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Q ~10,000

Estimating Resonance Frequency

/ Voltage- A

fo- L
Sinusoidal C:p:;:?:e S]nu501dal )
Excitation Transducer Forcing Function

v; =V, cos[a,t] — f; = F, cos[m,t]

* o % o, small amplitude

* © = ®,; maximum amplitude = beam reaches its maximum

potential and kinetic energies
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Estimating Resonance Frequency

0
[ ucBerkeley

* Assume simple harmonic motion:

j»(@mj\_- x(t) = x cos(wf)
k M |

* Potential Energy:
W)= %kx’-{:) = %krf cos”(ar)
* Kinetic Energy:
K()= %m’ ()= %mjaf sin?(ax)
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i+ Estimating Resonance Frequency (cont)
" UGBenkeley
* Energy must be conserved:
% Potential Energy + Kinetic Energy = Total Energy
% Must be true at every point on the mechanical structure

Occurs at peak Occurs when the beam moves
displacement through zero displacement
N 1 ool
_ 2 _ 5 : 2
e ==k, =K ==Mo’x,

Maximum .
Potential  giitfness Maximum Radian

Energy Kinetic Mass
Displacement  Energy Frequency
Amplitude
* Solving, we obtain for k
resonance frequency: = E
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Example: ADXL-50

=

=

GiBerkeley
* The proof mass of the ADXL-50 is many times larger than
the effective mass of its suspension beams
% Can ignore the mass of the suspension beams (which
greatly simplifies the analysis)
* Suspension Beam: L = 260 pm, h = 2.3 pm, W = 2 um

I lied
4 ™ - Q::aemmn

-
Fixegk Gapaci{y Plafes:

Proof Mass

Sense Finger

Suspension Beam
in Tension

C. Nguyen 11/4/08
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%  Lumped Spring-Mass Approximation
L A

" UGBerkeley

<

* Mass is dominated by the proof mass
% 60% of mass from sense fingers
% Mass = M = 162 ng (nano-grams)

* Suspension: four tensioned beams

% Include both bending and stretching terms [A.P. Pisano,
BSAC Inertial Sensor Short Courses, 1995-1998]

I Fi4
N
Bending compliance k" —-Ff "
- I
Stretching compliance k1 -
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,«.. ADXL-50 Suspension Model

1

* Bending contribution:

L2y r \ :
k7= +1E)= =— —=42um/
o =Wk +UR] 3:5:(%3![2)] e AN
* Stretching contribution:
- L ar
k, ' =L/S=———=1.14ym/
4 o g/ N ,’_f’: )
W
s ; s
F, = Ssinf = S{xiL)- ()
* Total spring constant: add bending to stretching |'<'s+

(sive ey are inpavallel

k =4(k, +k,) = 4(0.24+ 0.88) = 4.5uN { pm
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o ADXL-50 Resonance Frequency

" uGBerkeley

* Using a lumped mass-spring approximation:

. ’ AT 7
.f=%\f%=L AT 26,5k

2z Y 162x107 kg

* On the ADXL-50 Data Sheet: f, = 24 kHz

% Why the 10% difference?

% Well, it's approximate ... plus ...

% Above analysis does not include the frequency-pulling
effect of the DC bias voltage across the plate sense
fingers and stationary sense fingers .. something we'll
cover later on ..
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Distributed Mechanical Structures

UcBerkeley

* Vibrating structure displacement function:

:’i——-ii’ {.} ) j:{X) CDS( Q‘E’} o~
= x\w = I

Maximum displacement function y(x)
(i.e., mode shape function)
Seen when velocity y(x,1) = 0

* Procedure for determining resonance frequency:

% Use the static displacement of the structure as a trial
function and find the strain energy ‘W, ., at the point of
maximum displacement (e.g., when t=0, /o, ..)

% Determine the maximum kinetic energy when the beam is
at zero displacement (e.g., when it experiences its
maximum velocity)

% Equate energies and solve for frequency
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Copyright @2009 Regents of the University of California

& Maximum Kinetic Energy
1" UGBetkelsy =
* Displacement: Y(X,t)= y(Xx)cos[wt]
* Velocity: v(x,t)=%=—w§/(x)sin[aﬁ]
* At times t = n/(20), 31/(2w), ..
;.‘.'II y(x,1)=0 r!.:
A i,k

Y
Velocity topographical mapping

% The displacement of the structure is y(x,t) = O
% The velocity is maximum and all of the energy in the
structure is kinetic (since ‘W=0):

V(X,(2n+1) z/(2w)) = —@y(X)

EE €245 Tntredlotion to MEWS Design LeldMW 10 C. Nguyen 11/4/G8
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ﬁ. Maximum Kinetic Energy (cont)
* At times t = 1/(2w), 31/(2w), ..

< y(x,1)=0 }.
;I L T rr F

: V(X, (2n+ D)7 /(2w)) = —wy(X)

W Velocity ,
|jy dK :%dm-[v(x,t)]z

—lax}— dm = p(Wh - dx)
* Maximum kine'ric energy:

.m—j pWhdsv? (x,r)—f PR (x)dx
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i The Raleigh-Ritz Method
UGB e oy e —
* Equate the maximum potential and maximum kinetic energies:

FA

* Rearranging yields for resonance frequency:

=[5 PR3 =T,

o = resonance frequency

W

iéﬂ%f(ﬂdx

W,..x = maximum potential
ener

p = density of the structural
material

W = beam width

h = beam thickness

y(x) = resonance mode shape

EE €245 Introduction to MEWS De
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* Derive an expression for the
resonance frequency of the
folded-beam structure at left.

Folded-beam  §*
< suspension -

lUse Rayleigh-Rfe metod.

— Shuttle w/ Kineftc Enevgy-
mass My KEpgy e FEs + Bt KE
S‘m»H‘le 'iwn bm:

MM L (an,
Folding maﬂ_afboﬂ‘fcii—g—/
truss w/ Hust integrate sine. He

mass M,\2
beam vel. Hfunc
Anchor = thickness ,{ar;w{,::‘;, =4St
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Folded-beam "
/ suspension z, .

Shuttle w/
mass M,

Folding
truss w/

E mass M;\2

Anchor | - thickness

EE €245: Introduction to MEMS Design

B Get Kinetic Energies

Velocty of the shuble: M= (Jo Ko

Reroume Freq. Mmmu{‘brrpkwmé
A"pl;fwb

oo S EITA

Vekeity of thetrur: M= L1 + donZo

Koo & (bl CGuiTH)

Veloaity of Ho beam segments:

= apume Ho mole shape (s He Sawe as
Ho shdic diploewsnt shape
= For ﬁgmen} AB:

B B fgpag) ocge

LecM 10 C. Nguyen 11/4/08 16

Copyright @2009 Regents of the University of California



EE245: Introduction to MEMS
Module 10: Resonance Frequency

@ Folded-Beam Suspension

xaz Folding Truss

Comb-Driven Folded Begam Actuator (ﬁ,/
(A

Ry, 20\(3lyt-20)  0<y4L

lare > ﬂt,,’o)ro v

(F«lq) €l ko
&Q:Q)Lc ‘xl’,”-o\‘ .ie-k!' — k= 0 _z.
EE €245: Introduction to MEMS Design LecM 10 C. Nguyen 11/4/08 17

For Rﬂ'\eﬂ} D
G oy o1 38 (3]

Thus:
L KE(eo1 * XWMMS ”(ﬁ‘)z"(j]

I - shuttlew/ | ,45 me,,{.u.ym bewm [c0]

Folded-beam r
< suspension

mass M,
" Mgy M= 34,
Thw: 6
Folding KE: YKEqpg) + YKy = 2= XowiM,
truss w/ ond
mass M,\2 2 2(L &
Anchor - thickness Kemes™ Yoo [2 Hs+ 1’”‘433 “"]
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& Get Kinetic Energies (cont)

" UGBerkeley

Bl
ETe

R 22 (8- 2(9)]

tohich yieUJ @ velocH\,:

4/‘(»\})][“ '3 [ 2(H 2 ?js]wo
Plugging inb tte exprestnfin KE:

2,2
o S £ Bl g
S ‘mn/ﬁﬁ L
. . AN 2 g3
o “cﬁfé" 7L M]jo [3(ﬁ 22 14

mass M,\2
.13 2
Anchor | = thickness KE(AG] Y ) Xows M(AB]
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Folded-beam ¥ AryL: wk{"
/ suspension  z, - S'«b-’"‘fM"a int (1):

=i - Shuttle w/
mass M,

& Get Potential Energy & Frequency

“UCBerkeley

Folded-beam ¥ PEpmox is ""‘P“/ o work dire o achieve
% x maximum Jefleohm < ke

suspension
- P 2. «Xc
H L Thus, wing Relegh-Rite:

:. | KEpray * PEimgy ‘kc
X/'da [ Mo+ fMs ’L”L] zk;%‘

Shuttle w/
mass M,
W\ =k
(A
”e‘i
Foldin here Mey= Hos THy + 1M
g q ] 3w b }
truss w/
mass M,\2 ( Resane F,Q,lmy o a )
Anchor |y - thickness Fodedd-Beam Suspended Shethie
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i w  Basic Concept: Scaling Guitar Strings
[ UCBerke ey s — 1" UCBerkeley
Guitar String uMechanical Resonator

Metallized
EEZ Electrode ~~a,
- 5

Anchor

Vib. Amplitude

i Polysilicon
+ Clamped-Clamped
110 Hz  Freq. Beam

Brute Force Methods for Resonance
Frequency Determination

Vibrating “A” || [Bannon 1996] Performance:

String (110 Hz) [ o . v L,=40.8um
f,=8.5MHz m, ~ 1013 kg
Stiffness “r Qvac =8,000 Wr=8“mv hr=2“m

~50 d=1000A, V,=5V

Press.=70mTorr

- air

3

Freq. Equation: P§

ot [k
AL

=
T

Transmission [dB8]

2
T

W
T

- Fre%\. M\ass TR
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T A
& Anchor Losses % 92 MHz Free-Free Beam puResonator
" UGiBerkeley " UGBerkelsy
Elastic Wave Problem: direct * Free-free beam umechanical resonator with non-intrusive

Fixed-Fixed Beam Resonator

&

Ancho,

Radiation anchoring to the
substrate = anchor
radiation into the
substrate = lower Q

Solution: support at
| Q= 300 at 70MHz | motionless nodal points
= isolate resonator
from anchors = less
energy loss = higher Q

supports = reduce anch

or dissipation = higher @

Al;chor

Free-Free Beam Resonator

/ J7\Z.-./.\$hor. K

Free-Free Beam

@ = 15,000 at 92MHz Yu, Ngw 1m] ZEe  mEl W WS R®
* IFCtmoney
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i Higher Order Modes for Higher Freq. i«, Flexural-Mode Beam Wave Equation
I UnBetoley " UBenksloy .
2" Mode Free-Free Beam 37 Mode Free Free Beam |z ,«—Transverse Displacement pA dxg;;fm'ﬁ"*‘*“‘*‘“‘
Distinct Mode | 4 v W = width

0 = I — p— - M

(FT['T@::%’*

«— Shapes \

X

: ———i-" |-<—d.‘r —
L " - ':‘\w ’d""u: i l
(Faaefeat ) proe Sody Dizgrom
* Derive the wave equation for transverse vibration: :
oty

Dynamic Eguilibriuim CondtHon foc Foras in Ho y-diveetan: /& 4745

F- (F+%h)-PA¢X%‘1= o U tegech #e 2L oy e

g o g
< o e g o1 o mimaet equilbrton condlthon: -Fint Ildg =6 (2)
» 0 i s 7 3‘7‘
§ 66 5 3 &W‘L::’y 0 ¢ @):
2 90 £ oM -
g s o
=72 Q ‘= 11’500 -180
M
101,31 101.34  101.37  101.40 [-—‘i: -54 h=-EL
Frequency [MHz] o
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i Example: Free-Free Beam & Free-Free Beam Frequency
" UGiBerkeley " UGBerkelsy
imz * Substitute u = u;ei®" into the wave equation:
*u ( M)
— =t 1
h ax* & @
* This is a 4™ order differential equation with solution:
* Determine the resonance frequency of the beam #{x) = &f cosh kx + @ sinh kx + Feoskx + Dsinkx (2
* Specify the lumped parameter mechanical equivalent circuit T Giver Ha mole shape during resmance vidiefim.
. . . * Boundary Conditions:
Transform to a lumped parameter electrical equivalent
circuit Atx =D Atx={¢
* Start with the flexural-mode beam equation: P Pu
’ ’ " Tt M-OGednonad
ou_fElou Fu Pu an -
ot? PA ) ox? ;;-9 jij-ﬁ 2 — 0 (Shearing foree)
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i Free-Free Beam Frequency (cont) i  Higher Order Free-Free Beam Modes
[ UG Bettie ey m—————— "uGBer UUHETEE e ——
* Applying B.C.'s, get A=C and B=D, and Nodal
] ) Mode n Points LE 2 ¥/
(m_ it-n_ml:!] (sinh k¢ sin kf) (1 &y _ 3) Fundamental (f,) 1 2 4730 1.000
(sinh &£+ sin k¢} (cosh k£— cos &¢) || & 15t Harmonic 2 3 7.853 2157
2nd Harmonic 3 4 10.996 5.404
* Setting the determinant = O yields 3rd Harmonic 4 5 14.137 8.932
4th Harmonic 5 6 17219 13.344 <— More than
&t 1 - 10x increase
08 Kbk = ——— X
M { i
* Which has roots at o :\\\_///—j Fundamental Mode (n=1)
Feof = 4730 kol = 7853 kyf = 10.956 o
Tosa vebuso of kil comespord N - . o
* Substituting (2) into (1) finally yields: 49“1,14 & oot mles of \x__//_hﬂ 15" Harmonic (n=2)
vibaafion! )
D 1
- i [E! Free-Free Beam
K* --vu’ﬂ, — |£= 2l M Frequency Equation W\ 1 24 Harmonic (n=3)
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i Mode Shape Expression
u[; etkeley
* The mode shape expression can be obtained by using the

fact that A=C and B=D into (2), yielding

- ﬂ[(;)(ﬂh + oo kx) + (snh kx + ah;a:)]

* Get the amplitude ratio by expanding (3) [the matrix] and
solving, which yields

a_f.__ sin kf — sinh kS
& coshkf— coskf

* Then just substitute the roots for each mode to get the
expression for mode shape
N ] Fundamental Mode (n=1)

v '_‘ [Substitute k= 4.730 ]
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