Thick Is V3 IT RU orthonormal

LI RU EERU Q

CRUZ RU CRUDTRUEVEREEUZ Ia



Cute I

I

ÉÉÉ I

Mz Mz

UTMST 73
UIMzV2 Tz RECALL

V3 TRU CETATEA

MEEEEE

Started with 3 3 reduced it

to the 2 2 case

used the solution for 2 2

to construct back the 3 3 solution



General case M E RADHI
hesMI ait

Pick TE T R R constructed

by GramSchmidt

II ME E MET R

x TM R

RMR
III

Id



But RTMR is not necessarily UT

Let's modify Tia to Uh where

UH I R Uk
where U upper triangalanzesEM ii.e

VERT MRU Te
upper
triangular
matrix

or ROI'M RUR Tie

By following the exact analysis we did

for the X3 case being builtout of the 2 2

case we can show that the KtDAAD
case can be built out of the Exa case

ke

Victim via
MR

JRUI M CRUD

Yppantrangular
and we are done



Reduce to triangularizing a Kak

matrix

a

2 2 matrix UT

3 3 matrix UT V

For k1

if k xD matrix can be upper
triangularized then a ktDx a matrix

can also be upper trangularized

Called proof by induction

r fam also do proof by recursion Note 137

Recursive proof is more intuitive as it
lends itself to a Schur Decomposition
ALGORITHM See Note 13 Alg 10

go to discussion sections



calledsimilar matrices

the same e.ge ihtst
UTU and have

If M U TV then e values M e values T

of Suppose 7,7 are e valle vector pair assocwith M
ie M ni AT
U'T UT XT

TEE NEW
TEA
x a are an

e valle vertu
pair fort

where I UP

O
P x Phx

det M XI det CT XI

All e values of M are e vats of T
I I in a M



Special property of T

T
T I

For T all entries along diagonal are
the eigenvalues

To find e values of 5 we want to

find X such that T AI has

a hull space

T

g g
3 3 case72 93

l O 12 1 93



D D

T D I
O 9 92

72 7 93

8 o 75

Inn
HAS a NULLSPACE

T d I has nullspace
I must be an eval oft

That t
0 0 752

T 122 has hulls pace

Da is an eig values



Genera case mxn matrix

I iF

Conside T 731

1
7

No pivot in Col 3

Free variable

Matrix is not invertible

It must have a nullspace



BIBOstability if systems with
non diagonalizable matrices

Lit it I FED g un

not diagonalizable

a Under what conditions is this
system BIBO stable

Hite A 7211 T BMET
is scale gu s BI Bo stable

If 171 2 then Bounded input
Bondedoutput

x it DAX Ci that Luci

Kim



or fit D Ax i 1ht

If Hk I itis BIBO stable

NY

O
If

an Mikati
them BIBO stable

So Ai KI fi is

true for all BIBO
stable system matrices


