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Bob Mike 

Fundamental Matrix Estimation 



Fundamental Matrix 

=x FxT
2 1 0

×∈F 

3 3

(F)rank = 2
Degree of freedoms: 3x3-1 = 8 

scale factor 

Matrix dimensions 

# of unknowns: 8 
# of required equations: 8 =x FxT

2,1 1,1 0

=x FxT
2,8 1,8 0

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8 correspondences 
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Linear equation in F: 
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Linear equation in F: 
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Linear Homogeneous Equations 

= A x 0

m x n n x 1 m x 1 

Linear least square solve produces a trivial solution:  

x = 0 

An additional constraint on     to avoid the trivial solution:  x x = 1

rank(A) = <r n -1 : infinite number of solutions 

x = V + + Vr r n nλ λ+1 +1

rank(A) = n -1 : one exact solution 

x = Vn

=∑
n

i
i = r

λ2
+1

1where 

<n m : no exact solution in general (needs least squares)  

x
min Ax

2
 subject to x = 1 x = Vn

1) 

2) 

3) 

( )x = A A A b
-1T T



8 Point Algorithm 

• Construct 8x9 matrix A. 
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8 Point Algorithm 

• Construct 8x9 matrix A. 

• Solving linear homogeneous equations via SVD: 

 

 

 

 

 

 

A = UDV T
:x = V,9 where 

F = xreshape( ,3,3): constructing matrix from vector. 



8 Point Algorithm 

• Construct 8x9 matrix A. 

• Solving linear homogeneous equations via SVD: 

 

 

• Applying rank constraint, i.e.,                   . 

 

 

 

 

A = UDV T
:x = V,8 where 

F = xreshape( ,3,3): constructing matrix from vector. 

(F)rank = 2

F  = UDV T
rank2 D D:    with the last element zero. where 

F  =rank2 U D VT F = U VTD

SVD cleanup 





F = 
  1.0e+003 * 
    0.0000    0.0001   -0.0463 
   -0.0001    0.0000    0.0181 
    0.0519   -0.0043   -9.9997 



>> rank(F) 
ans = 
     3 
>> [u,d,v] = svd(F); 
>> d(3,3) = 0; 
 
 

>> F = u * d * v' 
F = 
  1.0e+003 * 
    0.0000    0.0001   -0.0463 
   -0.0001    0.0000    0.0181 
    0.0519   -0.0043   -9.9997 
>> rank(F) 
ans = 
     2 

: SVD cleanup 



x1 = 
   950   450 

L2 = 
   -0.1024   -0.9947  547.0942 

=L Fx2 1



L1 = 
    0.5489    0.8359 -627.0515 

x2 = 
   920   130 

=L F xT1 2



[u,d] = eigs(F'*F); 
u =  
   -0.0052    0.9258   -0.3780 
    0.0004   -0.3780   -0.9258 
    1.0000    0.0050   -0.0016 
d =  
   1.0000         0                 0 
         0    6.4719e-10         0 
         0         0    -7.6511e-22 

uu = u(:, 3) = [-0.3780, -0.9258, -0.0016] 
 

Epipole of left image: null space of F



[u,d] = eigs(F*F'); 
u =  
    0.0046    1.0000    0.0029 
   -0.0018    0.0029   -1.0000 
    1.0000   -0.0046   -0.0018 
d =  
   1.0000         0                 0 
         0    6.4719e-10         0 
         0         0    -5.6583e-21 

uu = u(:, 3) = [0.0029, -1.0000, -0.0018] 

Epipole of right image: Null sapce of F transposed



Data courtesy of R. Mohr and B. Boufama.



Mean errors:
10.0pixel
9.1pixel



Problems with the 8-Point Algorithm

- Recall the structure of W:
- do we see any potential 
(numerical) issue?

F1=f
,0=fW Lsq solution 

by SVD
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Problems with the 8-Point Algorithm

• Highly	un-balanced		(not	well	conditioned)
• Values	of	W	must	have	similar	magnitude
• This	creates	problems	during	the	SVD	decomposition

0=Wf
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Normalization 

IDEA: Transform image coordinates such that the matrix 
W becomes better conditioned (pre-conditioning)

For each image, apply a transformation T (translation 
and scaling) acting on image coordinates such that:

• Origin = centroid of image points
• Mean square distance of the image 
points from origin is ~2 pixels



Coordinate system of the 
image before applying T

Coordinate system of the image 
after applying T

T

Example of normalization

• Origin = centroid of image points
• Mean square distance of the image points from origin is ~2 pixels



Normalization 

ii pTq = ii pTq ¢¢=¢



1. Normalize coordinates in images 1 and 2:

2. Use the eight-point algorithm to compute from the
corresponding points q  and q’  .

1. Enforce the rank-2 constraint:

2. De-normalize Fq:

i i

ii pTq = ii pTq ¢¢=¢

0qFq q
T =¢

The Normalized Eight-Point Algorithm 

qF®

'TFTF q
T= 0)Fdet( q =

0.  Compute T and T’ for image 1 and 2, respectively

F̂q

such that:
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Mean errors:
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