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Charging and Discharging RC Circuits
Handout for EECS 42

Developed by Professor W.G. Oldham to
provide understanding of transient issues in
computer logic.

Extensions by Professor A.R. Neureuther in
Spring 2003 to include sequential switching of
logic gates as occurs in the EECS 43 logic
gate experiment.
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Charging and discharging in RC Circuits
(an enlightened approach)
» Before we analyze real electronic circuits - lets study RC circuits

» Rationale: Every node in a circuit has capacitance to ground,
like it or not, and it's the charging of these capacitances that
limits real circuit performance (speed)

Relevance to digital circuits: »

We communicate with pulses
We send beautiful pulses out —

time—

i

time —
RC charging effects are responsible .... So lets review them.

gt 2001 Caitomia

But we receive lousy-looking pulses
and must restore them

1t
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LOGIC GATE DELAY Tp
Time delay T, occurs between input and output: “computation” is not
instantaneous
Value of input at t = 0* determines value lgf output at later time t = T,

AD—
I
B <+ Capacitance to Ground

Logic State =

Input (A and B tied together)

| .
0

— L Output (Ideal)
F ) {‘1-... ¢

=
‘ Actual Voltage versus time. ‘
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SIGNAL DELAY: TIMING DIAGRAMS

Show transitions of variables vs time

a

A B D Logic state
A ol D O
= = LA, ¢
Note B changes one gate delay 0
after A switches B T .
T
Note that € changes two gate delays c
after A switches. | t
T2t
Note that D changes two gate delays
after A switches. b | | t
T 2T 3T
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Simplification for time behavior of RC Circuits

Before-any input change occurs we have a dc circuit
problem t is we can use dc circuit analysis to relate the
output to the input).

Long-after the input'shange
occurs thi “settle do
Nothing is changirg ... So
again we have a dc circui
problem.

input

voltage

We call the time period time—

during which the output
changes the transi D
—

output

volta

We can predict a lot about the
transient behavior from the pre- and
post-transient dc solutions

time—
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What environment do pulses face? 3

« Every real wire in a circuit has resistance.
« Everyjunction (node) has capacitance to ground and to other nodes.
« The active circuit elements (transistors) add additional resistance in
series with the wires, and additional capacitance in parallel with the
node capacitance.
Thus the most basic model circuit for studying transients
consists of a resistor driving a capacitor.

Input node R Output node
o

1 A pulse originating at node I will
+ arrive delayed and distorted at
V. —C node O because it takes time to
" charge C through R

—— ground

If we focus on the circuit which distorts the pulses produced by V,,
its most simple form consists simply of an R and a C. (V,, represents
the time-varying source which produces the input pulse.)
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The RC Circuit to Study
(All single-capacitor circuits reduce to this one)

Input node R Output node

—C

1

— ground

* R represents total resistance (wire plus whatever drives the
input node)

« C represents the total capacitance from node to the outside
world (from devices, nearby wires, ground etc)
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Case 1 - Rising voltage. Capacitor uncharged: Apply + voltage step

V1-
t P Input node R Output node
> ,‘\/\I—T vV
R 4
I \ oul V. —_ C
; n
0 time___, ) — ground

* V,, “jumps” at t=0, but V_, cannot “jump” like V,,. Why not?

# Because an instantaneous change in a capacitor voltage would

require instantaneous increase in energy stored (1/2CV?), that is,
infinite power. (Mathematically, V must be differentiable: I=CdV/dt)

| V does not “‘jump” at t=0 , i.e. V(t=0*) = V(t=0") |

Therefore the dc solution before the transient tells us the capacitor
voltage at the beginning of the transient.

2001 Catorns
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Case 1 Continued — Capacitor uncharged: Apply voltage step

Vi-—oroo
t e Input node R Output node
5 e
‘/' Vou Vin —C
1 -
— ground
0 time—,
* V,, approaches its final value asymptotically (It never actually

gets exactly to V1, but it gets arbitrarily close). Why?

After the transient is over (nothing changing anymore) it means d(V)/dt
=0; that is all currents must be zero. From Ohm'’s law, the voltage
across R must be zero, i.e. V;, = V.

= Thatis, V, - V1ast - «. (Asymptotic behavior)

Again the dc solution (after the transient) tells us (the asymptotic limit

of) the capacitor voltage during the transient.
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Example — Capacitor uncharged: Apply voltage step of 5 V

5¢ 000000
t T Input node , R Output node
= . i 9—//\/\/—T Vout
4 ,
‘/‘ Vou Vi, —C
i B — ground

° time—.,
+ Clearly V,, starts out at OV (att = 0*) and approaches 5V.
* We know this because of the pre-transient dc solution (V=0) and
post-transient dc solution (V=5V).

So we know a lot about V,, during the transient - namely its initial
value, its final value , and we know the general shape .

We even know the initial slope from | = C(dV/dt) as
(dV/dt) = (1/C)l = (1/C)(V;, —0)/R =(V,, —0)/(RC)
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RC RESPONSE: Case 1 (cont.)

V1 —
. - (/7 Input node R Output node
= - oul
> .9 + Vou
S Vin —-C
/ -
o time — ground

Equation for Vout: Do you remember
Exact form of V,? general form?

Voui = V1(1 _e»t/r)

17—

ot

Exponential!

0 time —
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Review of simple exponentials.

Rising Exponential from Zero Falling Exponential to Zero
Vout = V4(1-e7) Vi = Vyett
att=0, Vou=0, and att=0, Vou=V,, and
att >, Vou > Vjalso att oo, Vo > 0, also
att=r, Vou =063V, att=r, Vo, = 0.37V,
Vout Vout
V1
37V,
0 .
0 1 time

Copyrigh of Calfomis
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Rising Exponential from Zero Falling Exponential to Zero
Vout = V4(1-e7) Vo = Vet
We can add a constant (positive or negative)
Vout = V1(1 _e-i/'r) + V2 Vou! = V1e-t/r + VZ
voul Vou(
V,+V, Vi+V, i—
B3V,+ V)
37V,+V,
v, v,
0 0

0 1 time
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Further Review of simple exponentidfgsion Pate 02/09/03
Rising Exponential Falling Exponential

Vou = V4(1-e41) + V, Vou = Vi€ +V,

Both equations can be written in one simple form:| V/_ . = A + Bett

Initial value (t=0) : V,,=A+B.  Final value (t>>1): V , = A

Thus: if B <0, rising exponential; if B > 0, falling exponential

Vout Vout
A A+B |-
Here B>0
Here B <0
A+B A | T
0 . o *
0 time 0 time
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RC RESPONSE' Case 1 (Rising exponential)

V. Vout
in
vm °_I\/v\7_' ot VIt—"+—
A /(/
i = -
R IC' Vou! - V1(1_e t/.[)
L N
o time o ' time

* Howis trelatedto Rand C ?
— If C is bigger, it takes longer (11 ).
— If Ris bigger, it takes longer (t1).
%5 Thus, T is proportional to RC.

# Infact, t=RC!

Thus Vg, = V,(1-64R0)

Copyrish 2001
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Proof that V,, = V,(1-¢™*)

out

i :% (Ohm's law)

dv,
c=C d“” (capacitance law)

But i, =i, !

Thus, © = IV
R dt

or

LA VARV
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RC RESPONSE Case 1 (cont.)
Pranfthat V. _V (1 a—t/RCy

We have: dL - Proof by substitution:
ut_ 1y

\
?

a—
out _ T
But Vin:VI:constant dt = ( out)
and V7 0 oat + N+ 1
?
| claim that the solution to this {/_JJTﬂ—t/RC _ T il/ (I,/p—t/RC\\
first-order linear differential clearl
equation is: Y
Y trrC _ YT t1RC

v _vn ~t/RG
and

Copyrigh 2001 Regsrs of
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R

Vin._wth
Generalization .

Vin switches at t = 0; then for any time interval t > 0, in which Vin is a

constant, Vout is always of the form: Vo =A+ Be-URC

We determine A and B from the initial voltage on C, and the
value of Vin. Assume Vin “switches” at t=0 from Vco to V1:

- . . . a Xt v Coea

You may choose to solve RC
problems using this "A and
B" formulation, but in the

next lecture we show you an

easier way.




EECS 42 Intro. electronics for CS Spring 2003 Handout on RC Circuits. A.R. Neureuther
Version Date 02/09/03

Re-Cap: Charging and discharging in RC Circuits

Last Time: R
We learned that simple the Input node Output node
simple RC circuit with a step + Vout
input has a universal Vi, =—C
exponential solution of the form:

Vy = A + Be'tRC — ground

Example 0: R = 1K, C = 1pF, V,, steps
from zero to 10V at t=0:

Via
1) Initial value of V, is 0 10- —
2) Final value of V,,, is 10V 6.3V v
3) Time constant is RC = 10 sec ;
4) V,, reaches 0.63 X 10 in 10 sec /
1001, B o iy ot i ’ 1nsec time_—.
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- Example 1 (rising exponential) continued -
For this example: R = 1K, C = 1pF,

V,, steps from zero to 10V at t=0: Input node R Output node
Vin A v,

107 + out
P Vin —cC
6.3V [ \4 ut -
) ‘ — ground
; V, starts at 0, ends at 10 and
: - has time constant of 1nsec
1nsec time—.
Vou1 =10 - 10e/1nsec

Note that we found this graph without even using the equation
Vo =A+ Be-RC (Thatis we did not try to evaluate A and B).

We simply used the dc solution for t<0 and the dc solution for t>>0
to get the limits and we used the time constant to get the horizontal
scale. We only need the equation to remind us the solution is an
exponential. So this will be the basis of our easy method.

gt 2001 Caitomia
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Charging and discharging in RC Circuits 03

(The official EE42 Easy Method)
Method of solving for any node voltage in a single capacitor circuit.

1) Simplify the circuit so it looks like one resistor, a source, and a
capacitor (it will take another two weeks to learn all the tricks to do
this.) But then the circuit looks like this:

2) The time constant of the Input node R Output node
transient is T = RC. . Vout

3) Solve the dc problem for the in -
capacitor voltage before the transient.

This is the starting value (initial value) ~ —— ground

for the transient voltage.

4) Solve the dc problem for the capacitor voltage after the transient is
over. This is the asymptotic value.

5) Sketch the Transient. It is 63% complete after one time constant.

6) Write the equation by inspection.
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Charging and discharging in RC Circuits 03
(Example 1 of the EE42 Easy Method)

Find Vc(t) for the following circuit: (input sw1it}(<:hesgf|20m 2Vto-1Vatt=0)

R - Ve
1) Simplify the circuit :

N
2
10K ve  vin( L3 ——2pF
—

. MN_—T )
Vin _I 2pF = 0K ve
) — + —

3) Before the transient
2) The time constant of the Vin = 2V so V¢ =2V
transient is T = RC = 20nsec -

10K
4) After the transient is over Vin Ve
=-1Vso Vc =-1V. This s the +
asymptotic value. -v
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Charging and discharging in RC Circuits 03
(Example 1 of the EE42 Easy Method)

Find Vc(t) for the following circuit: (input switches from 2V to -1V at t = 0)
9K

We have : Initial value of Vc is 2V,
final value is -1V and T = 20nsec

5) Sketch Vc (t) :
Ve What is the equation for an

exponential beginning at 2V,
decaying to -1V, with T = 20nsec?

«— |nitial value

t (nsec)

o™ Final value V(t) = -1 +3et20sec

20 40 6

37% of transient
remaining at one
time constant

Copyrigh 2001 Regsrs of
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2 MORE EXAMPLES ---OUR METHOD AVOIDS ALL MATH!
@ Sketch waveform (starts at Vco, ends asymptotically at V1, initial
slope intersects at t = RC or transient is 63% complete at t=RC)

@ Write equation: 2a. constantterm A = limitof Vast — «
2b. pre-exponent B = ini!(!al value - constant term

4
2
[ s N T . —t/.001
m « Voo =0 \ -
5 c N
+ ‘ . | ~— |
= _ X
10 time (msec)
9
8
t=0 R . 7
I\/\/\ out RC = Olpsee 5 2 Ty,
e H -
Le Ve = 10 3 N7 RIF A AR
3
2" _|_ c H
1 1
= = 0

0 0.1 02 03 04 05
tin microseconds.
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R
in out
Wy
@‘V] _|_ C RC=0.01lsec

Vo =0 Voo =5V

W 12
10
L 8
° O 5 P -
5 i -] B=5
o &1 I Bx-101 | K4 6
vi=10 > P 4
B
v 2
/ o
o oor o; oo oos oos 0 001 o002 003 004 ¢
time (sec) time (sec)
12 12
V=0 10 = 0 w0
8 = 8 —
s g
4 4
2 2
0 3
0 o001 002 003 004 ¢ 0 001 002 003 o004 00
time (sec) time (sec)
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COMPLICATION: Event Happens at t # 0 3

(Solution: Shift reference time to time of event)
6

Example: switch closes at 1usec 5
o4 —r=1=5
t = lusec R 3 3 6
out > V =5k 2xI
r’a_l\/\/yﬂ -
] |4 ,VCo =5V 2
[¢
RC = 2pusec 1
= l— o+ —
] 2 4 6 8

time (microseconds)
We shift the time axis here by one microsecond, i.e.

imagine a new time coordinate t* = t-1psec so that

in the new time domain, the event happens at t* = 0
and our standard solution applies. Of course we
replace t* by t -1psec in the equations and plots. Thus
instead of t* =0 we have t = 1usec, etc.

ighi 2001 Caitomia
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EXAMPLE of CHARGING to 95%

Your photo flash charges a 1000uF capacitor from a 50V source
through a 2K resistor. If the capacitor is initially uncharged, how long
must you wait for it to reach 95% charged (47.5 V)?

Solution: RC=2K x10° =2sec 50

L —1
2K 40 \—
V V=47.5 at
out L% =
+ N
50V _ 103F ==V, =0v % /
10
0
By inspection: ¥, =50-50e™"*, so 0 2 4 6 8 10
time in seconds
47.5

475-50(1-¢7) = oo Y5
R A

Copyrish 2001
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EXAMPLE of a SWITCHING LOGIC GATE

Ry=20 kQ  Vour ) .
¥ t=2ns 4
sV f (3.16V, 4ns)
\< I VOUT 2 116
(=4 nsjf: 0.1pF (1.16V at 5ns)
- (0.43V at 6ns)
= R,=10kQ O

2 4 6 t(ns)

Prior to t =2ns Switch has been
down a long time. At 4 ns Switch goes down:
Vour=0 starts from present value of
At 2 ns Switch goes up: heads 3.16V and heads down to
for 5V with RC = 20kQ 0.1pF = zero.
2 ns Vour = 3.16e-(t-4ns)/1ns
VOUT = § _ §e~(t-2ns)/2ns
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