
 
Module 2 3 Lecture 9

Announcements

Student Support Hours Mon 1 3pm
Everyone welcome Schedule an appt
on course calendar on class website l

0.25 EC point for each lecture you attend
for rest of the term

links ee's 16b.org lecture ee

Last time

upper triangularization Schur decomp

proof by induction see extra notes on

class website

Today
Recap of implications of upper triangularization
Symmetric real matrices Spectral theorem

eigenvalues eigenvectors of
symmetric real matrices

Min energy
control motivation



Rt D A TEA BE

ANY SQUARE MATRIX CAN BE TRANSFORMED
INTO AN UPPER TRIANGULAR MATRIX I

UT MU patter
triangular

is also

called the SCHUR DECOMPOSITION

of a square matrix
Proof by induction see extra notes on classwebpage

If UTpqU TcT upper triangular

eigenvalues M E eigenvalues T

i eigenvalues T diagonal entriesof T

If T.fmfandUtAV T

then system 5ft D ADD
Buggy

is BIRO stable if and only if all the
eigenvalues of A are inside the unit circle
ie

Hifk t even if A is notdiagonalizable



if systems with
BIBOn.sn jagnaiable

matrices

seciti f f Ici f uci

otdiagtzable

Under what condition is this system BIBO stable

Iris I
Kalif X Kaci t p Uci

G is scalar sys BI Bo stable

If 171 I then bounded u bounded
22

x it 72 Ci t Kaci t Luci

general input



se Citi 72 Ci t inp

if 17121 is this B BO stable

Because Kali is bounded we know

input to is bounded

X i is bounded

If Di Cl for all

FItuff
7 then BIBO

O
stable

An
So eigenvalue I fi is true

for all BIBO stable system
matrices

We have seen that F UTM U
t

Shur form upper orthonormal

triangular

G What if we had a real symmetric matrix S



When A is diagonalizable we can

find X such that

v AY A ftp.J
V is the engenbasis of A
but V is not necessarily orthogonal l

If we upper triangularize A we get
an orthogonal U such that

U AV TAU T 817Schur decomposition

G What if we had a realsymmetric matrix S

a e a d e

c b d b f
e f c

5 5 Sj Sj i



Symmetric matrices getthe bestofboth
worlds

i e Symmetric matrices are diagonalizable

eigenvectors of symon matrices
are orthogonal

5 13 Is f
det s att o

Solve for 7
SES

E values of S are 3513
corresponding e vectors

are
HIIIII

Remote values of S are all real
E rector of S are orthogonal

LI I O I I OKI 37 0



Spectral theorem
Let S E IRM be a real symmetric
matrix Then
i S can be diagonalized whether

or not the e vectorsof S form a basis
i The e vectors of S form an orthonormal
basis the diagonalizing basis for S

Ciii The e ray of S are all real

in T s o

Upper triangular S

S UT UT

Taking transpose ST CUTUTF UTTUT

SI U TUT UTTUT

T

FI DAO All non digone
enties a Trust

be O
T TT IT mustbe diasoned



If S is a symmetric matrix O
the basis for UT actually diagonalize
s

S U TO
S U Df U

If a matrix has distinct e vats it can

be digmelzed e victors forma
basis

Symnette matrix can be diagonalized
ALWAYS

Ci S U DUT D is used
to emphasize

that TD
SU UDUIN
SU UD



stIFF

Sat A uT

Juice
atS ut Aim

must be the
e vector

suit Anni of s
The diagonalizing basis matrix U is

made up of the e vector of S

Because U was orthonormal
UT hi in are orthonomet

eigenvectors of S ane
orthonormal



ME e are an

e value e vector
pair for s

Let D Art j Ai
Let's try to show that 7 74

lie A O

Take conjugates of both sides of

SATIATE ME LABIA BAI
SUI A I Since S feat

Take transpose

FAT SIXT AT A PIT
TATS A T T Sina SES

Multiply on the night by I



ST TITI

ISRAEL
Multiply by v7 on the left

At ST A TATE

have the same LHS

they must have the same RHS

if at
Y

HIGH vet Unt
A I

I v u tht V2
t thin

r ti ti
tf NihatAFO

t that
2

o
there to



Alle vats of S are real

Control Skin Bothwtep

Controllability can I

get want

Efficiency

É Aegon Budd
FED A'FLO A Bulat

BUCK D
Consider 1 100

RED O

TED AM Fuat Puled

argentea



Ifor Ca

min 115112
Minimum
Energy

sit Itochu control

Goxiog Fox Pax
7 I

Iif B
160

Solve mint R
sit Cued

solution to optimization problem
is at called the minimum

norm solution


