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SID#
Problem 1 (17 points) [CAN CLOBBER MT1]
Consider the box below. It has one input and one output. Inside the box, using any number of op
amps, resistors, capacitors, inductors, and/or transistors, draw the simplest circuit that has the
following properties:
¢ itis a voltage low pass filter
¢ the cutoff frequency, f., of the low pass filter is 10 kHz. Recall that wc = 2**f..

. . .Vuu .
* the slope of the magnitude of the transfer function, H(w) = V—* as w—ee is -20 dB/decade

in

* the voltage gain at w—0is 1

1a-i) Fill in the circuit in the box below: (3 points)
[ -/ 4 AR ®
+ +
— C
Vi“ Vout
® ®
1a-ii) Provide numerical values for all components that need numerical values below. (2 points)

Values: L/QC, o \— i 2:((
R¢C WCC
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1b) Consider the circuits below. For each circuit, provide the voltage transfer functions specified. All
inputs are sinusoidal in the time domain. (1.5 points each = 12 points total)

+ +
Vot
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Problem 2 (8 points) [CAN CLOBBER MT1]
Consider the circuit below. C = 100 nF; L = 15 pH; R = 100 Q. Wherever relevant, the variable i (t) is
the time domain current flowing through the inductor. For the circuit below, assume i (t=0) = 3 mA.

L

-0
¢ =R

-

2a) Is the concept of a quality factor, Q, meaningful for this circuit? (Circle Yes or No below). If Yes, what is
the value? [ (3 points)

Qe W= i
YES NO BN Bes oo

?C&”el RLC g

/l/]eu\i VA
o < :Z
Q=27 sk Qs wW.RC= pe
-L’«/bdo . ffbdo Ud W= /) Le
- -5
Ude, = O%_—_ 5\’ (o&(woa wv (2= 105+ 100-13" -\

' TR W,R

~Q =13
ls. g% .00 0 \E\S'"O

\)Si»ofei = \)V"’UL
— 3 7’(, \ Vo L O‘E
U\f - ‘\*"L\/&l,(‘t\ ’TL ( s \j—- \/o S‘\q(wot\

t Z R 0T —
Ucz 7 Cveliy = X (v, cos’lwat) wer

T
\) Slaced = '\ZC \/Z’(L Dsi[wot)'(" le(mJC)B = '71. Cv.

—
\ 7
(A= 2. r/“:ﬁv/— - w.RC = Zg .10
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2b) In the time domain, is the natural response of this circuit such the voltage across the resistor will oscillate
¢ N o i il 2 points
LL:—LL'LR VL’VL’\/K ( P )

(R=Ve_ v

L L GV IV

@ O et eat A
i L(:(‘_‘J‘V'(
LA\L- Cj‘t

with time fort > 0?

il d (s

= Ve L

3c
l
Qe [ = vt 10 ) ( ) \
Sl 4" dt 1206 \/C —_— :O 5(: _l' ,q:s‘lo \/\)o:_—_’/
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Factor Bode Magnitude Bode Phase
Constant 20 log K +180°if K <0
K 0dB v X 0"ifK >0 -
Zero @ Origin ﬁpc = 20N dB/decade (90N)’
(jo)¥ 0dB - o 2 ®
Pole (@ Origin 0dB \. ® 0 o
1 =
()™ ’\}pc =—20N dB/decade (—90N)’
(90N)°
Simple Zero '
, slope = 20N dB/decade '
(1 + joo )N 0dB & O ; M o
®, 0.l @, 10w,
Simple Pole o.d8 o, - o0° 0. l.(uc ":c ]0?.1‘7 A
( I )"‘ slope = —20N dB/decade ;
1+ jw/wg '
Quadratic Zero Slope = 40N dB/decade
[1 + 2Ew/o + (joloP 1Y
0dB K ® @
@
0dB o o ®

Quadratic Pole

1
[1+ 2E/o + (jo/m )Y

slope = —40N dB/decade




SID#

Problem 3 (15 points) State-Space Equations, Feedback and Stability [CAN CLOBBER MT2]

(This problem brings out a key issue encountered when designing op-amps - take EE140 to learn
more.)

It is common in electronic system design to use op-amps in negative feedback configurations, as
shown below.

R+

U“’t) ﬁ——&"-—-ﬂ 3“-)

Fig. 1: Op-amp in negative feedback configuration. u(t), v(t) and y(1) all
refer to the voltages at the corresponding nodes.

In idealized operation, the voltage v(t) at the “-” terminal of the op-amp is assumed to be at “virtual

ground”. No current enters or leaves the “-” terminal, hence applying KCL at that terminal results in

the I/O relationship y(t) = — g—f-u{t).

A more realistic analysis, however, would represent the internals of the op-amp as shown below:

A

&)

Fig. 2: More realistic model of op-amp internals. Note the internal node voltages x,(t) and x2(1).

NOTE: As you go through this question, you may find that your derivations and results challenge
previous (simplistic) notions you may have about op-amps. That's what this question is meant to do.

(Turn to the next page for the questions.)

10
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3a) Using #(t) — [5"'1(”
form as

d

30 = AZ(t) + bu(t), with y(t) = & Z(t).

Write out expressions (involving R, C, and G) for A4, b and .

kec€w: Cau - v -%® o Aty | ) - )
ketety: Cdre . GuH WM gy, . G —auh)
4 (3 A R c
e & =
(¢ Re O |\ ey
l.'
g Slee Ve 1ft) o
N
p b= e T o \/_\-,'}u
L[5 <

= 2:=(s &)

2o f)} , the op-amp’s internal circuitry in Fig. 2 can be expressed in state space
2 [

(3 points)

11



A

SID#
3b) Find expressions for the eigenvalues of A and indicate if the op-amp model can be i) stable, ii)
marginally stable and iii) unstable, explaining each answer. Note that R, C and G can only take

values > 0, i.e. they cannot be zero or negative. (3 points)
“,‘»ﬁc,’)‘ (a}
e O :
% i y (-0 g
a2 6 =
e e It %

L deb (A2 = (Aee)
—> E iseanwalbuzs : )\,,}:,_-“}&L (qeruf-ui)

'|> Gnee RAC ave D0, Y, 20 smdved =D STABLE fv Ul €C

0, W) NOT  PoSsiBLE
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3c) If we use the op-amp model of Fig. 2 in the negative-feedback circuit of Fig. 1, the overall closed-
loop circuit can also be written in state-space form as

%“f({) = ArZ(t) +bfu(!) with y(t) = é"Z(t).

Write out expressions for A, and Ef in terms of R, C, G, R, and R.. Note that #(¢) and ¢’ are the

same as in 3a), and that the input is now u(t) and not v(t). (5 points)
el vis)
—> FRoM THE FEBDBAU ;. WE ftAvE WE) —V(E) N V() —3(1-) - VE) — Gl
. F‘l E\. a-“l.-

= ‘N{-)[' +41 b ““') +_L’L-"- ¥
GRy 7l Sr el
Gy mie) + B U

h-—_) V{(") = R'. 3+ R\'
— Hteuce 3a) becomes:
;@) 2 R ouw)
de .
lE) O °
e
A \/\_/\_NM \/_:;_;u
*(F) A % (E) (,
TRy N(D)
\ G‘R] T
e CRAE. I~ M(&Hlv)
/p-C ﬁﬁ" b} %L&j a )
—_— -'-'-‘ . e
% \ = ‘/{LC— o
e e
A ke
B P =
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3d) Can the closed-loop system of 3c) be i) stable, ii) marginally stable and iii) unstable? For each
one that is possible, write out a condition (i.e., an equation or inequality involving R, C, G, R; and

R;) that results in that stability property. (4 points)
\ GR|
e | RECRAED L & R
= S (- T fly: ("’ — & &
b [l = = t / A o) (Re) RrtRy
G e
L SO
) 5.
__';‘5‘7,..%-'4‘:«24.- Q\*/’_LS'L - Rc LR~
- G |
—_— >‘l)>‘» = —‘—c-‘:— RC Ly~
. . _ .
(H) (vnmrj,iu[la, 6{-*5'!-) FOMED iy E—C K—n;ﬁ-z Rc

— - I Rit&y 2 (onDITION FOR MARGINAL
S o ~, SYABILITY = PossiBLE.

.i : 1 A < end veald
(l) CSluLle) <3 ﬁ‘&;&-‘,ﬁ 2z = Ay K2 be Q ( )

AC
Rtk “— ConDITION ol STABIL\TY X PasSiBLE
A
-_'_'_,_,_-—'—'_'_'_'_-

.- 1 s > (e “"‘-!)
(1) (wwshalic) % &:H‘.b S =5 hyeo

- BLE
Ry “— ConWDITION Fo. MNSTAA[LITY *» Passt
—) > Rit
e A ,i .
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Problem 4 (10 points) Observability and Observers [CAN CLOBBER MT2]

Consider the discrete-time state space system

EE 1 H] il [(1} ] EEﬂJr [ }} ul[t], where T is a time interval (real number > 0).

#(t+1) Ay ;

(This system is exactly the same as the one for the car with piecewise-constant (PWC) acceleration
covered in class. u[t] is the PWC acceleration applied to the car, p[t] is its position at time tT, and v/t]
is its velocity at time 1T.)

We augment the above equation with an output equation, i.e.,

ylt] = plt].

4a) Find the eigenvalues of A. (1 point)

— (=X e =5 Ay [ Crpeiéd efgenvalinee)

4b) Suppose ult] = 0 for all t. Derive expressions for #[t] if (i) #[0] = (1]] , and (i) #[0] = m (1 point)
Gy %[8) = i‘l
%) =R = E,, T,]E,] = [L} = ¥(o)

—= L[f)=XTd ~G} ¢ b
(9 x(d) = [‘31

seo~ 7))

i[?«] [+ ETj

() = ZT] {] Cr] 5
o $- 0]

T —————
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4c) Is the system observable? Justify/derive your answer. (1 point)
5T _ .1 . KAk PN B
C: = CI( 03 . Obsevwnls fh‘, wepix = i h ___:S = El T’}
)

vamb 1 if TH0

The remaining question-parts below pertain to designing an observer for the system, i.e., finding
= ﬁ'] such that Z[t] in the observer system below develops into a good approximation of Z]t].
2
The observer is
pit+1]| _ , [Pl]| . 7 b o
o] = Al e+ ] ot - vt
—_—— S—— v

F[t+1) Z[t] i

(turn to the next page for the next question-part.)
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4d) Suppose we set [, = 0. Is it possible to design a stable observer by setting [, to some appropriate
value? (if so, provide and justify such a value; if not, explain why not). (4 points)

A - L b 2 L T
5 CLOSED (noP MATRK: A = A+ BL"S[I o\ [10 ; I+ [ : a} _ E:: | ]

—-‘beijmvd.u&; &} 3: ((“Qt*)‘)(h—)\)-—Qx‘T:o
— (l— }n)v-r !‘“"%)—.GVT =

— (=X = - t ll,}’+ql‘.T

2
_ % [y ¥ \! 2Ll
ﬁ) l>\'|,2_. — \ —'_;: e
A
e 1.F Q|'—0 e v
}<|)l'— ‘i v
p—
t'l
— l{— 21‘?,0 J'{"t\\‘.m ‘h\ﬂ Xs | &

ot fr e-V.5: dwne is "““N’S ?11
hewmee  tushalle
- N 3‘{— -Q,-z_ Vi [e] 3 Ln.‘“n evs owve N‘I"md! -[‘L\-, uwﬁ“ C;fo‘-‘t ) &% ‘J\M'\ = “u-s-"n.u.r

— Heuce: NOT PosS|BLE T DENEN A STRBLE JRSERVER WITH
ANY coaCe oF Qo i_f_ L,=0-

4e) Suppose we set [, = 0. Is it possible to design a stable observer by setting /, to some appropriate
value? (if so, provide and justify such a value; if not, explain why not). (1 point)

— Aohz 1B el g, e
T -

— NE] i elumys Mw-m' Satle = (B0 wnsiblz

—> for PoS<1BLE
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4f) Suppose we set [} = —2.

(i) Is it possible to design a stable observer by setting [, to some appropriate value? Justify your
answer.

(ii) Is it possible to design an unstable observer by setting [, to some appropriate value? Justify your
answer.

(2 points)
Mz = ____“‘—*W & x ngﬂ’
+ i 4‘-‘- Lok ade e\
l STABLE: Po2SSIBLE: =9 R.= - = >\1]| = — 1= = lins 5 B
(1) STABLE: ¥ D b 23 -

= £Lb1 | Geda ot ) ia

=-:) >§)\p= !- z |Mt-

|
(i) UNSTABLE @ Po%IBLE @ 2% .= =

e

18
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Problem 5 (10 points) PCA and SVD

5a) For each of the following, indicate if it is a valid covariance matrix or not. Justify your answers
concretely. (2 points)
4
0@ o
5a-) [1 0 1] VALID
01 0

Explanation: & < 67,)

1 1 0 :
5a-ii) |0 : VALID @
1

Explanation: T sy mMeETRIC

5a-ii) [_01 GUIT: VALID
Explanation:

G_;L < ‘Ghn-\

wnl) G

INVALID
Explanation:

—s EGEAPLWES ! (1-x)— =0 => (=X =

= _t’ =‘>,\.|;"-{t\=‘ 0572

vge, 20 -
=) A
—> ALTEANATNE SoLM: ﬂ:._s_[‘ } e—— O wean csls (L vews)
L (

19
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5b) PCA intuition: (2 points)

5b-i) Sketch two straight lines on the 2-d data on the right: one (longer) - -
indicating the direction of the principal component, and another (shorter) 0 Q
indicating the direction of the 2™ principal component.

5b-ii) The data in the figure below are in three clusters, ie, in the ellipses with
centroids/means of each cluster marked. Assume that each ellipse is
uniformly populated by data points. The major and minor extents of the
elipses are also shown.

Suppose we run a PCA analysis on this data. Sketch lines on the figure indicating the direction of the
principal component (longer) and the 2nd principal component (shorter). Label them 5b-ii).

5b-iii) Now suppose we first run k-means on the data (with k=3) and succeed in identifying the
clusters correctly. We then run PCA separately on each cluster. Sketch lines on each cluster
indicating the direction of the principal component (longer line) and the 2nd principal component
(shorter) for each. Label them 5b-iii).

s o)

20
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1 2
5c) Compute the SVD of A = l—‘z 1| using the technique illustrated by example in class. Show

1 1
your calculations clearly. Note: only the full SVD, correctly computed, will receive full credit. Leave
numbers like v2 as v/2, i.e., don’t “simplify” them to 1.414! (6 points)

(]

o |

S= AA: [' -

-—)E.;sm (}«S'_ (6..).)"_ 2o =) &-r2= i\—-_.—'))\.n_—_sil-_?,g
—_ gfjwn‘j'*vc E}- L=l (G-—p\) r, = ?»=o —_— r‘_ = (}\—L‘)F,‘

—> g h pae P
—‘*f*’ ket B="P

SR T ok
7 L _l]x&.'
\-La webe wals. navw 1.
2 Q
- \,':?, é: ‘rf: F\,\LF "ﬁl
) e B

i 1——" TR o -
o —_— -1 . =l =
A\h:' 6 U =2 } -S 'II- = W - 0y 4y

(g

- = x | p \ _ =) -
A= & 3= e L7l g L
-2 | o -2 Fa -2
[

0 _b

. . o
—_— }i_} e Ge L 4 C\.‘ be v - gn-\.’ W3 :_[_2]

__‘h,‘&_[__-\’h =) Ba-b ¥2¢=0 —.—325‘_b‘-3u.

—)‘dlj,fﬁ‘:‘-) —a-% =o =D o=-3 2¢c=|+9 =(
% - a1l = c=¢
—> chese b=l=D =3 c-§ = a3 = ;_ \G?

21



(more space for 5c¢)
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Problem 6 (5 points) k-means

The k-means algorithm has two steps:

- STEP 1: Assign each data point to the cluster/mean that is nearest; and

- STEP 2: Update each cluster's mean to be the average of the cluster’s data. (If the cluster
contains no data, then don't update the mean).

Run the k-means algorithm manually on the following data:

o X 5 34 *
T 1 o o< ! IS e

~-0:'S =027

Each * represents a data point; the circle and diamond indicate the initial means of the k=2 clusters.
Indicate the progress of k-means using the following template. ROUND 1, STEP 1 is filled out for you
as an illustration. Indicate clearly where the algorithm stops. YOU SHOULD NOT FILL IN ANY
STEPS AFTER THE ALGORITHM STOPS.

INIT
circle cluster: mean = -0.5, data = {empty}
diamond cluster: mean = -0.25, data = {empty}

ROUND 1, STEP 1

circle cluster: data = { empty }

diamond cluster: data = { 0,05,1,1.5,2 }

ROUND 1, STEP 2

circle cluster: mean= —q-§

diamond cluster: mean = |

ROUND 2, STEP 1

circle cluster: data={ 0 }

diamond cluster: data={ 0°S, ¢, (-5, 2 }
23



ROUND 2, STEP 2

circle cluster:

diamond cluster:

ROUND 3, STEP 1

circle cluster:

diamond cluster:

ROUND 3, STEP 2

circle cluster:

diamond cluster:

ROUND 4, STEP 1

circle cluster:

diamond cluster:

ROUND 4, STEP 2

circle cluster:

diamond cluster:

ROUND 5, STEP 1

circle cluster:

diamond cluster:

SID#

mean= 0O

mean = |.p.¢

data:{ o , 0'{ }
data={ |, ¢<, 2 }

mean= o0-1.<

mean= (-<

data={ & , »-§ }
—> No CAANGE FeoM

—= EINISHED
data={ | , 1I'S, R 3 stEP | ] —
mean =
mean =
data = { }
data = { }

24
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Problem 7 (15 points) — LTI systems

7a) Prove that the composition of two LTI systems is LTI. In other words, that if each block in the

figure below is LTI, then u(t) — y(¢) is LTI. You must be clear and precise (and correct) in your
reasoning for full credit. (3 points)

i | 3
wly | ( ]F V(K (T4 | ' 'ﬂl")
: > (1T, §
> =5 L__P\%
| =

—> TL:  u(k-0) > V(+=T)

wie=E) P Y-

i bl [t by PLE-D e, WY s TL

e —

—> LINEARITY

—> SCALING:

LTE
AWE F—> av(®

LTI,
guiey = =l

(TLT,L LTI _
_— uly k——_’é U(‘ﬁ“‘-) (€ ScALING Holps Fok
___'___,_—n‘

WiF) — | D)

—> SUPER POSITION ! S"T w, (&) I—-\-"T—t-'vﬂ.li-) H&a %.t\-) ; omd
LT, LTL,
W () =2V, 18) — %t

— Alhem: QA\((-) S Ue) ) [—LT/I‘—B (.U' ((5) .1—"0‘,\\-3’)
(n(© 1--\;,[;)) \-_L'Z_.r‘_‘;_} (%‘(n « j.,u-f)

j (‘.M“:)‘FL\-\,“‘)) '-' LTL Lrt\._..% (‘t‘“,)_‘_,jv{p‘\) ’s




SID#

7b) Using reasoning similar to 7a, it is easy to show that the composition of N LTI systems, as

depicted below, is LTI. (2 points)
— — —
| Y|
i | | > - - - | |98
— L"Ig m\. ‘ ur“ B
\ ,-—___ —— —— - -

—

Suppose all the internal LTI blocks LTI, to LTIy are identical, with impulse response

1. =i,
hlt] = )
0, otherwise.

Find the impulse response h..[t] of the composed system, i.e., from u(t) — y(t). Show your reasoning
clearly.

—s  W{¥) simply delays fie inpab Ly 1 => U ONTH) = Wik -]

LTTa S,E&—“E

(T (. iR e
— BE) \—:ﬁ"—b ST.""'G}—[&‘(? sle-2] Wiel

— heled = §(e-N) &—

26



SID#
7¢) Given a discrete-time, causal, LTI system with impulse response h([t].

You are not told what hi[t] is.

However, you are told that if the input u[t] to the system is chosen to be h[t], then the first five
samples of the output y[t] are: y[0] =1, y[1] =0, y[2] = -2, ¥[3] = 0, y[4] = 3.

Find two different possible solutions for h[t] (only for t=0, ..., 4) that satisfy the above condition. Are
other solutions for t=0,...,4 also possible? Justify your answers and arguments clearly and precisely.
(4 points)

450 = WIOE) = S W10

L= WGl = [ = his) =2

Y [ = T3 +%TALL) = 2hca Wi T = 060 = hCi) =0

‘Ht?-_—! = hiolh(al +\:U'.\ + WiDhTe = 2h0l Wi = =2 =D ka3 ~Vuco)
= T—‘ 3

\Jt’ﬂ = hTORED) « WLIhE) + WK + WEDRCED = 2hpakis]) = ©
—> W2} =°
FCu)=2hTIME) AMDThEI+ hDT = 3 = Jup)ugug 4123

= k)= ‘/‘M"— v\

—_— ume “'ND S‘Lm.kms oe |

— 5 NO OTHER SsLuTions ARE PesSSIBLE (PEA THE ABOVE BERIVATION) .

27
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7d) Given two discrete-time LTI systems in a feedback loop (6 points)

gl
— hee |
—
e (€©) <
s ik i 1, t=1,
t]=4¢-1, t=1, , and hgl|t)]=< [l
il i 0, ;thcr.wisc. i {U‘ il

Please read through the expressions above for h[t] and hr[t] very carefully and make sure you
understand them right. Note also that the feedback adds to the input.

7d-i) Assuming that y[t| = 0 for all t<0, find the impulse response #.[t] of the closed-loop system (i.e.,
from w(t) — y(t)).

Hint: write out y[t] for t=0 ,...,15 at least (not required, but highly recommended), examine the values
and use to devise a general formula or expression for y[t]. Be very careful to avoid mistakes in your
calculations (please double and triple-check each step).

—5 &Te1 = Wi+ YT Oh Tr) = Al $Te-1
=S AE® W) = ) G- = 0B+ gl-T-age-i] —\¢Te-3
— $0) =(§ Ce-d= §le-2 ) + (W3 - B A])
—> Set U]} = 8(¥):
> YTed=1; 903= (1 —1=05 $h3= =15 )= -1 )
4Ol 6 5 §Ud =15 §Tel=1> 4T3~ o5 $l8)= =1 ;4= -

. Gos & % 3 4§ T K % G 9
—s (-, TCO-—GJ: | © =] =—§ & | I & —1 —

- 28
—>, FRoM  eas on, $Ce) = 'ﬂ}"_l* ‘ﬁ&""]




= f~ 632, \J[i-] depends NLJM SID#
e prrev Toms 2 s ) &9 G- i

—> Swnee FLed =gl b ¢la) = $03) | tye SERUENCE MeST REPEAT,

with ¢ led= §Tud, FCn) =Y0s), And 5o on :

o  beo
{\ , tE=-
o ¢+ ©=)
— ‘\at"'l S ol B e
=} 42 k=3
o + k=4
i 5 ess
L, €26
o 1 E=%
hele—€1, &>

7d-ii) Is the closed-loop system BIBO stable or BIBO unstable? If stable, explain why. If unstable,
write out an input u[f] that will make y[t] — oc as t — oc.

—> BIBo UNSTABLE :
—> 3usT TRY W[6) = (e} = $00= b3 O LA - 2 bt heB]

gl T ek e g gk b B TR 83 & T € T B % U "-_'i"
e . TR \l g4 = = =1 & IJL < hril
O 4 -4+ 0 {+({ 06 4 40} P
o ~ = 61 £©0 A4 < 0 [ .4 w=y = 8l Ne
S e \E_Q__"'_‘_‘__f____"_/l o -\ A o | < Wn-i0
= NOTICE THAT W[Z-i1] = GTI) fv (=0, 5
S, w
= yls)= 2 hia =4
=
> BECAUSE W[i] REFEATS W(TH PERIG & , ws HavE Yl11=8 40 =0, - 2
JEe-0=6l, bz, =D gED buows o7 o S
BoONBED INPUT h[D .
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Problem 8 (20 points) DFT and Interpolation

Given N odd, X = Fy#, with # and X of size N.

Fy is the DFT matrix of size N, with the (k,|)" entry (numbering from 0) being w*’, where wy = ¢’

|M

ki3

Fd

8a) Suppose X; (capital X) are X; = cos(%§*). i=0,--- ,N —1.

What is #? (write an expression for the entries of 7).

Hint: if you apply a) the relation between the DFT matrix and its inverse, and b) the phasor-extracting
properties of the DFT, this is a short exercise of a few lines.

(4 points)
-l ¥ - —
gf X= LR X =LF X
X=t X d A
— 5 :_E (£ ‘))(
= i g e veal
. x S ji\“_h olbeve & TEG&
—_— F'J‘i (s 5*“' 4he (FBR\AJHRD) DFT S}-hu. envieg in X
i . 1}_
—D L}s'm-J fe ?‘N_;wf idm-f-iﬂ't—ﬁ ]'W)MJ"SJ e 3
— Q o ‘;"_ . s 5 g
K= : x =% =| Kk
& -I'!l_ ‘_{; = B = 5
T
L=} o o
“e | Y| % |
o B
8b) Suppose z; = sin(“Tf), t=0,---,N—1.Whatis X? (2 points)

@

il

— ﬂc:'SWL
= DFT coeffs ove: X =

—5 N owe somflu G %x (&) :-Sin(z_zi.') = Eas (-2_'.:‘:‘_ _ 12,) /
o] \
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8c) We saw in class that if 7 are N=2ﬂ+1 samples of

z(t) = Ag +ZA;(?(]H(2?Tiﬁ)t+9_j), (1)
i=1
ie., if z; = x(iA), with A = Vf and i=0, ..., N-1, then
0
NAu., 1= 0,
Xi=(¢ BAe®, i=1,---, M, (2)
Xn—iy, i=M+1,--- ,N-1.

It is possible to express x(t) exactly in basis-function interpolation form as
N-1

a(t) =Y wiop(t —iA). (3)

i=()
Derive an expression for ¢ (t). Show every step of your derivation clearly.

Hint: suggested procedure:

(i) Express (1) using (2) —i.e., eliminate A; in favour of X; in (1).

(i) Then, eliminate X; in favour of z; by applying the DFT relationship between i and X.

(iii) Arrange the expression thus obtained for (1) to fit the form of (3) and identify an expression for
¢r(t). You will find the identity

L —i L sinc(x)
1+ Z :\ + Wy = = T

sinc( )
to be very useful. (No need to prove this |dent|ty here).

# (14 points)
(D 2= A+ 2 N e (2rpib £0r) &e— TS s 1)
M ey wfe il gl e ik
= hn.\.‘:)z (A'J .[2{ % ﬁasaié‘l?ﬂ{a>
i1 2 T
_— Usi.._z (2), we have: Rs= &’ A: ei0i= & S izleoM
Zi‘-&il" —_ l‘h[u{‘
— (D BecoMEs: x(¥) = L8 {X;, i(xl & e) 3 —(4)
N ke
_u e < 1
(i!) gi“cﬁ x FM X, e L‘*W' : X\ l«.% “ * S_)
Giv) —‘bpuk (3) tnd (§): T vl

alsi —ik —JW{" 'l +ile J
X ) = L[zm % é,[ g é‘u“xk y e 2w~ %

W‘W

i
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= %) = -lr[rm %:1[ japl S A .I“f""&n'] ]
B e
:? %P " 2‘[ e&?wi(&ut—'%) i (- %)] 1 )
"
S2 e ALy
Ay

- \(Nf\’r

=2 are A0 AT

k=0 N
“’\/“_F-‘_/w
/

GSING THE PROVIDED (DENTITY, WE GET
“H simc(MEE-R)
nc
LiE) = s sinc(Yh- k)
- S\WC'(H F— > = X €
:5’——— I--:a sine (‘%-k') " 6>
¥~ I8
\m

Pe) & sinc(%4)
=y e
smec CE/:' =0 )

—> DEFINE

— BENGE (6) cAN BE WRITTEN AS

N-)
xX(6) = ﬁ (p’:(ﬁ'—ké) W

k=0

&—— which s (3)
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