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Sketch of the orbits of Ceres and Pallas (nachlaB GaubB, Handb. 4). Courtesy ol Uni-
versititshibliothek Gatringen.
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Singular Value Decomposition
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SVD as hasis + transformed Address



SVD of
this?




Ui1:4)  D(1:4,1:4) V(:,1:4)




'y A’m 2c
[u,d,v] = svd(l); semilogy(diag(d(1:20,1:20)),'x-")

Im2 = u(:,1:20)*d(1:20,1:20)*v(:,1:20)",;
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Images as Vectors




Vector Mean
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Eigenfaces

Eigenfaces look somewhat like generic faces.



Eigen-images of Berlin




Average of 16 individuals transformed via
biometrical data of different ethnics



Average of 16 individuals transformed via
biometrical data of different ages



.I
A = U l. V'
mxn mxn nxn nxn
]
rank(A) =r <min(m,n) .-
]
| r J

Rank is the same as the number of nonzero singular value:



Nullspace
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Example Il (Fundamental Matrix)

F=
1.0e+003 *

-0.0000 0.0000
-0.0001 0.0002
0.0132 -0.0292

[u,d,v] = svd(F)

u=

-0.0003 0.9981
-0.0056 -0.0618
1.0000 -0.0001

0.0030
0.0564

-9.9998

0.0618
0.9981
0.0056

d=

1.0e+004 *

1.0000 0
0 0.0000

0 0 0.0000

0

0.0013 -0.9660 0.2586
-0.0029 -0.2586 -0.9660
-1.0000 -0.0005 0.0032

o

Rank(F) = 2

d(1,1)
ans = 1.0000e+004

d(2,2)
ans = 0.0021

d(3,3)
ans = 2.7838e-016



Matrix Inversion with SVD

.
A = I e v
mxn mxn nxn nxn
=

A" u'

n

A*A=l D'=dag{1/0,1/0,,---,1/0,} if 0, >0 , otherwise zero.



Two types of Least Square Problem:

mIiR{n |Ax — b||>  with |bl| # 0
X IR

min ||Ax|® st x| =1
xXER™



2D data




Line fitting ¢
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Line fitting

A E =y, -ox,-(

o Vertical distance

\4

Line fitting error:
: F=(y,-cx,-d) +-+(y,-ox,-d)
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2y -ex; -d)




Line fitting
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Line fitting
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Line fitting

AV E =y, -ax; -

o Vertical distance

y=ax+b X=H=(ATA)1 b'A
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Linear Inhomogeneous Equations

1) rank(A) = r < 1 : infinite number of solutions
.
Xx=VD"Ub+A_V .

Particular solutionHomogeneous solution

whereA = UDV' andV = [V1 Y ] .

n

+-+ AV
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Linear Inhomogeneous Equations

1) rank(A) = r < 1 : infinite number of solutions

X=VD"Ub+A V_ +-+AV
Particular solutionHomogeneous solution
whereA = UDV' andV = [V1 Vn] .
A X = b

2) rank(A) = :exact solution

x=A"b
mxn nx mx1
3) n<m : no exact solution in general (needs least squa

min|Ax-b|~ > x=(A'A) A'b

or X = A \ b in MATLAB.



Two types of Least Square Problem:

mIiR{n |Ax — b||>  with |bl| # 0
X IR

min ||Ax|® st x| =1
xXER™
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Line fitting

£ =lex, +f, +g|

Perpendicular distance

ex+fy+g=0

N
>

Line fitting error:
E=(€X1—]j/1—g)2+---+(€XN-lj/N-g)2

4 :
:Z(EX/ -y, ‘Q)
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Line fitting

£ =lex, +f, +g|

Perpendicular distance

ex+fy+g=0

\4

Line fitting error:

minimize ||Ax||2
X

Trivial solution: x =0



Line fitting

>

£ =lex, +f, +g|

Perpendicular distance

ex+fy+g=0

\4

Line fitting error:

minimize ||Ax||2
X

subject to |[x|| =1

Xx=V, where A =UDV'
V:[V1 V, V3]



Linear Homogeneous Equations

Linear least square solve produces a trivial solution:
1
x=(A'A) A'b > x=0

An additional constraint on X to avoid the trivial solution:”X” =

mxn nxi mx
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Linear Homogeneous Equations

Linear least square solve produces a trivial solution:
1
x=(A'A) A'b > x=0

An additional constraint oX to avoid the trivial solutHOt“ =

1) rank(A) = <n1-1 :infinite number of solutions
A X =0 X=A NV +-+AV  whee Y A" =

r+1%r+1

2) rank(A) =n-1  :one exact solution

mxn nxi mx1 X=Vn

3 n<m : no exact solution in general (needs least squar

min|[Ax|~ subjecttoX| =1 > x=V,
X
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