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Monte Carlo Simulation of Transport in 
Technologically Significant Semiconductors of the 

Diamond and Zinc-Blende Structures-Part I: 
Homogeneous Transport 

Massimo V. Fischetti 

Abstmct-Monte Carlo simulations of electron transport in seven 
semiconductors of the diamond and zinc-blende structure (Ge, Si, 
GaAs, InP, AIAs, InAs, Gap) and some of their alloys (AI,Ga, -xAs, 
In,Ga, - ,As, Ga,In, - r P ) ,  and hole transport in Si have been per- 
formed at two lattice temperatures (77 and 300 K) .  The model employs 
band structures obtained from local empirical pseudopotential calcu- 
lations and particle-lattice scattering rates computed from the Fermi 
Golden Rule accounting for band-structure effects. Intervalley defor- 
mation potentials significantly tower than those previously reported in 
the Monte Carlo literature are needed to reproduce available experi- 
mental data. This is attributed to the more complicated band struc- 
tures we have adopted, particularly around the L- and X-symmetry 
points in most materials. Despite the satisfactory agreement obtained 
between Monte Carlo results and some experiments, the inconsistency 
or lack of experimental information regarding the hand structure 
( AIAs, Gap, InP), velocity-field characteristics (Gap, InAs, 
Al,Ga, - , A s ,  Ga,In, ~ r P ) ,  and impact ionization coefficients (InAs) 
of many materials indicate that a significant uncertainty still remains 
in our ability to describe the charge transport in many of these tech- 
nologically significant materials. 

I. INTRODUCTION 

HE present paper is a prerequisite to a companion one [ l ] ,  T in which Monte Carlo (MC) simulations will be used to in- 
vestigate the behavior of very small metal-oxide-semiconduc- 
tor field-effect transistors (MOSFET’s) built on a variety of 
technologically important group IV materials and 111-V com- 
pounds. Since the results of this investigation may be somewhat 
surprising, it is necessary to spell out as accurately as possible 
the assumptions, approximations, and parametrizations em- 
ployed in the modeling. In order to help the readability of the 
presentation, we have divided it in two parts. In this paper we 
shall present results of steady-state and homogeneous MC sim- 
ulations of electron transport in seven materials (Ge,  Si, GaAs, 
InP, AlAs, InAs, and Gap),  3 temary alloys (Al,Ga,_,As, 
In,Ga, -,As, and Ga,In, - x P ) ,  and hole transport in Si, in every 
case compared to available experimental data. In the companion 
paper [ l ]  we shall present our results related to the simulation 
of small (channel length 5 0.25 pm)  MOSFET’s. 

In this first paper, we shall start by presenting briefly our MC 
strategy. We shall then discuss the band structure of the mate- 
rials and move, finally, to MC results: drift velocities, average 
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energies, impact-ionization coefficients, relaxation times, and 
diffusivities versus electric field. Unfortunately, most of the 
presentation will have the flavor of a “cold” list of tables and 
figures, much of the discussion being limited to specific issues 
about the lack or inconsistency of experimental data. However, 
we feel that such an uninspiring list is made necessary by the 
variety of (and confusion surrounding) parameters used by var- 
ious authors to simulate transport in semiconductors. There- 
fore, a detailed presentation of our basic material modeling is 
needed before we can move to device modeling. In addition, 
many of the physical parameters we have chosen (mainly: band 
structures and deformation potentials) are different from those 
commonly employed in the Monte Carlo literature, particularly 
for 111-V compounds. Therefore, the present paper may have 
some merit on its own, clarifying, hopefully, some features of 
charge transport in these materials. 

11. MONTE CARLO TECHNIQUE 

The Monte Carlo technique we have employed has been de- 
scribed in detail before [ 2 ] .  Here we shall only summarize its 
features. 

A.  Band Structure 

The band structure of the semiconductor is obtained follow- 
ing the local empirical pseudopotential approach of Cohen and 
Bergstresser [3], to permit a better description of hot-carrier 
transport than it is usually provided by “low-energy’’ MC sim- 
ulations employing parabolic or first-order nonparabolic bands 
(see [SI-[9] for covalent materials, [lo]-[14] for 111-V com- 
pounds, [15] for a review of the MC technique). This approach 
has been pioneered by Hess and co-workers [ 161-[ 181 for Si and 
GaAs and extended to other 111-V compounds by Brennan and 
co-workers [19], [20]. Their results and our previous simula- 
tions [2] have stressed the importance of a better description of 
the band structure to analyze high-field transport, as it occurs 
in submicrometer devices. 

For the numerical implementation, we have tabulated the 
energies and energy gradients (i.e.,  the group velocities) for the 
first five conduction bands in a mesh of 916 points in the irre- 
ducible wedge of the first Brillouin zone (BZ), corresponding 
to cubic mesh elements of size 0.05 in units of 2a/a,  a being 
the lattice constant. A quadratic (for energies) or linear (for gra- 
dients) interpolation is used during the integration of the equa- 
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tions of motion of the carriers during the free-flights between 
collisions 

dr 1 
dt h - = - V,[&(k)] 

dk e F ( r )  
dt h 
_ -  -- - 

where r is the particle coordinate in real space, k is the wave 
vector, F ( r )  is the electric field at position r ,  h is the reduced 
Planck constant, and E,( k )  is the energy of a particle of wave 
vector k in the band of index v. Notice that, as discussed else- 
where [2], the small value of the effective mass in the r-valley 
of many materials prevents a sufficiently accurate interpolation 
of the band structure around the symmetry point r, when a real- 
istically small number of k points is used to discretize the BZ. 
Therefore, we have chosen to treat “analytically” the band 
structure in the proximity of r ,  by using a nonparabolic r valley 
up to energies about 0.3 eV above the r minimum in most 111-V 
semiconductors. Care was taken to ensure that all intervalley 
processes were treated using the empirical-pseudopotential band 
structure, for reasons discussed below. 

As far as the valence bands are concerned, the structure 
around the r point complicates once again both the physical and 
the numerical aspects of the simulation. To date, we have lim- 
ited our analysis to the valence bands of Si, since the low spin- 
orbit coupling of this material [21], [22] allows a satisfactory 
treatment of the valence bands with the local pseudopotentials 
of [3] which ignores spin-orbit corrections. An “analytical” 
approach, similar to the one used for the conduction band around 
r, was unsuitable, because of the warping and nonparabolicity 
of the bands. Thus in this case, we had to employ a much finer 
discretization of k space around the r point in order to resolve 
the hole dispersion with sufficient accuracy. A nested interpo- 
lation similar to the one described in [2] was used, but with a 
further level of “nesting,” dividing the central region k , ,  k , ,  k; 
5 0.2(2a/a) into even smaller cubes with sides of length 
0.0125 ( 2 a l a ) .  

Finally, the electron dispersion for ternary alloys of the type 
A, B ,  ~, C has been obtained from the linear interpolation 

where Eo,x is the bottom of the conduction band, E,,-(k) and 
EBc(k) are the energies in the binary semiconductors AC and 
BC, measured from the respective conduction-band minima. 
Bowing effects, as significant as they might be, cannot be ac- 
counted for in any easy way when a k-dependent bowing is ob- 
served experimentally. Thus a fixed bowing was used only to 
account for the variation of the bandgap with mole fraction x. 
It is difficult to estimate the errors caused by this approxima- 
tion, as the experimental information about the bowing param- 
eters at the various symmetry points r, L,  and X is somewhat 
incomplete for 111-V ternary compounds. We shall mention be- 
low the case of Ino,,,Gao,,,As, for which our interpolation and 
the experimental observations are in disagreement. 

B. Carrier-Phonon Interaction 
The electron-phonon scattering rates have been calculated 

accounting for the “exact” density of final states, but employ- 
ing a phenomenological approach for the matrix elements. This 
has been described in [2]. Here we shall briefly spell out the 
relevant formulas for completeness. The nonpolar scattering 

rate, 1 /r , ,  ( k ) ,  between an electron of wave vector k in the 
vth band and a phonon of type (acoustic or  optical, transverse 
or longitudinal) 7 has been calculated from the Golden Rule 
expression 

while in a polar semiconductor the rate for the polar collisions 
with longitudinal optical phonons 1 / rLo(  k )  is given by 

. 6 ( ~  - E’ i haLO) 

In these formulas the upper and lower signs correspond to emis- 
sion and absorption of a phonon, respectively, while p is the 
density of the semiconductor, A,, v l  ( q )  is a coupling constant, 

is the frequency of the phonon of type 7 and wave vector 
q, k’ = k T q + G is the final electron wave vector which is 
mapped into the first BZ by adding a vector G of the reciprocal 
lattice. Also, 4 is the overlap integral, E,  = E,( k ) ,  E:. = E,. ( k  
T q ) ,  and n,,q is the phonon occupation number at the lattice 
temperature T. The polar coupling constant F is given by the 
usual Frohlich expression 

where E ,  and eo are the optical and static dielectric constants, 
respectively. The sum in (3) extends over all bands v ’  and over 
all phonons wave vectors q in the first BZ. This implies that for 
some of the phonon wave vectors q, a nonzero G is required to 
bring k‘ into the first BZ. This corresponds to the inclusion of 
Umklapp processes. Piezoelectric scattering (i.e.,  the polar 
electron-acoustic phonon interaction) has been ignored. The nu- 
merical integration over the energy-conserving delta function is 
done using an algorithm proposed by Gilat and Raubenheimer 
[23]. The same technique is employed during the MC simula- 
tions to select the final state of the carriers after a collision [2]. 
The electron-phonon matrix element has been approximated by 
an isotropic coupling constant A v q  (7 = longitudinal acoustic, 
LA, and transverse acoustic, TA) or  ( A K o p ) ,  (7 = longitudinal 
optical, LO, and transverse optical, TO). The acoustic phonon 
dispersion has been approximated by 

(where a,, max = 4c,/a,  with c,, the sound velocity with polar- 
ization 7, is some average phonon frequency at the edge of the 
BZ, in fair agreement with the spectra of [22]) for q < 2a/a, 
a being the lattice constant, while ha,,, = ha,,,,, for q 2 
2 a / a .  The error by a factor 2’’’ implied by (6) at low phonon 
frequency has been already discussed in [2]. The dispersion of 
the optical phonons has been ignored, as usual, and their energy 
has been taken from the literature [22]. The values of the cou- 
pling constants A, have been obtained by fitting the results of 
Monte Carlo runs in uniform field to experimental data of ve- 
locity-field characteristics, as illustrated below. 
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TABLE I 
LOCAL PSEUDOPOTENTIAL FORM FACTORS (Ry ) 

u ( A )  V s ( G 2  = 3 )  V s ( G 2  = 8)  V s ( C 2  = 11)  V s ( C 2  = 3 )  V,,(G' = 4 )  V A ( G Z  = 1 1 )  

6 Ge 5.65 -0.238 0.0038 0.068 - - - 

8 Si" 5.43 -0.224 0.055 0.072 - - - 

GaAs 5.64 -0.23 0.01 0.0.55 0.07 0.05 0.01 6 
InP 5.86 -0.265 0.01 0.060 0.07 0.05 0.01 6 
AlAs 5.66 -0.22 0.043 0.060 0.013 0.055 0.02 6 
hAsb 6.04 -0.22 0.0 0.05 0.08 0.05 0.03 6 
Gapb 5.44 -0.22 0.03 0.07 0.12 0.07 0.02 6 

"Local form factors given in [2 11. 
'From 131. 

C. Impact Ionization 

expression [ 161-[ 191 
Impact ionization has been simulated using the Keldysh 

(7) 

1 /ri i  ( E  ) being the ionization rate for an electron having energy 
E larger than a threshold energy, Et,, * 1 / T . ~  ( Eth) is the elec- 
tron-optical phonon scattering rate averaged over all electron 
wave vectors corresponding to the threshold energy Elh, and P 
is a coupling constant. We have already expressed our skepti- 
cism about the quality of (7) in our context [2]. Recently, the 
effect of anisotropic thresholds on the empirical parameters Elh 
and P/rop(E th )  has been studied by the NTT group with an 
improved but still empirical formalism [24]-[26], as we shall 
discuss. 

D. Alloy Scattering 

We have treated alloy scattering following Harrison and Hau- 
ser [27] for completely random alloys, as implemented by Hau- 
ser and co-workers [14] for 111-V alloys. We have accounted 
for the wave-vector dependence of the change of carrier energy 
in an alloyed material, as suggested by Singh and Bajaj [28], 
and for the pseudopotential density of states 

where 

AEaltoy(k) = - XAC - + X B C .  (8b) 

Here, xAC and xec are the electron affinities of the binary com- 
pounds constituting the alloy A,B, -,C, x is the mole fraction 
of the compound AC, Q = a3/4 is the volume of the primitive 
cell, and B [ E ( k ) ]  is the density of states of the alloy, as ob- 
tained from the interpolated band structures of the compounds 
AC and BC, (2). This expression, also used by AI-Omar and 
Krusius [29], (301, is the smal l4  limit of the more general 
expression given by Marsh [32] for a nonrandom alloy distri- 
bution. Quite frankly, the only reason for preferring a random 
alloying to Marsh's expression is the complexity of his formula 
when the band structure must be interpolated numerically. With 
the electron affinities given in [22], the inclusion of alloy scat- 
tering for the determination of the velocity-field characteristics 
in AlosGaosAs and in In,,,Ga,,,As caused small changes 
comparable with the uncertainty and the scatter of the experi- 

mental data. Therefore, no conclusions can be drawn about the 
validity of our formulation. 

E. Coulomb Interactions 

The homogeneous simulations dealt with in this paper have 
been performed without any Coulomb scattering (i.e., neither 
ionized impurity nor intercarrier), since most experimental data 
have been obtained in pure, intentionally undoped materials. 
The treatment of these processes in a device simulation context 
has been presented in great detail in 121. We shall only add that, 
in the case of holes in Si, the overlap integrals occurring in the 
hole-phonon and intercarrier collisions have been treated with 
a four-bands k . p approximation, much in the same way as in 
[301, [311. 

111. BAND STRUCTURE 
In Table I we list the pseudopotential form factors used to 

generate the conduction-band structures of the seven com- 
pounds, shown in Fig. 1 together with the valence-band struc- 
ture of Si. Also shown in Table I are the lattice constants, as 
well as the cutoff energies Ecutoff (in Rydbergs) related to the 
number of plane waves exp ( i G  . r )  used for every k: plane 
waves such that 

(9 )  

(where mo is the free electron mass) were considered. Typi- 
cally, we have tried to adhere as much as possible to the values 
given in [3]. In most cases, however, we had to adjust the 
Cohen-Bergstresser values for two reasons: 1 )  In the tabulation 
of the band structure for k over the irreducible wedge, we had 
to strive for smoothness. Using a small number of plane waves, 
such as about 20, as in [3], we found significant discontinuities 
for the eigenvalues E, ( k ) ,  as the sphere defined by (9) includes 
a variable number of G vectors (thus yielding a variable rank of 
the matrix to invert), as k moves in the wedge. A larger number 
of plane waves is needed to minimize the size of the discontin- 
uities. Since the empirical pseudo-potentials given by Cohen 
and Bergstresser provide a good fit to experimental data only 
when their procedure is followed exactly (i.e., using the same 
number of plane waves), we had to check for the quality of the 
fit as the number of plane waves was increased to 80-90 (III- 
V's and Ge) or to 110-120 (Si). In the particular case of AlAs, 
no form factors are given in [3] and [21] and we had to derive 
them. The values for the energies of transitions between various 
symmetry points which have been used for fitting the form fac- 
tors are from [3], [21], and [22]. 2) While the Cohen-Berg- 
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Fig. 1. Band structures obtained from the empirical pseudopotential form 
factors listed in Table I. Energies are measured from the bottom of the 
conduction band, except for the case of the Si valence band, where energies 
are measured downwards from the top at the r point. 

stresser form-factors provide a good fit to large-scale features 
of the bands (i.e., on the energy scale of several tenths of elec- 
tronvolts), high-field electron transport depends crucially on 
finer details of the band structure (e.g., the r-L energy splitting 
for GaAs could vary between 0.2 and 0.4 eV without affecting 
significantly the quality of the fit for higher energy transitions). 
The improved experimental knowledge of the conduction-band 
structures of many materials since 1966 is reflected in a slightly 
different choice of the form factors, particularly for Ge, GaAs, 
and InP. For Si, we have chosen the local form factors given 
by Chelikowsky and Cohen [21], as they give much better fits 
for the effective mass at the minimum along the symmetry line 
A and for the bandgap energy. Thus we employed the values 
prescribed by [3] only in the case of InAs and Gap. 

We list in Table I1 some important band-structure-related pa- 
rameters extracted from our pseudo-potential calculations: the 
energies at the symmetry points I?, L ,  X, and X,, the effective 
masses (along the longitudinal 1 and transverse t directions for 
the L and X minima) in units of the free electron mass mo, the 
location of the minimum along the symmetry line A,  and the 
nonparabolicity parameter a ,  which we define from the first- 
order k . p expansion as 

- = E ( k )  [ l  - o t E ( k ) ]  
h 2 k 2  
2m* 

where m* is the effective mass at the bottom of the valley. We 
note a few significant departures we have taken away from the 
more “customary” values used by other authors [34]-[37] 
(listed for convenience in Table 111, where the label d denotes 
the density-of-states effective mass): 

1) The nonparabolicity parameter for the r valley of GaAs 
has been determined accurately by Heiblum and co-workers 
[38], [39]. The value is significantly larger than commonly em- 
ployed [33]. 

2) In previous MC simulations of electron transport in InP, 
the L-valley minimum has been consistently assumed to lie some 
0.4 to 0 .6  eV above the r minimum [ 121-[ 141, [20]. However, 
recent optical measurements have placed it significantly higher 
(about 0.86 0.04 e V )  [34]. The choice of the form factors 
for InP in Table I reflects this new information. As pointed out 
by Herbert et al. [ 131, this results in a higher value for the ef- 
fective mass at the L-valley minimum as well. 

It should also be noted that, in most cases, the minimum along 
the symmetry line A is strongly nonparabolic. In the case of 
AlAs and Gap, a camel’s back structure (not reproduced by our 
calculations for Gap) has been observed [22], the longitudinal 
effective mass being an ill-defined quantity. It is enough to point 
out the wide scatter of data for m x (  1 ) in Gap, ranging from 
0.87 m, to 7.25 m,, as the various experimental techniques 
probe the mass at different distances from the camel’s back at 
X .  Also for Ge, GaAs, and InP, the dispersion along the A line 
is very flat near the minimum, getting steeper as we move away 
towards r .  Moving along A,  but in the opposite direction, to- 
wards the X symmetry point, the dispersion gets steeper at first, 
but then flattens out once more, as we approach the X symmetry 
point. Thus the values for the longitudinal effective masses are 
somewhat arbitrary, depending on the discretization used to nu- 
merically compute the second derivative of the dispersion close 
to the valley minimum. This is also indicated by the large (and 
positive!) nonparabolicity parameters shown in Table 11. For 
some materials (particularly InP), a similar situation is found at 
the L-symmetry point. The values for the effective masses listed 
in Table I1 are computed using a step of 0.01 ( 2 a l u ) .  Non- 
parabolic corrections have been computed at approximately 0.1 
eV (or sometimes less) above the local minimum, in order to 
keep second-order corrections (ignored in (10)) to a few parts 
in IO2 in the worst case. Fig. 2 shows the density of states ob- 
tained from the bands of Fig. 1 using the Gilat-Raubenheimer 
algorithm [23]. Finally, we show in Fig. 3 the energies at the 
symmetry points E,, EL,  E,, and E ,  as a function of alloy com- 
position for Al,Ga, - ,As,  In,Ga, - . r A ~ ,  and Ga,In, - x P .  A 
constant bowing has been employed throughout. Note how the 
values of the mole fraction x for transitions from direct to in- 
direct gap are fairly consistent with experimental results (see, 
for example, [22]). Note also the importance of including the 
second conduction band ( X , )  for a large x in Ga,In, -,P and 
Al~,Ga, -.rAs. 
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E g a p  ( eV la 

Ge 0.744 (77 K )  

si 1.21 (77 K )  
0.664 (300 K )  

1.12 ( 3 0 0 K )  

GaAs 1.51 (77 K )  
1.42 (300 K )  

InP 1.42 (77 K )  
1.34 (300 K )  

TABLE I1 
BAND-STRUCTURE PARAMETERS 

E r ( e V I b  E L ( e v l b  E,(eVIb.' Ex3(eVIb m r ( m o )  a r ( e V - ' ) d  m L ( m o )  

0.135 0.0 (o ,83)  0.173 - 0.042 -0.85 o,lol 1.387 ( I )  ( t )  

2.375 1.049 - - - 1.634 ( I )  
0.126 ( t )  

0.0 0.323 0.747 0.063 -1.16' 1 ' 5 3 8 ( 1 )  
0.127 ( t )  

0.0 0.832 (A::;; 1.645 0.082 -0.61 1 .878(1 )  

0.767 0.333 (:::o, 0.174 0.149 -1.10 1.386 ( I )  
0.148 ( t )  

0.153 ( t )  

1.791 ( I )  2 .40(1)  
-0'33' 0.204 ( t )  -0.14 ( t )  

4.13 ( I )  1.321 ( I )  2 .70(1)  
-0.49 ( t )  0.273 ( t )  -0.12 ( t )  

3.619 ( I )  5.00 ( I ) '  
0.124 ( t )  -0'45' 0.271 ( t )  -0.14 ( t )  

0.418 (77 K )  
0.356 (300 K )  O'O 1.078 (::E:: 2.019 0.031 -2.20 1.565 ( I )  

- 
2.35 (77 K )  
2.27 (300 K )  0'496 0'415 ( ~ ; ~ o ) h  0.126 -0.51 1'493 ( I )  1.993 ( I )  1.90 ( I ) '  

0.250 ( t )  -0.02 ( t )  0.142 ( t )  -o'21' 

"From the compilation in 1221. 
bMeasured from the bottom of the conduction band. 
'In parenthesis the location of the minimum along the symmetry line A ,  in units of 27rla. 
dAveraged over (loo), (110), and (111) directions. 
'Averaged over longitudinal and transverse directions. 
'See [38] and [39]. 
gDue to the camel's back structure or the strong nonparabolicity at X ,  ax( I )  has been computed only along the (100)-direction towards I' 
hExperiments place the A minimum 0.07-0.1 ( 2 n / a )  away from X .  

TABLE 111 
BANDSTRUCTURE PARAMETERS FROM THE LITERATURE 

E r ( e V )  E L ( e V )  E A ( ~ V )  &,(eV) mr(mo)  + ( e V - ' ) d  m L ( m o )  a L ( e v - ' )  mx(mo) a x ( e v - ' )  

- - 0.031 - 1.57-1.74 (I)b 1.353 ( I ) h  
0.14b 0.18b to 0.042" 0.081 ( t )d .b  -0'3h 0.288 ( t )h  

- 0.0" - - - - - 0.916 ( I ) "  
0.191 ( t )"  

Ge 0.20" 0.5" 

si 2.19 
-0.5' to 2.35" 

O . M d  0.067" 1.47'-1.9 1.3-1.9 ( I p '  0.21 to 0.30".d.' 0.36 

0.4-0.6"4 0.66 

GaAs 0.0" 

InP 0.0" 

AIAs 0.676' 0.182 

to 0.48a,d,' -0'69' 0.07Sd-0. 12 ( t ) '  0.19-0.37 (t)li.d.f -0.36' 

0.068 0.26 ( d ) h  -0.23h 0.325 ( d  l h  -0.38h 
0.4 ( d ) €  0.4 (d ) '  

0.86k to 0.95a.h - to 0,083". h ~ 0 . 8 3 ~  

0.2" 0.124 1.47-1.9 1.1-5.8 (l). ' . ' , '  
to 1.2a,'.' to 0.32'.' to 0.172a.',' - 0.096-0.16 ( t )d . f  -0'40' 0.19-0.24 (t) ' . ' . '  -0.36h 

o'286 ( d  )h -0.54h 0.64 ( d  )h -0.90h 
0.022 

to 0,064a.h.J 1 .62h - 
1 .082h 
1.35' 

InAs 0.0" 

- - - 0.87-7.25 ( I ) "  - - Gap o.;;o,58" - 0.0" - 
0.21-0.39 ( t ) "  

"From the compilation in [22]. 
bFrom [7]. 
'From [8]. 
dFrom [33]. 
'From [56]. 
'From [35]. 
€From [ 131. 
hFrom [20]. 
kFrom [34]. 
'From [36]. 
'From [37]. 

Iv. RESULTS FOR HOMOGENEOUS TRANSPORT ing parameters to be determined in our transport model. This 
was accomplished by fitting to experimental data the MC-gen- 
erated velocity versus electric field characteristics to determine 
the electron-phonon coupling constants, and ionization rates 
versus electric field to determine the two ionization parameters. 
As stated previously [2], the uniqueness of the solution to this 

The nonpolar electron-acoustic phonon deformation potential 
Aac the nonpolar electron-optical phonon deformation potential 
( D K ) , ,  the prefactor F'/T(,,, (Eth), for the Keldysh ionization 
rate, and the (isotropic) ionization threshold Eth are the scatter- 
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Fig. 2. Density of states derived from the band structures of Fig. 1 

“fitting” problem is highly questionable. On the one hand, 
some of the experimental data are relatively insensitive to some 
of the scattering parameters we are trying to determine, such as 
the r-to-L deformation potential in GaAs based on the velocity- 
field characteristics. On the other hand, other data depend glob- 
ally on the whole set of coupling constants, such as impact ion- 
ization. Therefore, minor differences (of the order of 20% or 
less) between the results presented here and those reported in 
the literature should not be considered to be significant. 

We have made a few major approximations: We have lumped 
LO and TO phonons into a single process (which we still label 
“LO”). Moreover, since the electron-TA phonon coupling 
vanishes at the r point, we have ignored this process for all 
materials, except for Si and Ge. The error made in instances 
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2.0 
Ga,lnl~,P 
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Fig. 3. Variations of the energy of satellite valleys in 111-V ternary alloys 
as a function of alloy composition obtained from a linear interpolation. 
Constant bowing parameters (0.26 eV for Al,Ga, -,As and -0.6 eV for 
In,Ga, -.As, from [22]) have been used. Zero bowing has been used for 
Ga,In, -xP. 

where this process is effective (Gap,  AIAs, even at very low 
fields, and in all materials at high fields as the wave vectors of 
most carriers are away from high-symmetry points) is probably 
small, considering the strength of additional processes, partic- 
ularly the polar electron-LO phonon scattering in the polar 111-V 
compounds. 

Table IV lists the values of the empirically determined con- 
stants, and of other quantities we used to compute the scattering 
rates. Fig. 4 shows the total electron-phonon scattering rate as 
a function of kinetic energy above the conduction-band mini- 
mum (or  below the valence-band maximum in the case of hole- 
phonon rates in Si)  at two temperatures. This “averaged” scat- 
tering rate, 1 /T,,-, , , ,(E), is obtained from the anisotropic scat- 
tering rate 1 / ~ , , ~ ( k ) ,  for a carrier in band p with wave vector 
k,  by summing over all the bands p ,  phonon processes 7, and 
averaging over the density of (initial) states of energy E 

where 3 ( E  ) is the density of (initial) states at every E .  The 
strong influence of the density of final states is clearly evident, 
comparing the qualitative shape of the curves in Fig. 2 to Fig. 
4. 

A comparison between the deformation potentials listed in 
Table IV and those used previously in the literature is compli- 
cated by the many band-structure considerations we have dis- 
cussed above and in [ 2 ] .  Nevertheless, it is interesting to com- 
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TABLE IV 
SCATTERING PARAMETERS 

Ge 2.5 3.5 2.0 16.0 - 37.04 z:: i : i  5.32 

62.00 9’18 ( I )  2.33 Si 1.2 (band 1)  1.75 (band 1 )  

5.36 GaAs 

InP 

AlAs 

InAs 

GaP 

- 
4.70 ( t )  0.01 E w  11.7 1.7 2.1 

5.0 2. IO  250.0 E,,, + 0.3 12.90 10.92 35.36 

5.0 2.0 15.0 E,,, + 0.35 12.61 9.61 42.40 z:;: I t ;  
7.0 2.0 - - 10.06 8.16 50.09‘ z:;:::;: 
5.8 2.0 o,383 (300 K )  15.15 12.75 30.08 

5.0 1 .o - 

4.81 

3.76‘ 

0.25 0.454 (77 K )  4.28 ( I )  5.67 
2.65 ( t )  

- 11.10 9.08 45.23 4.14 

aFrom present Monte Carlo simulations 
bFrom the compilation of [22]. 

pare the strength of the various intervalley processes. We should 
stress that in our case we do not have the freedom to vary the 
various deformation potentials independently, once Aac and 
(DK), have been determined. We can still define an “effec- 
tive” intervalley deformation potential ( D q ) ,  and the energy of 
the relative phonon Aw,, assisting the transition from valley i 
to valley j ,  by adding all possible contributions (LO, LA and, 
when available, TA)  as follows: 

so that ( D q ) ; / h q J  represents the effective strength of the in- 
tervalley process for emissions at zero temperature. Here ql, is 
the magnitude of the phonon wave vector connecting the valley 
minima, while Aw,(ql,)  is the dispersion of mode 7, obtained 
under the approximation of (6). In Table V we list the values 
we obtain from Table IV and (12). Note that similar tables in 
[2 ]  are slightly different, since there a correction of a factor 2 1 / 4  
was made to the acoustic deformation potential in order to par- 
tially compensate the low-frequency error in (6). This correc- 
tion has not been used here. Also shown is a collection of de- 
formation potentials used in the MC literature [7], [ l l], [ 131, 
[14], [20], [40]. A complete discussion of the intervalley de- 
formation potentials is outside the scope of this work. It is 
enough to stress that our values are consistently lower than those 
employed in previous MC simulations, as a glance at Table V 
shows. Lower values are indeed generally predicted by pseu- 
dopotential calculations, as in, for example, [41]-[44], and from 
some experimental data “chosen” from the still controversial 
literature [40], [45], [46]. The oversimplified band structure 
used in “conventional” MC simulations may be at the origin 
of this difference. As an example, Table V shows that differ- 
ences are seen acutely for the X-X transitions. The higher den- 
sity of states induced by the camel’s back structure and/or the 
strong nonparabolicity along the longitudinal direction are going 
to increase the scattering rate, while keeping ( D q ) x x  fixed. A 

lower deformation potential is needed in order not to overesti- 
mate the intervalley transition rate when the “correct’ ’ band 
structure is included in the MC simulation. For ternary alloys, 
the scattering rates are obtained from a simple linear interpo- 
lation of the deformation potentials in Table IV, while the im- 
pact ionization parameters must be independently determined 
from a fit to experimental data (when available). We shall now 
discuss the various results of our homogeneous, steady-state 
simulations as compared to experimental data. 

A.  Velocity-Field and Energy-Field Characteristics 

Figs. 5 and 6 show the velocity-field and energy-field char- 
acteristics for electrons in Ge, Si, GaAs, InP, and holes in Si 
at 77 and 300 K,  and for electrons in three ternary alloys 
(Al,Ga, -,As, In,Ga, -xAs, and Ca,In, - x P )  at 300 K,  with 
mole fraction x as a parameter. 

In the case of Si and Ge, the simulations have been performed 
for two orientations of the electric field (along the (100) and 
(1 11) directions), and have been compared with experimental 
data for electrons in Ge [7], and electrons 141 and holes 151 in 
Si. Interesting features, such as negative differential mobilities 
(also predicted for the case of 300 K electrons in Si by 1251, 
[26]) and/or sharp rises of the characteristics are seen at fields 
too large to be experimentally accessible. 

The case of 111-V materials is more interesting, as the exper- 
imental data are incomplete and show significant scatter. For 
GaAs, our MC simulations predict the peak velocity to occur at 
a field strength of about 5 kV/cm at 300 K,  in agreement with 
the data by Masselink and Braslau [47], but higher than the 
value of 3.5 to 4 kV/cm reported by Ruch and Kino [48], which 
is also normally obtained in other MC simulations [11], [20]. 
This is consistent with the higher r - L  deformation potential 
employed elsewhere. At high fields, a decreasing velocity is 
predicted, as seen experimentally [49]-[51]. Our low-temper- 
ature results reproduce the features observed in [47], but predict 
a slightly lower peak velocity. The experimental situation for 
InP is quite uncertain, as high-field data from Windhorn and 
co-workers 1521 on one side, and from Boers 1531 and Robson 
and co-workers [54] on the other side, are in disagreement. We 
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have preferred the more recent results of [52]. A r - L  interval- 
ley deformation and an acoustic-phonon deformation potential 
in L much higher than those we chose are needed to match the 
data of [53] and [54]. A lower r - L  energy splitting would not 
help, but it would reduce the value of the field at which the peak 
velocity is reached, about 12 kV/cm in our simulations, which 
is in excellent agreement with the experimental data reported 
by Majerfeld and co-workers [ S I .  Not much is known experi- 
mentally about bulk Al,Ga, -.AS, as attested by the theoretical 
exploratory work by Brennan and Hess [56]. The value for the 
acoustic deformation potential in Table IV for AlAs has been 
extracted from the literature [22], while the optical deformation 

potential has been assumed to be similar to other 111-V mate- 
rials. The AI, Ga, - , As velocity-field characteristics shown in 
Fig. 4 are obtained by the linear interpolation of the scattering 
parameters of Table IV between GaAs and AIAs. Experimental 
work on bulk Al,Ga, _,As is needed before we can draw any 
conclusion, as also stated by Brennan and Hess [56]. 

The theory of velocity-field characteristics of InAs is strictly 
linked to its impact-ionization properties, because of its small 
bandgap. The situation is intriguing: The possibility of the ex- 
istence of a region of negative differential mobility (NDM) was 
proposed by Matz, [57], on the grounds of the strong nonpar- 
abolicity of the r valley in this material. Later, Fawcett and co- 
workers [37] used MC simulations to show that nonparabolicity 
cannot yield any NDM. They concluded that impact ionization 
prevents the electrons from “running away” at the energies 
necessary to trigger intervalley transitions, so that no NDM 
should be seen. Brennan and Hess [20] confirmed this view. 
Information about intervalley transfer was obtained by Kuchar 
and co-workers [ S I ,  who observed a negative differential con- 
ductivity in a strong magnetic field. Recently, NDM has been 
observed directly at 77 K by Dobrovl’skis and colleagues [59]. 
By using short pulses to prevent impact ionization before its 
onset at a field of about 1 kV/cm [60], [61], NDM was seen at 
a field of about 2 kV/cm at 77 K,  but not when using longer 
pulses. This is consistent with the established idea that impact 
ionization “hides” the NDM by preventing the carriers from 
running away and undergoing intervalley transitions. Unfortu- 
nately, the lack of purity of the samples in [59] distorts the low- 
field characteristics by depressing the mobility. We summarize 
the situation in Fig. 7, comparing the results of our simulations, 
with and without impact ionization, to experimental and theo- 
retical curves. Our simulations without impact ionization pre- 
dict correctly both the peak field and the peak velocity of [59], 
giving us some confidence about the intervalley scattering rates 
we have employed. Further confidence is gained looking at our 
results for the InP-lattice-matched In, 5,Ga, 4 7 A ~  shown in Fig. 
5 and, in more detail, in Fig. 8. The figures show that a simple 
interpolation between InAs and GaAs band structures and scat- 
tering parameters provides a remarkable agreement with the ex- 
perimental low-field data by Marsh [32] and high-field data by 
Windhorn and co-workers [62], [63]. Note how a crossover be- 
tween the high-field drift velocity in GaAs and In, 5,Ga, 4 7 A ~  
in Fig. 5 is predicted to occur at about 15 to 20 kV/cm, in 
excellent agreement with the experimental value of about 20 
kV/cm [62], [63]. Unfortunately, we remain puzzled by a se- 
rious inconsistency: If we ignore k-dependent bowing effects in 
the interpolation of the band structures of InAs and GaAs, we 
obtain a value of about 0.75 eV for the r - L  energy splitting 
A Er, L .  Similar values are obtained from other pseudopotential 
[64] and k . p calculations (see [65, Fig. 31, while an even 
larger value ( = 0.89 e V )  is obtained from the k . p calcula- 
tions of [64]. On the contrary, AE,,, has been measured to be 
0.55 eV [66] by ultraviolet photoemission. We cannot account 
for the excellent agreement between MC simulations and ex- 
periments shown in Figs. 5 and 8, in view of the result of [66]. 
As far as GaP is concerned, very little is known experimentally. 
What little is known is confusing. Low-field mobilities as high 
as 190 cm’/V . s have been measured [22]. Velocity-field 
characteristics have also been measured [67] and modeled [68]. 
A saturated velocity somewhat larger than lo7 cm/s  has been 
observed in samples which showed a significantly lower ohmic 
mobility (about 83 cm2/V . s ) .  We have chosen to compro- 
mise, by assuming the higher mobility is correct (there can be 
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TABLE V 
INTERVALLEY SCATTERING PARAMETERS 

This Work Previous Work 
(Dq) , ,  ( lo8 e V / c m )  and h w ,  (meV)"  ( D q ) , ,  ( lo8 e V / c m )  and ha,, ( m e V )  

i j =  r L  rx LL LX xx rL rx LL LX xx 
4.88 4.78 5.26 4.65 3.78 2.00' 10.0b 3.00' 4.06' 9.46' 

(23.21) (23.04) (23.95) (22.83) (30.71) (27.56) (27.56) (27.56) (27.56) (37.04) 
Ge 

- - - - 2.63 2.34 2.26' 
(38.87) (37.16) (50.90) 

5.25 5.48 5.94 5.01 2.99 6.50d 
GaAs (22.69) (23.45) (24.97) (21.85) (24.31) (27.80) 

10.0' 
(26.0) 

5.06 4.98 5.75 4.68 2.80 4.40g 
In' (22.15) (21.89) (24.27) (20.90) (25.68) (33.60) 

10.0' 
(27.8) 

10.0' 
(29.9) 
10.0' 

(26.0) 

4.30g 
(33.6) 
10.0' 

(29.9) 

10.0' 
(29.0) 
10.0' 

(26.0) 

2.468 
(33.6) 
10.0' 

(29.0) 

5.00' 
(27.8) 
9.00' 

(26.0) 

3. 678 
(42.2) 
9.00' 

(29.3) 

7.06' 
(29.90 ) 
9.00' 

(26.0) 

4.60f 
(23.94 ) 
9.00' 

(29.9) 

- - - - - 7.02 7.30 8.02 6.63 3.57 
(25.07) (25.07) (26.97) (23.24) (26.34) 

5.59 6.35 6.35 5.59 3.36 10.0' 10.0' 10.0' 9.0' 9.0' 
InAS (17.45) (19.23) (19.23) (17.45) (19.26) (27.80) (29.9) (29.0) (29.3) (29.9) 

5.0h 10.Oh 
- - - - - 5.10 5.86 5.86 5.10 2.77 

(25.56) (28.56) (28.56) (25.56) (26.61) 

"In parenthesis. 
'From [7]. An X-X g process of strength 0.79 X 10' eV/cm assisted by an 8.61-meV phonon and an L-L process of strength 0.2 x 10' eV/cm 

'See [2] for a discussion of variousfand g processes compared with values used in previous Monte Carlo simulations. 
dFrom 1401. 
'From [ I  11. 
'From 1201. 
gFrom [13]. Other weaker intervalley processes were also included. 
hFrom [ 141. 

assisted by a 10.34-meV phonon were also used. 

many sample-dependent reasons for observing a lower mobil- 
ity!) and aiming at a saturated velocity of about lo7 cm/s .  Fig. 
9 shows our results at 300 K, while the velocity-field charac- 
teristics for Ga,In,-.P, also at 300 K, are shown in Fig. 5. 
These results must be considered no more than a working hy- 
pothesis. We must wait for a more complete experimental pic- 
ture before we can fix with sufficient confidence the carrier- 
lattice coupling constants. 

Finally, in Fig. 6 we show the average energies versus elec- 
tric field for the materials in Fig. 5. Whenever possible, we 
have compared our results with results of other MC simula- 
tions. Two observations must be made: First, note the different 
energies predicted at high fields by our model and the model 
developed by Hess and co-workers [17], [18] for electrons in 
Si. Secondly, the behavior of In,Ga, -,As at high fields is in- 
teresting. At small x (i.e.,  GaAs-like) the average energy is 
relatively low, due to the presence of the low-lying satellite 
valley at L .  As the InAs mole fraction increases, the L-valley 
minimum is pushed to a higher energy and higher average ener- 
gies are seen. When we reach the InAs-like composition, im- 
pact ionization sets in, effectively reducing the average energy 
the electrons can gain at high fields. 

B .  Impact Ionization 
The use of the empirical-pseudopotential band structure gives 

us some confidence that we can study reasonably well high- 
energy processes such as impact ionization [16], [17]. How- 

ever, the use of the Keldysh formula, (7), leaves much to be 
desired. It is based on the assumption of parabolic bands, direct 
gap, and it ignores the anisotropy of the ionization threshold. 
This last effect, considered by the NTT group 1241-[26], could 
explain the "hard" and "soft" threshold obtained when using 
(7) for materials with small (e .g . ,  for GaAs) or large (e.g., for 
Si)  anisotropies for Et,,, respectively. More importantly, (7) ne- 
glects phonon-assisted process, which may loosen the require- 
ments imposed by momentum conservation for carriers near 
threshold. Considering the formidable efforts which would be 
needed to account for these effects, we shall simply adopt an 
empirical approach, and refer the readers to the works by Kane 
[69] and the review by Capasso [70] for a deeper understanding 
of these issues. 

Fig. 10 and Table IV show the results we have obtained for 
the impact-ionization coefficient a in a few materials, and the 
values of the parameter P / r o p  ( Et,,) (abbreviated as P / r  in the 
Table and the figure). A satisfactory agreement can be obtained 
with experimental data ([71], [72] for Ge, [73]-[75] for elec- 
trons in Si, [76] for holes in Si, [77]-[79] for GaAs, [80]-[84] 
for InP, [85] for In, Ga, - As ) in almost all cases. InAs is again 
an exception. Despite the many attempts, as in [60], [86], only 
one complete measurement of the dependence of a on the field 
has been reported [87]. Unfortunately, this complete piece of 
information is inconsistent with a wealth of data showing that 
onset of ionization occurs at a field of about 1 kV/cm [60], 
1611, [86], unlike the 40 kV/cm or so reported by Mikhailova 
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Fig. 6 .  Calculated carrier average energy as a function of electric field at 77 and 300 K for various semiconductors and alloys. 
In the case of electrons in Ge, Si, and GaAs, results of previous MC simulations are also shown for comparison. 
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Fig. 7. Electron drift velocity at low electric fields in InAs (a) with and 
(b) without impact ionization according to our results and previous work. 
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Fig. 9. Electron drift velocity at low electric fields in GaP at 300 K from 
our simulations and from the experimental low-field mobility reported in 
[22] is also shown. 

ensemble average. In the actual evaluation of (13a) during the 
MC simulation, we have considered both the ensemble and time 
average of the time derivative, starting at times long enough for 
the diffusion law to hold true [6], [9]. Making this averaging 
and the time-derivative explicit 

1 N, Npr 

where the first sum is over the N,  time steps at time t, larger than 
some suitably large initial time, the second sum is over the NP, 
particles in the ensemble, vI, ( t ,  ) is the longitudinal velocity of 
particle p at time t , ,  and vd is the drift velocity along the direc- 
tion of the field. A similar expression holds for D,, the other 
component of the diffusion tensor we have computed, by re- 
placing the displacement and velocity along the field direction 
xI and Y/, with the displacement and velocity along the normal 
direction n, and Y,, and by replacing the drift velocity vd with 
the (vanishing) velocity alohg the direction normal to the field. 
Typically, we used ensembles of 16-32 particles. Very long 
times must be simulated in order to reach the linear time de- 
pendence of the mean-square displacement in (13a): times as 
long as 10 ns for high-mobility compounds, such as 111-V’s, at 
low fields and 77 K are required. This accounts for the large 
statistical noise seen in Fig. 12. Smoothing cubic spline fits of 
the data are indicated by lines and should be considered no more 
than a guide for the eye. The energy and momentum relaxation 
times have been obtained directly from the collision integral 
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Fig. 10. Impact ionization coefficient CY as a function of electric field at 77 
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A A  
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A A  
A A  
A @  

- 
1 o - ~  

Fig. 1 1. Impact ionization coefficient CY as a function of electric field at 77 
and 300 K in InAs compared to the MC results by Brennan and Hess [20] 
at 77 K (dashed line) and 300 K (dotted line). Note the logarithmic scale 
for the inverse electric field 1 / F .  The range of the experimental data by 
Mikhailova and colleagues [87], delimited by the two solid lines, is also 
shown, despite their inconsistency with many other experimental obser- 
vations, as described in the text. 
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Fig. 12. Longitudinal and transverse electron diffusion constants (0, and 
D,, respectively) in Ge, Si, and GaAs as a function of the electric field in 
the (160) direction at 77 K (open symbols) and 300 K (solid symbols). The 
lines are smoothing spline fits shown as a guide for the eye among the noisy 
simulation results. The arrows (open: 77 K, solid: 300 K)  indicate the 
values obtained from the Einstein relation using the simulation result for 
the ohmic mobility extracted from Fig. 5 .  

appearing in the Boltzmann transport equation 

where kl is the longitudinal component of the particle wave vec- 
tor and 

- 1 dk' W ( k ,  k ' )  f ( k )  (14b) 

where W (  k ,  k' ) is the scattering probability from k to k'.  Using 
the definition for the total scattering rate 

one can see that the MC equivalent of (14a) is given by 

Similarly, for the energy relaxation rate we have 

Si electrons (100) 
1 0.' 

10' 

&- ""e; 

300 K 
11 K 

i electrons (100) 

ELECTRIC FIELD ( V/cm ) 

Fig. 13. Energy (triangles) and momentum (circles) relaxation times in Ge, 
Si, and GaAs as a function of the electric field in the (100) direction at 77 
K (open symbols) and 300 K (solid symbols). The lines are smoothing 
spline fits shown as a guide for the eye. The arrows (open: 77 K; solid: 
300 K )  indicate the values expected for the momentum relaxation time as 
obtained from the values of the simulated ohmic mobility and effective 
masses at the conduction-band bottom. 

In (16a) and (16a), (in) and ( f i n )  indicate the values taken im- 
mediately before and after every collision. 

The diffusion constants shown in Fig. 12 are in good agree- 
ment with the experimental data available for Ge and Si, re- 
ported in [6] and [7]. For GaAs, the only experimental data at 
300 K we are aware of [48], which cover the critical-field re- 
gion, show an ohmic behavior well represented by our simula- 
tions, but a much higher peak value ( = 950 cm2/s)  at the onset 
of the r - t o 4  transfer. Similarly, higher values are observed at 
higher fields, Our MC results are roughly consistent with the 
results of Fawcett and Rees [89], but we could not reproduce 
the good agreement between experiments and MC results re- 
ported by Pozela and Reklaitis [90], despite our "correct" r- 
L-X ordering and the lower r-t intervalley deformation poten- 
tial we employ. Recently, Mickevicius and Reklaitis [91] have 
reviewed this problem, discussing additional experimental and 
theoretical results. 

V. CONCLUSIONS 

We have shown that realistic MC simulations can account for 
the available experimental information regarding the depen- 
dence of carrier drift velocity, impact-ionization coefficients, 
and diffusivity in (homogeneous) electric field at steady state. 
The camer-phonon coupling constants we employ are consis- 
tent with recent theoretical estimates and are significantly lower 
than those used in previous MC simulations. We attribute part 
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of the difference to the more realistic band structure we have 
employed, particularly for the satellite valleys ( L  and X )  of 
some 111-V materials. Unfortunately, even for very well studied 
semiconductors, significant uncertainties are still present in the 
experimental data. Significant examples are the r - L  energy 
splitting in InP, the peak velocity, and field of GaAs at room 
temperature, impact ionization data in InAs, velocity-field 
characteristics, and even the band structure of Gap, and the en- 
tire velocity-field characteristics of bulk 111-V alloys. Device 
simulations of these semiconductors have to be regarded cau- 
tiously. The basic physics is clearly understood, but many 
quantitative details remain to be settled. 
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