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Announcements
• Quest: Tuesday 09/14/21 8:30pm


• Last time: 

- Gaussian Elimination

- Started vectors


• Today: 

- Continue vectors

- Matrix-Matrix and Matrix-vector Multiplications

- Matrix-Vector Multiplications as linear set of equations

- Intro to span



Vectors
• An array of N numbers

- Represents coordinates in an N-dimensional space 

<latexit sha1_base64="Xaeim/0IpOodJAJcFx8RxBrDb4E="></latexit>

~x =

2

6664

x1

x1
...

xN

3

7775
, ~x 2 RN

• For example: 
<latexit sha1_base64="5b6H8KRdh3lOVtA951nZ7rrEdII="></latexit>

~x =


3
2

�
, ~x 2 R2



Matrices
• A collection of numbers in a rectangular form

<latexit sha1_base64="HMc96If/sFtJIc2Gvog/wsaKfv4="></latexit>

X =

2

66664
~x1 ~x2 · · · ~xM

3

77775
, X 2 RN⇥M

• Or a collection of M, N-length vectors

<latexit sha1_base64="58A+0y9dnQddnAINm2NfBvEax3Q="></latexit>

X =

2

6664

x11 x12 · · · x1M

x21 x22 · · · x2M
...

... · · ·
...

xN1 xN2 · · · xNM

3

7775
, X 2 RN⇥M



Matrix Addition
• When matrices are the same size, they can be added element-wise


• Scalar multiplication — by all elements

<latexit sha1_base64="NiESdI1Fk0r+upn/SUG7QqAPDV0="></latexit>

X + Y =


�2 1
1 3

�
+


3 �1

�1 �2

�
=

 �

<latexit sha1_base64="Z6+IYGGYj/iA1+7PWEjXTR42rag="></latexit>

2X = 2


3 �1

�1 �2

�
=

 �



Matrix Addition
• When matrices are the same size, they can be added element-wise


• Scalar multiplication — by all elements

<latexit sha1_base64="NiESdI1Fk0r+upn/SUG7QqAPDV0="></latexit>

X + Y =


�2 1
1 3

�
+


3 �1

�1 �2

�
=

 �

<latexit sha1_base64="Z6+IYGGYj/iA1+7PWEjXTR42rag="></latexit>

2X = 2


3 �1

�1 �2

�
=

 �



Vector-Vector Multiplication
• Multiplication is valid only for specific matching dimensions!


- Width of the 1st, matches length of the second

Like this…. and like that!



y1 y2 ⋯ yN <latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xN

Vector Vector Multiplication

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN =

1 × N

N × 1
scalar 1 × 1

Also known as “inner product” 
or “dot product”

⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!

1 × 1



<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNA

Matrix-Vector Multiplication
⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!

What about this case….

A ⃗x =

A ∈ RM×N, ⃗x ∈ ℝN×1

N

N × 1
M

= ?

y1 y2 ⋯ yN <latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xN

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN =

1 × N

N × 1
scalar 1 × 1

Also known as “inner product” 
or “dot product”

1 × 1



Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=

⃗y T
1 = [a11 a12 ⋯ a1N] ⃗x = ⃗y T

1 ⃗x

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⋮
a11x1 + a12x2 + ⋯ + a1N xN



Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=

⃗y T
1 = [a11 a12 ⋯ a1N] ⃗x = ⃗y T

1 ⃗x

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⃗y T
2 = [a21 a22 ⋯ a2N] ⃗x = ⃗y T

2 ⃗x

⋮
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN



Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=

⃗y T
1 = [a11 a12 ⋯ a1N] ⃗x = ⃗y T

1 ⃗x

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⃗y T
2 = [a21 a22 ⋯ a2N] ⃗x = ⃗y T

2 ⃗x

⃗y T
M = [aM1 aM2 ⋯ aMN] ⃗x = ⃗y T

M ⃗x

⋮
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN

⋮

⋮
aM1x1 + aM2x2 + ⋯ + aMN xN

= M

1



B

Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=
a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⋮
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN

⋮
aM1x1 + aM2x2 + ⋯ + aMN xN

= M

1

What about this case….

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL

a21b11 + a22b21 + ⋯ + a2N bN1 a21b12 + a22b22 + ⋯ + a2N bN2 a21b1L + a22b2L + ⋯ + a2N bNL⋯



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL

a21b11 + a22b21 + ⋯ + a2N bN1 a21b12 + a22b22 + ⋯ + a2N bN2 a21b1L + a22b2L + ⋯ + a2N bNL⋯
⋯⋯ ⋯

aM1b11 + aM2b21 + ⋯ + aMN bN1 aM1b12 + aM2b22 + ⋯ + aMN bN2 aM1b1L + aM2b2L + ⋯ + aMN bNL



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL

a21b11 + a22b21 + ⋯ + a2N bN1 a21b12 + a22b22 + ⋯ + a2N bN2 a21b1L + a22b2L + ⋯ + a2N bNL⋯
⋯⋯ ⋯

aM1b11 + aM2b21 + ⋯ + aMN bN1 aM1b12 + aM2b22 + ⋯ + aMN bN2 aM1b1L + aM2b2L + ⋯ + aMN bNL

Result at location 2x2 = a21b12 + a22b22 + ⋯ + a2NbN2



Matrix-Vector Multiplication Like this…. and like that!

CBA =

M × N N × L M × L



y1 y2 ⋯ yN<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xN

Vector Vector Multiplication

1 × N

N × 1

⃗x ⃗y T = =

N × N

⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!

<latexit sha1_base64="AWL/KVhtMFB255x9KkeARjgMsMs="></latexit>2

6664

x1y1 x1y2 · · · x1yN
x2y1 x2y2 · · · x2yN
...

... · · ·
...

xNy1 xNy2 · · · xNyN

3

7775 =



Vector Vector Multiplication

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN

1 × N

N × 1

scalar 1 × 1
Also known as “inner product” 
or “dot product”

⃗x ⃗y T =

Like this…. and like that!

=

N × N

<latexit sha1_base64="AWL/KVhtMFB255x9KkeARjgMsMs="></latexit>2

6664

x1y1 x1y2 · · · x1yN
x2y1 x2y2 · · · x2yN
...

... · · ·
...

xNy1 xNy2 · · · xNyN

3

7775

Do not commute!

Also known as “outer product”

⃗x , ⃗y ∈ ℝN×1



Matrix Matrix Multiplication

BAN × M
M × N = M

×
1

1 × N
= M × N

😍

N × N

😍

1 × N

N × M =
1 × M

😍B AN × M
M × N = M × M

😍
Matrix multiplication does not commute!



Matrix-Vector Form of Systems of Linear Equations

• Consider the matrix equation:   A ⃗x = ⃗b

A ⃗x =

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNA
N × 1M × N

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⋮ =
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN

⋮
aM1x1 + aM2x2 + ⋯ + aMN xN

M × 1

<latexit sha1_base64="NjFZAfodr6G/fQGVvXv/32DFj54="></latexit>

=

2

6664

b1
b2
...

bM

3

7775

<latexit sha1_base64="XvH+c+1xHZMBwlcIIdqk/Kffu2U="></latexit>2

6664

a11 a12 · · · a1N
a21 a22 · · · a2N
...

...
aM1 aM2 · · · aMN

���������

b1
b2
...

bM

3

7775

Same as the Augmented Matrix!

 is another way to write

A linear set of equations!
A ⃗x = ⃗b



Row vs Column Perspective

• Row / Measurement Perspective of A ⃗x = ⃗b
<latexit sha1_base64="qNWWwM3Xj0y+rdzidny7RVR9sQo="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="ZS6dYb5b3Rz0a/pyxpeuxoBPRNA="></latexit>
a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

�
=


b1
b2

�



Row vs Column Perspective

• Row / Measurement Perspective of A ⃗x = ⃗b
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A: How each variable affect a particular measurement
Q: What does a row mean?



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b
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Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b
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Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b
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A: How a particular variable affects all measurements.
Q: What does a column mean?



Linear combination of vectors
• Given set of vectors , and coefficients 


•  A linear combination of vectors is defined as:  

{ ⃗a 1, ⃗a 2, ⋯, ⃗a M} ∈ ℝN {α1, α2, ⋯, αM} ∈ ℝ
⃗b ≜ α1 ⃗a 1 + α2 ⃗a 2 + ⋯ + αM ⃗a M

Recall:  :A ⃗x
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= x1~a1 + x2~a2 + x3~a3
Matrix-vector multiplication is a linear combination of the columns of A!



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
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Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: What linear combination of  will give ?⃗a 1, ⃗a 2
⃗b

⃗b

⃗b



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
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A: 2 ⃗a 1 + 1 ⃗a 2



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
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Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….I think so….
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Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….I don’t think so…. Unless its along the line  ⃗a 1



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….yes!
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Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
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Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
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Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
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Span / Column Space / Range
Example 2: What is the span of the cols of  A?

⃗a 1

⃗a 2

A: The line x1 = x2
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Span / Column Space / Range
• Definition: 


If  s.t.  then ∃ ⃗x A ⃗x = ⃗b ⃗b ∈ span{A}

Converse: , there is a solution for ⃗b ∈ span{A} A ⃗x = ⃗b

Q: What if ?⃗b ∉ span{A}
A: There is no solution for  A ⃗x = ⃗b



Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

   has the same solution as:  2x + 3y = 4 4x + 6y = 8
Proof for N=2:


Let , with solution ax + by = c x0, y0

Show that , 

has the same solution.

βax + βby = βc

Substitute  for : x0, y0 x, y
βax0 + βby0 = βc
β(ax0 + by0) = βc
βc = βc

 ⇒ ax0 + by0 = c

But is it the only solution?

, with solution: βax + βby = βc x1, y1
 ⇒ βax1 + βby1 = βc

Show that , 

has the same solution…..

ax + by = c

Since …. β ≠ 0
 βax1 + βby1 = βc ⇒ ax1 + by1 = c

SOLUTION OF ONE, IMPLIES THE OTHER

AND VICE-VERSA!



Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

2. Adding a scalar constant multiple of one equation to another
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(1) x + y = 2
(2) 3x + 2y = 5

Concept of proof: look at explicit solution, show they are the same
Also show the reverse — by applying the reverse operations

Have the same solution

<latexit sha1_base64="BuQPf+wyLRMPkEeFU5yMcvvNqs8="></latexit>

(1) x + y = 2
3⇥ (1) + (2) 6x + 5y = 11

and


