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i Lecture Outline
" UC Berkeley

* Reading: Senturia, Chpt. 10: §10.5, Chpt. 19

* Lecture Topics:
% Estimating Resonance Frequency
% Lumped Mass-Spring Approximation
% ADXL-50 Resonance Frequency
% Distributed Mass & Stiffness
% Folded-Beam Resonator
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" UC Berkeley

Estimating Resonance Frequency
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s Clamped-Clamped Beam pResonator
" UC Berkeley

Resonator Beam

Q ~10,000

VP{

/ Voltage- A

to-Forc L
Sinusoidal C:pac?i:i:e S'musmdal '
Excitation Transducer Forcing Function

v, =V, cos|lw,t] — f; =F, cos|w,t]

* o % o, small amplitude

* ® = ®,; maximum amplitude = beam reaches its maximum

potential and kinetic energies
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o Estimating Resonance Frequency

" UC Berkeley

* Assume simple harmonic motion:

i»@m_. x(t) = x_cos(wt)
i M |

* Potential Energy:
| | S
W= 2kx*(f) =5 kx,” cos”(wr)
* Kinetic Energy:

K(t)= %sz (1) = %Mxozaf sin” (r)
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«  Estimating Resonance Frequency (cont)
""UC Betkeley

* Energy must be conserved:
% Potential Energy + Kinetic Energy = Total Energy
% Must be true at every point on the mechanical structure

Occurs at peak Occurs when the beam moves
displacement through zero displacement
1 2 1 y 2
=—fx =K, =—Mw'x]

o max

/7 max 2 2
Maximum j T I \
Potential  giicfness Maximum Radian

Energy Kinetic  Mass
Displacement Energy Frequency
Amplitude
* Solving, we obtain for I
resonance frequency: w=,—
M
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4 Example: ADXL-50

"UC Berkeley

* The proof mass of the ADXL-50 is many times larger than
the effective mass of its suspension beams
% Can ignore the mass of the suspension beams (which
greatly simplifies the analysis)
* Suspension Beam: L = 260 um, h = 2.3 ym, W = 2 um

Tethers with
_fixed ends .

Applied
& jcceleration

Fixed Cabaciibl Plates

Proof Mass

Sense Finger

Suspension Beam

DEVICES in Tension
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EE

= Lumped Spring-Mass Approximation

" UC Berkeley

* Mass is dominated by the proof mass
% 60% of mass from sense fingers
% Mass = M = 162 ng (nano-grams)
* Suspension: four tensioned beams

% Include both bending and stretching terms [A.P. Pisano,
BSAC Inertial Sensor Short Courses, 1995-1998]

I Fl4
. I
Bending compliance k.1
o l Fl4
-
Stretching compliance kg,
E €245 Introduction Yo MEWS Diesign LetW 10 C. Nguyen 11/4/G3
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o ADXL-50 Suspension Model

" UC Berkeley

* Bending contribution:

. (L/2) r
E =k +1/k)=2 - = _=42um/uN
o =W ) [35(11/71-‘/12)} EWh’ sty
* Stretching contribution:
L
k'=L/S=———=1.14um/uN
. o,Wh H Il __________________________________________ S
W
F, = Ssin6 = S(x/L)- ()
Y N3

* Total spring constant: add bending to stretching
(sine Heyare in pqml(J) st

fe=4(k, +k,)=4(0.24+0.88)=4.5uN/ ttm

EE €245 Intraduction to NENS Design LedW 10 C. Nguyen 11/4/G8
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“ ADXL-50 Resonance Frequency
" UC Berkeley

* Using a lumped mass-spring approximation:

f=LJE=L AASNTM . _ 96 5kt
2r VM 2m \162x10 “kg

* On the ADXL-50 Data Sheet: f, = 24 kHz

% Why the 10% difference?

% Well, it's approximate ... plus ...

% Above analysis does not include the frequency-pulling
effect of the DC bias voltage across the plate sense
fingers and stationary sense fingers .. something we'll
cover later on ..
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= Distributed Mechanical Structures

""UC Betkeley

* Vibrating structure displacement function:

4 y(x,7) = p(x)cos(wr) S
Z ~— — E

Maximum displacement function ¥(x)
(i.e., mode shape function)
Seen when velocity y(x,t) = O

* Procedure for determining resonance frequency:

% Use the static displacement of the structure as a trial
function and find the strain energy ‘W, ., at the point of
maximum displacement (e.g., when t=0, n/w, ..)

% Determine the maximum kinetic energy when the beam is
at zero displacement (e.g., when it experiences its
maximum velocity)

% Equate energies and solve for frequency

EE €245 Intraduction to NENS Design LedW 10 C. Nguyen 11/4/G3 11

11

) Maximum Kinetic Energy
" UC Berkeley,

* Displacement: y(x,#) = y(x)cos|wt]

* Velocity: v(x,t)= % = —wp(x)sin[wt]

* At times t = ©/(2w), 31/(20), ..
p pxD=0 |
Z L N

\ J

v
Velocity topographical mapping

% The displacement of the structure is y(x,t) = O
Y The velocity is maximum and all of the energy in the
structure is kinetic (since ‘W=0):

v(x,(2n+1) 7/ (20)) = —ap(x)
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= Maximum Kinetic Energy (cont)
["UC Betkeley
* At times t = ©/(2w), 3n/(20), ..
ﬁ Y. =0

Z N T U I I L O A S

W Velocity: v(x,(2n+1)7/(2w)) = —wp(x)
jy dK = % dm -[v(x, )]

—ldx}— dm = p(Wh- dx)

* Maximum kinetic energy:

L L
Kma\; = J‘l pthxvz(x, f’) =Il PWha)zﬁz (x)dx
‘ 0 2 0 2
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5 The Raleigh-Ritz Method

["UC Berkeley

* Equate the maximum potential and maximum kinetic energies:
L

Koo =[5 PP (005 =,

max
0

* Rearranging yields for resonance frequency:

® = resonance frequency
W« = maximum potential
Wlllﬂf‘; e!‘er‘gy
0= |7 1 p = density of the structural
‘ A2 0N T material
V szVW7) (x)dx W = beam width
0 h = beam thickness
¥(x) = resonance mode shape
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k|
"UC Betkeley

Example: Folded-Beam Resonator

Folded-beam

/ suspension

* Derive an expression for the

resonance frequency of the
folded-beam structure at left.

Use Raylelgh- Rite mebrod.
Kfmax = PE Moy,
; <!— Shuttle w/ Kinefic Enevgy-
mass M, KEmgn = ICE_, + t@-g- KEL
d""me ’I'NU Beam:
M, FLOM L (Wiam,
Folding
mm 0f b”l’s CKJ_/
truss w/ Wt In kgm‘e ane Ho
mass M;\2
Mnch beam »Ie(ocﬂ'y is a functin,
nchor K = thickness of locahion y!
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 15
15
i Get Kinetic Energies
~UC Betkeley,

Folded-beam

/ suspension

: <! Shuttle w/
mass M,

Folding

Velocity of the shuthle: Ne> (o Xo

Paramme Frei Meximiom bl‘})k‘: @b@d'
A»,w.

- ke AP CGAE)

Vekity of the fras: My » L7y + Lo

- K L (024,

Veba{ﬁ of #a beam J‘egmeoiﬁ'
= assume Ho mke shape (s He Sawe as
Bo stutic displocewsnt shape

= For Segh\en’r AB:

truss w/
Rly)< ~24°) 0<esL O
mass M,\2 () L{?Et (EL? 2:9) Y )
Anchor = thickness
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 16
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Folded-Beam Suspension

i-”\‘U[}Ber.kelml

Input Gomb Vibrating Shuttle
Drive Mass Anchors

VA,

Folded Beam Rigid Truss

Suspension Output Sense

Electrode

Comb-Driven Folded Beam Actuator (

&(/al

Gre- Yy Kln20) '0 v

EE €245: Introduction o MEMS Design LecM 10

(@) oeye

Cas: oyl &y o) == '-feg.t;__ x T Tz

3 G’X"{) IZEIE “c/

C. Nguyen 11/4/08

x,r2 Folding Truss
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A

" UC Berkeley

Get Kinetic Energies (cont)

mass M,

Folding ¢ beam
truss w/  CAB)

Folded-beam b PrageL: wlt) x:-: T,
suspension z R Sub ,HM..; mto (1):

] N R 23[9 -2 ()]

L thich yieUf = vefoci'f\,
8 | Wu’”mm [z 2(9')

— Shuttle w/ H“aﬁi"g o A expre oo KEb'

KE(AB] = Lg
Stede mas

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen
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wa,{

: Xow.ﬁfmeljo [3(?_-)

JL

11/4/08

: ) (_%)3 ]33

£ = mass Mf\z 13 2
Anchor  h = thickness CKEWO ~ 2 e M[Mi]

4{)’]4'4[“]
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iy

" UC Berkeley

Get Kinetic Energies (cont)

Folded-beam
suspension

For }'egmerr" M-
Gl o[- 30 (W]

Thus:
{424

Xow M
KECcD] : - B:b] S

on w‘ M [cp’.‘l S‘h‘bt

B beam[co]
Shuttien et M, 2 4okl mas of f & beumy.
" Mo Me ™ 34
Ths: ¢
Folding KE: YKE(pg) * Y Kiep) - g_sX:‘*’:ML
truss w/ ard
mass M;\2 Y
Anchor 1 - thickness FEimey™ X°U°[ Hs+ j’”“ LM”]
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i Get Potential Energy & Frequency
" UC Berkeley

20

Folded-beam
suspension

PEimax is sitmphy o wort dore Fo achieve
maximum o(e«ﬂeahm s ke

PErmex * 2 ')CXD

L Thus, wing Rolejgh-Rite:
KEpax = PEinay »kc

i [t o ] ks

where Mgy Hst #n,c:f %Mb

<! Shuttle w/
mass M,

Folding
truss w/

mass M;\2 ( Resmane Frqu:\, ofa )
Anchor h = fhickness FdM'Beam SVJWM Shw‘H.h
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 20
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A

"UC Berkeley

EE €245: Introduction o MEMS Design LecM 10

Brute Force Methods for Resonance
Frequency Determination

C. Nguyen 11/4/08 21
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A

Basic Concept:

Scaling Guitar Strings

'WN‘UC Berkeley,
. Guitar String

High Q

Vib. Amplitude

110 Hz  Freq.

uMechanical Resonator

Metallized
Electrode >a,

[ *‘"‘ﬂ gt

Polysilicon
Clamped-Clamped
Beam

Vibrating “A” [Bannon 1996] Performance:
String (110 Hz) e , i L,=40.8um
f,=8.5MHz m,~ 103 kg
Stiffness g °[ Q. =8,000 W=8um, h=2um
\ g.m o Qa,', ~50 d=1000A, VP=5V
Freq. Equation: D} £ . | Press.=70mTorr
/ £-15
1 |k s
f = [ =20 - .
/ ’ 27 m, 25 |- .
\ N . A A . A
EE €245: Introduction Erglghl\.s Design Mass L2 o 8'49Freqi:?1cy [l?/iﬂz] e 22
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ik

"UC Berkeley

Anchor Losses

Fixed-Fixed Beam Resonator

| @ =300 at 70MHz |

Free-Free Beam Resonator
upporting Beams /,,/

Free-Free Beam

Q = 15,000 at 92MHz |

Elastic Wave
Radiation

Problem: direct
anchoring to the
substrate = anchor
radiation into the
substrate = lower Q

b4

Solution: support at
motionless nodal points
= isolate resonator
from anchors = less
energy loss = higher Q

EE €245: Introduction o MEMS Design LecM 10
23

i 92 MHz Free-Free Beam pResonator
"UC Berkeley

Beam

Electrode 13.1um

. Ground Plane and
1 I Sense Electrode

| Design/Performance:
L=13.1um, W=6um
h=2um, d=1000A
Vp=28-76V, W =2.8um
f,~92.25MHz
Q-~7,450 @ 10mTorr
[Wang, Yu, Nguyen 1998]

EE C245: Intreduction. ta MEMS Design

LecM v

Transmission [dB]

* Free-free beam pmechanical resonator with non-intrusive
supports = reduce anchor dissipation = higher Q
Flexural-Mode

92.25 MHz
0 = 7,450

[ Y N T N T T T |

LI JN N I DN N N AN F NN B B |

L L L
92.26 92.28 92.30

Froquency Hz)

L. Inguyen

L L
92.22 92.24

24
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=  Higher Order Modes for Higher Freq.
"UC Betkeley,
24 Mode Free-Free Beam 3rd Mode Free Free Beam

Distinct Mode
«— Shapes \
-57 180
1 135
.-(—_—-\\i % E 60 | 90 =
'ElectrM \ e ] 8
S (',\ S 63| 148 %
: lo £
S\ E 66 r 145 @
— 2 4 -90 2
R~ S 69 | o
@ L = 1 -135
72 Q = 11,500 -180
101.31 101.34 101.37 101.40
Frequency [MHz]
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A [d
i Flexural-Mode Beam Wave Equation
"UC Betkeley,
. Fu &~ ineriod doficn
z 4 «——Transverse Displacement pAdy 5 =

ma
A W = width B
= ! Pl oF
[: - L intermod achmg e F+6—dx
i (d\oae'ﬁu{ R x
Worontz ) Free Body Dladrmn

* Derive the wave equation for transverse vibration: -

Dynamit E‘im‘/(Bnhm Condition foc Torcas in o y-divectian: -y F%’f*%?é ’M-g—fd;ro

F‘(F+f—:<0‘”)‘IDAdfxi—f%=° f‘)/ﬂe@bc&&gfo‘x-lem
and Ho manard @quiltlum condition: -Fav + 3—2—4(4;*::0 (2)
Combivivg (] ¢ (2):
M ook T a‘( u\ gy Fu | P, E_t)i.
oyt VOM"atz_a —{‘_Eta«‘)"an’{_‘_’ ot (fA

|
|
0c
|

2 s
2 3
Ru ﬂ— — N=-E a’i’] s !V_h_
[ 2 EL h=-El 5 I'; 12
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Example: Free-Free Beam

[

" UC Berkeley
Az
N 0 P re— \\/ —
~
4 — ——— ——
x 'iﬁ-"- .—-* A h
> == — . |

e ‘ —
* Determine the resonance frequency of the beam
* Specify the lumped parameter mechanical equivalent circuit
* Transform to a lumped parameter electrical equivalent
circuit
* Start with the flexural-mode beam equation:

0’u (EI) 0*u

ot \ pd)ox*
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 27
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5 Free-Free Beam Frequency
“UC Berkeley
* Substitute u = u;ei®’ into the wave equation:
3*u 1PA
() W
* This is a 4™ order differential equation with solution:
u(x) = of cosh kx + Esinhkx + €coskx + Dsinkx  (2)
T Giver o male thalw during resonance vib@fim.
* Boundary Conditions:
Atx =0 Atx=/¢
u Pu .
— = — = M = ( (Bending moment
ax? ax? ( & )
Pu Pu oM .
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 28
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T Free-Free Beam Frequency (cont)
"UC Berkeley

* Applying B.C.'s, get A=C and B=D, and
(cosh k¢— cos k¢)  (sinh k¢— sin k¢) || &
@~ 03

(sinh k¢ + sin k¢)  (cosh k¢ — cos k¢)
* Setting the determinant = O yields
1
coskt= o ke
* Which has roots at
k(= 4.730 kol = 7.853 k¢ = 10.996
( 1191’4: Ve U/ ofk‘.Q COM!?M
* Substituting (2) into (1) finally yields: fo4a d"fofd- malas of
vibafion!
. 2
pA (k,0) EI Free-Free Beam
ké = sz — |f= 'ﬁ;{’ H Frequency Equation
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 29
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«  Higher Order Free-Free Beam Modes

""UC Berkeley,
Nodal

Mode n Points kot L/

Fundamental ( f,) 1 2 4730 1.000

1st Harmonic 2 3 7.853 27157

2nd Harmonic 3 4 10.996 5.404

3rd Harmonic 4. 5 14.137 8.932

4th Harmonic 5 6 17.279 13.344 «<— More than

10x increase

Fundamental Mode (n=1)

1s* Harmonic (n=2)

S ——— 2nd Harmonic (n=3)

EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 30
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= Mode Shape Expression

" UC Berkeley,

* The mode shape expression can be obtained by using the
fact that A=C and B=D into (2), yielding

u, = Q[(%)(coshkx + coskx) + (sinh kx + sinlcx)]
* Get the amplitude ratio by expanding (3) [the matrix] and
solving, which yields
o - Sn k¢ — sinh kZ
X coshkf/— coskl

* Then just substitute the roots for each mode to get the
expression for mode shape

Fundamental Mode (n=1)
[Substitute k /= 4.730 ]
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