EECS 16B Summer 2020 Final (Form 1)

Instructions

You have 180 minutes. You may access printed, handwritten, and pre-downloaded materials
during this exam. You may not consult the Internet or other human beings during this exam.
You may not share the contents of this exam by any medium, verbal or digital, at any time
before it is posted on the course website.

Justify your answers. A correct result without justification will not receive full credit.

Honor Code

COPY, SIGN, and DATE the UC Berkeley Honor Code by hand. (If you fail to do so, your exam
may not be accepted. Email the instructors if you are unable.)

As a member of the UC Berkeley community, I act with honesty, integrity, and respect
for others.

COPY, SIGN, and DATE the following addendum by hand. (If you fail to do so, your exam may
not be accepted. Email the instructors if you are unable.)

Should I commit academic misconduct during this exam, let me receive a failing grade in
EECS 168 or dismissal from the University.
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1 Abstract singular values
Let M € CN*N be a matrix that satisfies MN = [ and M*M = MM* = I. Let @ = e2™/N,

a) Show that the eigenvalues of M are powers of w]J]

Solution
Let A € Cbe an eigenvalue of M with eigenvector v.
Mv = Av
= MNo =Ny
= 0=\
= 0=AN-1pw

= 0=AV-1
The Nth roots of unit are the powers of w.
b) Next we will compute the SVD of A = M — M?2. Show that A*A = 2] - M — MN-1,

Solution

A'A

M- M2)* (M - M2)

<
o (o) )
ot} -

c) Show thatthe eigenvalues of A*A are 2 (1 - cos(27m/N)) ,n=0,1,...,N-1. Conclude
that they are nonnegative.

Solution
As A*A = 2] — M — MN~!, the eigenvalues of A*A are 2 — u — uN=! for all eigenvalues
u of M:

{2 — p— uN7! i is an eigenvalue of M}

92— "= a)n(N—l)

n=0,1,...,N—1}

={2-2Re{w}|n=0,1,..., N-1}

={2-w"-w™"|n=0,1,..., N-1}
{
={2-2cos(2nn/N)|n=0,1,...,N -1}

LA typo in the original exam was corrected.
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All cosines lie between —1 and 1 (west- and eastmost ends of the unit circle), so all of
these eigenvalues are nonnegative.

d) What is a minimal singular value of A? What does this say about the rank of A?

Solution

For n = 0 above there is an eigenvalue 0 of A*A. That means a singular value of A is
Vo = 0, and A has rank less than N.

e) If N is even, what is a maximal singular value of A?

Solution

When n = N/2, A*A has an eigenvalue of 4. The maximal singular value of A is is

Vi =2
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2 Factory Power

A factory has several very large motors with large inductance. The factory has noticed that
their power bill is high and they would like to lower it.

a) The factory’s power draw is more efficient if their load impedance is purely real at
fwp- Let us model the factory’s impedance load as shown below. The wall power has
frequency fip = 60Hz, L = 20H, and R = 200 Q. Add a useful device, either in series
or in parallel, to their impedance load and solve for it’s optimum value.

Factory Impedance

Ve

Solution

Add a series capacitor anywhere to zero imaginary impedance at f,;, We can ignore R
and look only at the imaginary part to solve for C.

1
2 _
Yuor = TC
1
2160)° = ——
(2160) 50C;
1
Cr=———
F = 20(2n60)2
Cr = 0.35uF
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b) The factory has a machine, with a DC power source, that flickers when it turns on.

Write the differential equation for motor voltage Va(t) in terms of L, C, and R that
describes the given circuit in form

£l

+b
dt | I I

Solution

From KVL and KCL we can relate currents and voltages in our schematic.

Ir =1c=1Ig
ViN=Vr+ VL +Vum

We can also write our voltage and current relationship for Rg, Rta, Lta, and Cra.

d

—VuC=1

1 ‘M L

d

— L=V,

TR L

V=IR
. : d d
Combining all of the above we get equations for T VM and T Ir

d
—VuC=1
1 ‘M L
iIL—V —-IIR-V
k= ViN =L M

Which we rearrange to write in a form that matches our vector differential equation.

d I
xM=C
d Vi IR Vum
=< -<¢c -7
0
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3 Controlling a Quadrotor to Hover

In this problem you will design a controller which will make a planar quadrotor hover.
The quadrotor we will consider is defined by the following state space model:

o] [ e

vy () w@fm + 112(t))
o) | _ w(t)

)|~ a(uy(t) — ua(t))

(1) v,(t)
0=0] | =R (1) + ua(8) - g |

Here y(t) denotes lateral position, z(t) the altitude, v,(t) and v.(t) the corresponding
linear velocities, 6(t) the roll angle, and w(f) the angular velocity. The parameters & and m

are positive, real constants. The controls u;(f) and us(t) are the thrusts generated by the left
and right propellors.

The thrust of each propellor can be positive or negative.

Define the vectors

[ y(t) |
vy(t)
x(t) := z((?) , u(t) = [Z;gﬂ
z(t)
_Uz(t)_

a) An equilibrium point for this system is given by

ol 3elE
[

R
x
I}
oo ocoo
=
Y
I
—

Here h > 0 is a specified altitude.

Do there exist any other equilibrium points for this system which satisfy y* = 0 and
z* = h? If so, what are they? If not, explain why not.
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Solution

Yes there exist infinite such equilibria (or two if 0 is modulated by 27t.) The equilibra
are given by

vl [o]

v; 0

0*| _ |kn uy| (—1")%
z* h

(2 0

b) Consider a linearization of this system, formed by taking the first-order taylor approxi-
mation of the system about the equililbrium point given in part (a). This linearized
system is given by

ox(t) = Adx(t) + Bou(t)

where 0x(t) = (x(t) — x*), and Su(t) = (u(t) — u*). The matrices A and B are given by

(01 0 00 0] [0 0
0 0 B 00 O 0 0
oo 0o 10 0 _lo o
A=100 0 00 o| BTg, —ps
00 0 0 0 B 0 0
0O 0 O 0 0 O Bs  Pa
Find the parameters 1, B2, B3, Pa-
Solution
8(sme(ul + 1)) cosO”
B = —m — 7 = (uy +u3) =g
6 0=0",uy=uj us=u; m
Jv,
‘82 = = 1
Jvu, -
By = da(uy — us) —
(91/[1 Uy =Uy Ug=u
5 A (1) +up) — @) cos6* 1
4 - = = —.
8u1 0=0" 1y =u} Uz =11} m m
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¢) Is the linearized system found in part (b) stable? Explain your answer. Hint: notice
that A is an upper-triangular matrix.

Solution

The system is marginally stable, since all 6 eigenvalues are 0. This is clearly seen by the
fact that the eigenvalues of an upper-triangular matrix appear along the main diagonal
of the matrix. Because this system is marginally stable, it is unstable.

d) Does the matrix B have full column-rank? Explain your answer. Here you can use the
fact s # 0 and B4 # 0.

Solution

Yes. Let b;(k) denote the kth element of the ith column of B. The scalar y which
solves yby(4) = by(4) is y = —1. But yb1(6) # b2(6). This implies b; and by are linearly
independent, and B is full column-rank.




EECS 16B Summer 2020 EECS 16B Summer 2020 Final (Form 1)

e) Consider the matrix C = [B AB A’B A3B]. Is C full row-rank? What does this

f)

imply about the ability or inability to choose arbitrary closed-loop eigenvalues for this
system through use of feedback control? Explain your answer.

Solution
(0 0 0 0 0 0 |PiBs —Pips|
0 0| 0 0 [Bifs —Bips| O 0
0 0 | Bs —Bs| 0 0 0 0

_ 2 3 _

C=[B AB A2B A%B|= s ps| 0 0 0 0 0 0
0 0 |BoPs PaPa| O 0 0 0
Bs  Pa 0 0 0 0 0 0

Each row is zero except in exactly one of the matrices {B, AB, A?B, A®B}. Each of these
matrices is full rank, implying therefore that each row of C is linearly independent.
Therefore C is full row-rank. Because C is full row-rank, the system (A, B) is controllable,
and therefore we can design a control law 6u(t) := —Kox(t) such that the closed loop
eigenvalues of the resultant system can be arbitrariliy chosen.

Define a control law for this system of the form 6u(t) := —Kx(t), where K is defined
as
ku ko
K= 0 00 ) 0 2|
000 -3 0 3

Find the constants k; and k» in terms of the parameters 3 and f4 so that two of the
eigenvalues of the closed-loop system are equal to -1.

Solution

—kif1 O

0 B2
—k2,34_

It can clearly be seen that if k; = }% and ko = ﬁ% the closed-loop system will have two

of its diagonal entries equal to -1, implying two of the closed-loop eigenvalues will be
-1.
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g) Is the closed-loop system found in part(f) stable? Explain your answer. Describe in
words how the closed-loop system would respond to the initial condition

0
0
0
0.5]"
0
0

ox(0) =

Solution

No, the system is still marginally stable, since 4 of the 6 closed-loop eigenvalues are 0.
With a positive perturbation in the angular velocity (4th dimension), the closed-loop
linearized system would restore the angular velocity to 0, but not before a positive angle
displacement is incurred (3rd dimension). This positive angle displacement would
cause the lateral velocity (2nd dimension) of the system to increase at a constant rate,
which would in turn cause the lateral position (1st dimension) to increase quadratically
with time. Therefore the linearized model of the quadrotor would continually accelerate
away from the point y = 0.

10



EECS 16B Summer 2020 EECS 16B Summer 2020 Final (Form 1)

4 Analog to Digital Converter

An ADC (analog to digital converter) is used to convert an analog signal from the real world,
to a digital one that a computer can interpret and act on. Let’s examine a couple of ADC
uses.

a) You'd like to monitor the battery on your 16B car, so that you know when it’s low.
Your TA gives you the following switched, voltage-divider circuit. Capc is used by
the launchpad’s ADC to read and save the input voltage and PMOS threshold voltage
Vru = VBattery /2

\Y

Battery

: Launchpad
1

I CTRL-PIN

VADC(t)

= To ADC

1

! Croc
1

T

1

.

i) CTRL - PIN is switched to GND at t; = 0, after a long period of being at Vigattery.
Draw Vapc(t). Indicate values on the y-axis in terms of Vggttery, for each indicated
x-axis value for the circuit’s time constant Topc.

Vanc(t)

=
to Taoc >10Tpoc

Solution

Students should draw a decaying exponential rising from 0 to ngmyﬁ.
They should mark 0.63VBattery /3 for 1Tapc and approximately 0.63Vggstery /3 for
10TADC .

11
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if) We would like to estimate the battery voltage as quickly as possible to keep from
wasting power. You are given that 1apc = Capc(R1]|R2). If the ADC samples
at tsampre = 1 X 1073 and Vapc(tsample) = 2.1V, what is the battery voltage
VBattery? You may use any of the values Capc = 100 X 1077 F, Ry = 20 x 10° Q,
R, =10 x 103 Q, PMOS switch resistance Ry, = 1Q, and PMOS gate capacitance
Cp=1x10712F.

Solution
We know that a charging RC circuit can be described as:
VADC = VMAX(l — e_tsample/TADC)

Where from given values and voltage divider ratio Vyjax = VlgmwleRTZR2 =
and we are given Tapc = Capc(R1||R2) = 2 X 1075,

VBatt B
Vapc = ——2 (1 - e7%?)
V
2.1V = B”;t”y 0.7769
2.1%3
VBattery = 0.7769
VBgttery =8.1V

12
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b) You want to try a fancier microphone than the mic-board to record your audio data

with. But the new microphone outputs

signals from 0 to 9V! Your lab mate suggests

you use the circuit you used in part a to monitor the battery circuit.

ADC-IN

Launchpad

Vaoc(t)

i) Symbolically find the factored form transfer function H(jw) =

= To ADC

1

! Cooc
1

T

1

L ]

VADC . What is the

corner frequency w, of this transfer function in terms of symbols R1, Ry, and

Capc?

Solution

Recognize that the schematic is a voltage divider between impedances R; and

ZCADcHR?- .
jwCapc R2
ZCADc||R2 = 1 TR
jwCapc 2
H(ja)) Vout ZCADC||R2
Vin (ZcupelIR2) + Rta
%R2
]“’CIADC
_ f“’CADC *R2
( J”CADC R, )+ R
]wC +R2 !
ADC
Ro
_ jwCapc
](UCADC + R1R2 + ]LUCTA
- Ry +jCUCADCR1R2 + R
(R1 +Rz) + jwCapcRiRs
Ra
. _ Ri+Ro
H(]w) N 147 CapcRiRs
J@ =R TR,
Ro
. Ri+R>
H(jw) =

1+ jwCapc(R1]|R2)

13
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ii) If the highest frequency a human voice can produce is 200Hz, what frequency
must the ADC sample at to accurately record your voice?

Solution

Full points for writing the Nyquist criterion or f; > 2 * 200Hz specifying any
frequency which is strictly greater than.

14
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iii) Your air conditioner is loud and produces an audio tone at f4c = 500Hz. You
need to attenuate fac by at least 15 without significantly attenuating your voice.
For the values Capc = 100 x 107°F, R; = 20 x 103 Q, R, = 10 x 103 Q, show that
H(jw) from part b.i. is insufficient to meet these requirements.

Solution

The corner frequency is w, = Plugging in values and converting to

1
Capc(R1]IR2)’
Hz gives us f. = 240Hz. The low pass corner is above the signal frequency, so
the signal is not significantly attenuated. However, we must attenuate the noise
by 10, and the first order low pass does not attenuate signals by 10 until 2400Hz.

So a first order filter cannot possibly meet our spec.

iv) Propose a new H’(jw) in factored form that would meet the requirements in part
b.iii. Specify the frequency of the the poles or zeros you use. You do not need to
design a schematic to implement the filter.

Solution

If we take the magnitude of H(jw) with any corner frequency w, = 200 — 260Hz,
we'll need a third or higher order filter.

Y
A+

W

H(jw)

Estimates using (£-)" will find they need a 4th order filter which is also fine.

15
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5 Convolution limit

The vector x € R*? is a sample of a square wave, as shown below. Shown also are the
magnitude and angle of X = Fx, the DFT of x. (X[1] = X[N - 1] =1)

X Magnitude of Fx

1

r”

ettt 1
T T

T
20

T T
40

1.1ttt ¢
T T

10 15 25 30 35

Angle of Fx

/2 " T T T T T T T T

Let x" denote the rth convolution of x with itself:

a)

b)

1 2

xt=x, x“=x*x, ..., X' =x=rxs=...%x.

———
r — 1 times

Give a formula for F(x")[k], the kth DFT coefficient of x”, in terms of X[k].

Solution

Itis VN ~'x [k]". This follows from the DFT convolution property.

Let x* be the normalized limit of x*':

x® = lim x*".

r—00

X* = F(x*) has only two nonzero components, and they are equal. What are they?

Solution

This problem had a bug (my bad).  meant X* to converge to 1 at frequencies +1, and
0 elsewhere (communicated quite ineffectively by “normalized limit”). This answer
and subsequent progress received full credit.

Actually this limit doesn’t exist as the factor of VN r_l, which I forgot to account for
when designing the problem, increases without bound and dominates X. Any answer
that pointed out that the limit doesn't exist effectively received full credit for this part
and the next.

Argue that x* has the shape of a sinusoid.

Solution

Again, the limit technically doesn’t exist (my bad). But the answer hinted at in the
problem, which is that up to scaling, x — u; + usg, received full credit.

16
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