EECS 16B

Designing Information Systems and Devices II

UC Berkeley

Summer 2022

Homework 1
This homework is due on Monday, June 27 at 11:59 pm PT
NOTE: All other homeworks will generally be due on Sunday. Additionally, the first two non-administrative
problems were derived from the EECS16A Fall 2020 Final Exam. This part of the homework will help you review 16A
material, so it will benefit you to attempt the problems without looking up the solutions.
1. Administrivia
(a) Please take the following policy quiz and attach a screenshot of your score: link to quiz. The
goal is to ensure that everyone is familiar with the course policies, which you can read about
here.
If you have a problem accessing the quiz, try using your UC Berkeley account.
(b) We highly recommend joining a study group in order to foster a sense of community in the
course and learn from others. EECS 16B is a pretty fast-paced course, and you can benefit quite
a bit from your peers’ perspectives on the material.
Please fill out this form regardless of if you’d like a study group or not. If you opt in, within a
few weeks, you should get an email informing you of the group you have been matched with.
It is respectful and professional behavior to follow up with your group members – we hope you
stay true to your word!
Special shoutout to Prof. Ranade’s group formation research team for making this possible!
For your answer, please provide a screenshot showing you have completed the form.
(c) We will use a variety of online tools and websites this semester. Please watch the following video
tutorials about how to use them.
• Gradescope:
– Submitting an online assignment. (This is especially pertinent for the Lab Sim and Discussion Checkoff portion of the course)
– Submitting PDF homework.
– Viewing feedback and requesting regrades.
• Office Hour Queue.
If you have a problem accessing any of these videos, try viewing them using your UC Berkeley
account.
After watching the videos, please write down for your answer to this problem that you understand how the tools work; if you have any questions about the videos, please post them on
the corresponding Piazza thread for this problem.
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2. Least Squares for Robotics
Robots rely on sensors for understanding their environment and navigating in the real world. These
sensors must be calibrated to ensure accurate measurements, which we explore in this problem.
(a) Your robot is equipped with two forward-facing sensors – a radar and camera.
However, the sensors are placed with an offset (i.e. a gap) of ` in meters (m), as depicted in Fig. 1,
and you want to find its value. The radar returns a range ρ in meters (m) and heading angle θ
in radians (rad) with respect to the object. In contrast, the camera only returns an angle, φ in
radians (rad), with respect to the object.

Figure 1: Sensor Placement and Offset `.

These relationships are summarized by the following sensor model, where xr and yr are the
Cartesian coordinates of the object with respect to the radar:
xr = ρcos(θ ) ,

(1)

yr = ρsin(θ ) ,
yr
tan(φ) =
.
xr + `

(2)
(3)

Assuming φ 6= 0, use equations (1), (2), (3) to express ` in terms of ρ, θ, and φ.
(b) Often it is difficult to precisely identify the value of `. To learn the value of ` you decide to take
a series of measurements. In particular, you take N measurements and get the equations:
a ` + e i = bi
for 1 ≤ i ≤ N. Here a 6= 0 is a fixed and known constant. Each bi represents your ith measurement and ei represents the error in your measurement. While you know all of the bi values, you
do not know the error values ei .
We can write this equation in a vector format as:
A` +~e = ~b ,
 
 
 
a
e1
b1
 . 
 . 
.
 .  ~
 . 
.
where A = 
 .  , ~e =  .  , b =  . .
a
eN
bN
In this simple 1-D case, the least squares solution is a scaled version of the average of {bi }iN=1 .
Find the best estimate for `, denoted as `ˆ , using least squares. Simplify your expression and
express `ˆ in terms of a, bi , and N. Your answer may not include any vector notation.
Note: A is a vector and not a matrix.
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(c) Now we turn to the task of controlling the robot’s velocity and acceleration, which is a key
requirement for navigation.
We use the following model for the robot, which describes how the velocity and acceleration of
the robot changes with timestep k:
"

v [ k + 1]
a [ k + 1]

#

"

=

1

1

0

1

#"

v[k]
a[k]

#

+

" #
0
1

j[k] ,

where
• k is the timestep;
• v[k] is the velocity state at timestep k;
• a[k] is the acceleration state at timestep k;
• j[k] is the jerk (derivative of acceleration) control input at timestep k.
"
#
"
#
" #
v [0]
v [1]
0
We start at a known initial state
, and we want to find j[0] to set
as close to
as
a [0]
a [1]
0
possible. For this, we minimize:
# 2
"
v [1]
.
E=
a [1]
Find the best estimate for the optimal choice of jerk, ĵ[0], by using least squares method to
minimize E. Express your solution in terms of v[0] and a[0]. Show your work.
Hint: Rewrite E in terms of j[0] and other relevant terms.
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3. Ultrasound Sensing with Op-Amps
The transresistance amplifier is often used to convert a current from a sensor to a voltage. In this
problem we will use it to build an ultrasound sensor! When an ultrasonic wave hits our sensor, it
generates a current, iultra . Whenever no ultrasonic wave hits our sensor zero current is generated, so
iultra = 0.
Note: An ideal op-amp is used in all subparts of this question. You can also assume that VDD = −VSS .
VDD

+
+
−

VREF

−

+
VSS

Vout

−

R

iultra

Figure 2: Transresistance sensor circuit

(a) Calculate the output voltage, Vout , of the transresistance sensor circuit shown in Fig. 2, as a
function of the reference voltage, VREF , the sensor input current, iultra , and the resistor, R,
when an ultrasonic wave hits the sensor. Clearly show all your work and justify your answer.
Writing only the final expression will not be given full credit.
(b) Assume that the amplitude of the ultrasonic wave hitting the sensor is such that the current iultra
fluctuates from a minimum value of imin = 1 · 10−6 A, to a maximum value of imax = 2 · 10−6 A.
Also assume that the reference voltage is set to VREF = 1V. In this case, calculate the following:
i. The maximum value of the resistor, R, so that the output voltage, Vout , does not drop
below 0V. Clearly show all your work.
ii. Assuming you picked R = 250 · 103 Ω (which may or may not be the correct answer to part
(i)), calculate the maximum value of the output voltage, Vout . Clearly show all your work.
(c) Unfortunately, after a few hours of successful ultrasound sensing, our sensor got damaged. It
now constantly generates a huge background current, Idamage . So when an ultrasonic wave hits
it, the sensor produces Idamage + iultra , as shown in Fig 3(b). When no ultrasonic wave hits it,
the sensor produces just Idamage . However, the huge background current causes our output to
constantly be Vout = VSS , so we are not able to tell whether an ultrasonic wave is present or not.
We would like to fix this in our circuit by canceling the background current and retaining only
the useful signal. For this purpose we are going to use a current source, Ifix , shown in Fig. 3(a),
whose value we can choose. How would you connect this current source in your circuit and
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what value would you pick for it? Redraw the entire circuit with the new current source, Ifix ,
added and give the value of Ifix in terms of Idamage , iultra , R, VREF . Explain how your design
works.
VDD

+
+
−

VREF

−

+
VSS

Vout

−

R

Idamage + iultra
Ifix

((a)) Constant current source Ifix .

((b)) Damaged transresistance amplifier circuit.

Figure 3: Circuits detailing the transresistance amplifier design, including the background signal Idamage .
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4. Complex Numbers
Recall that a complex number z ∈ C is a number that can be expressed in the form
z = x + jy

(4)

where x, y ∈ R and j2 = −1. This is known as the Cartesian form of a complex number. We call x the
real part of z and denote it Re{z} = x. We call y the imaginary part of z and denote it Im{z} = y.
Complex numbers can be visualized as vectors on the complex plane, as in Figure 4.
Im{z}
y

r

z

θ

x

Re{z}

Figure 4: Complex plane

In this question, we will derive the polar form of a complex number and use this form to make some
interesting conclusions.
(a) Write an expression for the length of the vector z (as in Figure 4) in terms of x and y. This is
the magnitude of a complex number and is denoted by |z| or r.
(HINT: Use the Pythagorean theorem.)
(b) Write expressions for x and y in terms of r and θ.
(c) Substitute for x and y in Equation 4. Use Euler’s identity1 ejθ = cos(θ ) + j sin(θ ) to conclude
that
z = rejθ .

(5)

(d) In the complex plane, sketch the set of all the complex numbers such that |z| = 1. What are the
z values where the sketched figure intersects the real axis and the imaginary axis?
1 also

known as de Moivre’s Theorem.

© UCB EECS 16B, Summer 2022.

All Rights Reserved. This may not be publicly shared without explicit permission.

6

EECS 16B Homework 1

2022-06-21 20:05:50-07:00

(e) Assume z = rejθ . Show that z = re−jθ . Recall that the complex conjugate of a complex number
z = x + jy is z = x − jy.
(f) Show (by direct calculation) that
r2 = zz.
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5. Transistor Behavior
Unlocked by Lectures 1 and 2
For all NMOS devices in this problem, Vtn = 0.5 V. For all PMOS devices in this problem, |Vtp | =
0.6 V. Note: For this problem, we are also using the resistor-switch model for a transistor.
(a) Which is the equivalent circuit as seen from the voltage source on the right-hand side of the
circuit? Fill in the correct bubble.

+
−
1V

2V

+
−

Ron, N

Ron, N

+
−

+
−

2V

2V

Circuit B

Circuit A

A

B

Equivalent Circuit
(b) Which is the equivalent circuit as seen from the voltage source on the right-hand side of the
circuit? Fill in the correct bubble.

0.4 V
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Ron, P

+
−

Ron, P

+
−

2V

RL

+
−

2V

RL

Circuit A

2V

RL

Circuit B

Circuit C

A

B

C

Equivalent Circuit
(c) Which is the equivalent circuit as seen from the voltage source on the right-hand side of the
circuit? Fill in the correct bubble.

+
−
+
−

0.7 V

Ron, P

Ron, P

+
−

Ron, N

Ron, P

+
−

2V

Ron, N

Circuit A
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A

B

C

D

Equivalent Circuit
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6. Existence and uniqueness of solutions to differential equations
Unlocked by Lecture 2
When doing circuits or systems analysis, we sometimes model our system via a differential equation,
and would often like to solve it to get the system trajectory. To this end, we would like to verify that a
solution to our differential equation exists and is unique, so that our model is physically meaningful.
There is a general approach to doing this, which is demonstrated in this problem.
We would like to show that there is a unique function x : R → R which satisfies
d
x (t) = αx (t)
dt
x (0) = x0 .

(7)
(8)

In order to do this, we will first verify that a solution xd exists. To show that xd is the unique solution,
we will take an arbitrary solution y and show that xd (t) = y(t) for every t.
(a) First, let us show that a solution to our differential equation exists. Verify that xd (t) := x0 eαt
satisfies eq. (7) and eq. (8).
(b) Now, let us show that our solution is unique. As mentioned before, suppose y : R → R also
satisfies eq. (7) and eq. (8).
We want to show that y(t) = xd (t) for all t. Our strategy is to show that

y(t)
xd (t)

= 1 for all t.

However, this particular differential equation poses a problem: if x0 = 0, then xd (t) = 0 for all t,
so that the quotient is not well-defined. To patch this method, we would like to avoid using any
function with x0 in the denominator. One way we can do this is consider a modification of the
quotient

y(t)
xd (t)

=

y(t)
;
x0 eαt

in particular, we consider the function z(t) :=

y(t)
.
eαt

Show that z(t) = x0 for all t, and explain why this means that y(t) = xd (t) for all t.
(HINT: Show first that z(0) = x0 and then that

d
dt z ( t )

= 0. Argue that these two facts imply that

z(t) = x0 for all t. Then show that this implies y(t) = xd (t) for all t.)
(HINT: Remember that we said y is any solution to eq. (7) and eq. (8), so we only know these properties of
y. If you need something about y to be true, see if you can show it from eq. (7) and eq. (8).)
(HINT: When taking

d
dt z ( t ),

© UCB EECS 16B, Summer 2022.
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7. Uniqueness Counterexample
Unlocked by Lecture 2
This problem explores an example of a differential equation that does not have a unique solution. The
purpose is to show that uniqueness cannot always be assumed.
Along the way, this problem will also show you a heuristic way to guess the solutions to differential
equations that is often called “separation-of-variables.” The advantage of the separation-of-variables
technique is that it can often be helpful in systematically coming up with guesses for nonlinear differential equations. However, as with any technique for guessing, it is not a proof and the guess
definitely needs to be checked and uniqueness verified before proceeding.

= dx
dt is a ratio of quantities rather than
what it is — a shorthand for taking the derivative of the function x (·) with respect to its single argument, and then writing the result in terms of the free variable “t” for that argument. This little bit of
make-believe (sometimes called “an abuse of notation”) allows one the freedom to do calculations.

The idea of separation-of-variables is to pretend that

d
dt x ( t )

To demonstrate, let’s do this for a case where we know the correct solution:

d
dt x ( t )

= λx (t). This is

how a separation-of-variables approach would try to get a guess:
d
x (t)
dt
dx
dt
dx
x
Z
dx
x

= λx (t)

(9)

= λx

(10)

= λ dt
=

Z

λ dt

separating variables to sides
integrating both sides

ln( x ) + C1 = λt + C2
x (t) = Ke

λt

(11)
(12)
(13)

exponentiating both sides and folding constants

(14)

With the above guess obtained, x (t) = Keλt can be plugged in and seen to solve the original differential equation. Then of course, a uniqueness proof is required, but you did that in the previous
homework.
To see why this technique can cause trouble, we will consider the following nonlinear differential
equation involving a third root2 .
1
d
x (t) = αx 3
dt

(15)

x (0) = 0.

(16)

with the initial condition

Let’s apply separation-of-variables and see what happens:
1
d
x (t) = αx 3
dt

(17)

2 This

type of differential equation can arise from a physical setting of a inverted pyramidal container that had x (t) liters of water
1
in it, where the rate of water being poured in is proportional to the height of the water x 3 . This fractional power arises since volume
is a cubic quantity while the water is being poured in at a rate governed by a one-dimensional quantity of length. Similar equations
can arise in microfluidic dynamics.
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1
dx
= αx 3
dt

(18)

x − 3 dx = α dt

(19)

1

Z

x

− 13

dx =

Z

α dt

(20)

3 2
x 3 + C1 = αt + C2
2

3
2
2
x=
αt + C3
3

(21)
(22)

(a) Given our separation-of-variables based calculation, let us guess a solution of the form

x (t) =

2
αt + c
3

3

2

(23)

Show that this is a solution to the differential equation (15), and find the c that satisfies the
initial condition. (HINT: You’ll need to use the power rule and chain rule.)
(b) Let us guess a second solution:
x (t) = 0

(24)

Show that this new guess also satisfies (15), and the initial condition (x (0) = 0).

3

(c) A known (not by you yet, but by the mathematical community) sufficient condition for the
uniqueness of solutions to differential equations of the form
f ( x ) be continuously differentiable (i.e.

d
dx

d
dt x ( t )

= f ( x (t)) is that the function

f ( x ) is a continuous function of x) with a bounded

d
f ( x ) at the initial condition x (0) and everywhere that the solution x (t) purports to
derivative dx
go. (You will understand the importance of this condition and where it comes from better when

we are in Module 2 of 16B. We are not going to prove it.)
Does this differential equation problem satisfy this condition that would let us trust guessing
and checking?
(d) The separation-of-variables technique may involve steps that may not agree with the initial condition. Explain why (19) might be a bit problematic. (HINT: When is it not permissible to divide
both sides of an equation by the same thing?)
(e) Write an example of a differential equation that satisfies this uniqueness condition, and explain why.

3 Indeed,

any solution of the form
x (t) =


0,


if t < t0
3

2
2
3 α ( t − t0 )

,

if t ≥ t0

(25)

also satisfies (15) and the initial condition x (0) = 0, for any t0 > 0, which concludes that (15) has infinitely many solutions. We leave
the verification of this solution for those who are interested.
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8. Transistor Switch Model
Unlocked by Lectures 2 and 3
We can improve our resistor-switch model of the transistor by adding in a gate capacitance. In this
model, the gate capacitances CGN and CGP represent the lumped physical capacitance present on
the gate node of all transistor devices. This capacitance is important as it determines the delay of a
transistor logic chain.
D

Vout

S

Ron, N
G
CGN

CGP

ID

Ron, P
G

ID

VGS ≥ Vtn

VGS ≤ −|Vtp |
Vout

S

D

(b)
PMOS Transistor Resistor-switch-capacitor
(a)
NMOS Transistor Resistor-switch-capacitor model. Note we have drawn this so that it aligns
model
with the inverter.

You have two CMOS inverters made from NMOS and PMOS devices. Both NMOS and PMOS devices
have an “on resistance” of Ron, N = Ron, P = 1 kΩ, and each has a gate capacitance (input capacitance)
of CGN = CGP = 1 fF (fF = femto-Farads = 1 × 10−15 F). We assume the “off resistance” (the resistance
when the transistor is off) is infinite (i.e., the transistor acts as an open circuit when off). The supply
voltage VDD is 1V. The two inverters are connected in series, with the output of the first inverter
driving the input of the second inverter (Figure 12).
VDD

VDD

Vout, 1

Vin, 2
Vout, 2

Vin

Figure 12: CMOS Inverter chain

(a) Assume the input to the first inverter has been low (Vin = 0 V) for a long time, and then switches
at time t = 0 to high (Vin = VDD ).
Draw a simple RC circuit and write a differential equation describing the output voltage of
the first inverter (Vout, 1 ) for time t ≥ 0.
Don’t forget that the second inverter is “loading” the output of the first inverter — you need to
think about both of them.
© UCB EECS 16B, Summer 2022.
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(b) Given the initial conditions in part (a), solve for Vout, 1 (t).
(c) Sketch the output voltage of the first inverter, showing clearly (1) the initial value, (2) the
initial slope, (3) the asymptotic value, and (4) the time that it takes for the voltage to decay to
roughly 1/3 of its initial value.
(d) A long time later, the input to the first inverter switches low again.
Solve for Vout, 1 (t).
Sketch the output voltage of the first inverter (Vout, 1 ), showing clearly (1) the initial value, (2)
the initial slope, and (3) the asymptotic value.
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9. Homework Process and Study Group
Citing sources and collaborators are an important part of life, including being a student!
We also want to understand what resources you find helpful and how much time homework is taking,
so we can change things in the future if possible.
(a) What sources (if any) did you use as you worked through the homework?
(b) If you worked with someone on this homework, who did you work with?
List names and student ID’s. (In case of homework party, you can also just describe the group.)
(c) Roughly how many total hours did you work on this homework?
This is to evaluate if homework length is reasonable.
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