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Announcements

* Quest: Tuesday 09/14/21 8:30pm

* Last time:
- Gaussian Elimination
- Started vectors
* Today:
- Continue vectors
- Matrix-Matrix and Matrix-vector Multiplications
- Matrix-Vector Multiplications as linear set of equations
- Intro to span



Vectors

* An array of N numbers
- Represents coordinates in an N-dimensional space

s
L1 N
T = , : z eR
* For example:
— [ 3 _ —
T=1 45 | z € R?




Matrices

* A collection of numbers in a rectangular form

L11 L12 L1M
221 22 X 2M
X = | , | . X e RIxM
 IN1 IN2 T INM

* Or a collection of M, N-length vectors




Matrix Addition

* When matrices are the same size, they can be added element-wise

-2 1| [ 3 =1
X+Y = |3 +__1 o | =

* Scalar multiplication — by all elements

3 —1
2X_2__1 o | =




Matrix Addition

* When matrices are the same size, they can be added element-wise

X+Y =

_I_

-1

3 —1
_2_

* Scalar multiplication — by all elements

2X =2

3

- —1

—1
—

6 -

REY




Vector-Vector Multiplication

* Multiplication is valid only for specific matching dimensions!
- Width of the 1st, matches length of the second

and like that_! |




. : : Like this.... and like that!
Vector Vector Multiplication LR
7, 7 c RNXI &
I XN
\/——\/ _ 1x1
scalar 1 X 1
Nx 1 Also known as “inner product”

or “dot product”



Like this.... and like that!

Matrix-Vector Multiplication

X,V
I XN
—T— — _
VIX = = Y1X Xy T Y3x5 vy Xy =
scalar 1 X 1
What about this case.... Also known as “inner product”
NX 1 o V24
or “dot product
A€ RMXN, 7 = [RNXl
N

WN-x' 1




Like this.... and like that!

Matrix-Vector Multiplication

A € RMN %" e RV

N
aj1ayy iy all.xl + a12x2 s A ClleN
drilyy s+ doy

>

=
I

I

VAL X 1

Ay Appp o Ayn

- —>T—>
la;, ap - aylx =y x



Like this.... and like that!

Matrix-Vector Multiplication '|$

A € RMN %" e RV

N
ayp Ay ot AN Clll.xl + a12x2 s A ClleN
a a e o a
A? _ 21 #22 2N — a21x1 -|- a22x2 _|_ o _|_ aszN
— o
M .
[ ]
o ‘NN X
Ay A aAyn
—_— —>T—>
lay, app anlx =y x




Like this.... and like that!

Matrix-Vector Multiplication

A € RMN %" e RV

N
ay Ao a|N all.xl + a12x2 s A ClleN
a Cl IS a
AT = SIELY, Wil b — | Go1Xp T agXy T e T dynXy
X = " P o _
® . o M
° NN X 1 °
Ay AynN _aMlxl + aszZ + e + aMNxN
—_— —>T—>
lay, ap anlx =y1x
:T P>
lay) ayy -+ aon] X =y, x




Like this.... and like that!

Matrix-Vector Multiplication '|$

A € RMN %" e RV

N _ 1
ayp Ay ot AN Clll.xl -+ a12x2 + .- + ClleN
—_— Gy G f2 Gon _ a21x1 + a22x2 SF ©°0 A aszN
A X = o T PY —_—
M ° o —_ M
° N x1 °
What about this case.... N 7 -
A€ RMXN B e RNXL
N — 9

AB= M




Matrix-Matrix Multiplication

A€ RMXN B e RNXL

aybyy + apby + -+ ayby;

Like this....
L

and like that!




Matrix-Matrix Multiplication

A€ RMXN B e RNXL

apbyy +apby + -

+ a;nby,

Like this....

| 1
- A‘
| '

aybiy + apby + -+ ajyby,

and like that!




Matrix-Matrix Multiplication

A€ RMXN B e RNXL

apbyy +apby + -

+ a;nby,

Like this....

| 1
- A‘
| '

a11b12 =5 a12b22 S OO0 5 aleNZ )

and like that!




Matrix-Matrix Multiplication

A€ RMXN B e RNXL

N

5,

AB= M

apbyy + apby + -+ ayyby,;

Like this....

N 1
T s W
| |

%

a11b12 =5 a12b22 S OO0 5 aleNZ )

and like that!

apbyp +apby + -+ ajybyg




Matrix-Matrix Multiplication

A€ RMXN B e RNXL

apbyy + apby + -+ ayyby,;

ayibyy + apnbyy + -+ + ayyby,

Like this....
L

aybiy + apby + -+ ajyby,

ayibiy + ambyy + -+ + aynby,

and like that!

apby +apby + -

anibyp +aypby + -

+ ajnbyr,

+ aynbyy




; : ST ‘ Like this.... and like that!
Matrix-Matrix Multiplication — that!

A€ RMXN B e RNXL

apbyy + apby + -+ ayyby,;

aybiy + apby + -+ ajyby,

) allb1L+alzb2L+ o +a1NbNL

ayibyy + apnbyy + -+ + ayyby, aybiy + ambyy + -+ ayyby,  eee

ayibyp + anbyp + -+ arybyy
N — )
AB= M

ayibyy + ayabyy + - +aynbyy  aybry + ayaboy +

=+ ayyby, ayibyp + aypbyp + -

+ aynbyr




Like this.... and like that!

Matrix-Matrix Multiplication L

A€ RMXN B e RNXL

N L B —

apbyy + apby + -+ ayyby,; aybiy +apby + - +ajnbyy  eee apbyp +apby + -+ ajybyg

an by + arbsry + - + ay by Bo1D15 + A0oDoy + o+ + dopbyg oo Ay by + aybyp + -+ + aynbyp

AB= M ) : - :

ayibyy + ayaboy + -+ aynbyy  aybiy + ayboy + -+ aynbyo ayibyp + ayabyp + -+ + aynbyy

Result at location 2x2 = ay by, + ayobyy + -+ + arnby»




Like this.... and like that!

Matrix-Vector Multiplication A r

MXN NXL M X L



Like this.... and like that!

Vector Vector Multiplication

X,V
I XN
_$1y1 r1Yyz2 -+ T1YN |
77T_ L2Y1  X2Y2 -+ T2YN
| INY1 INY2 - TINYN |
N x1

N XN



Like this.... and like that!

Vector Vector Multiplication

X,V
yIx = = V1X] + VX + y3x3 + o+ Yy
L,/————\/ _J
scalar 1 X 1

Also known as “inner product”
or “dot product”

I XN B =
r1ys T1yYy2 -+ T1YN
royiy  X2Yy2 - T2YN
—>—>7T
Xy = —
 INY1 INY2 - TINYN |
N x1 NxN Do not commute!

Also known as “outer product”



Matrix Matrix Multiplication

N XM

M XN

M XN

NXM

Matrix multiplication does not commute!

[ XN

IXN

IXN

NXM




Matrix-Vector Form of Systems of Linear Equations

—

» Consider the matrix equation: AXx = b

app dip = Ay
Ay dpyy s Aoy
—

Ax — )

o

o

Ayp Apyp ot Ay

MxN NxIl1

Same as the Augmented Matrix!

AX = b is another way to write
A linear set of equations!

Clllxl + a12X2 + °e°
a21x1 + a22X2 + °°°

_aMl.xl + aszz + °°°

M x 1

+ Ay Xy
+ dynXy

+ Ay N Xy




Row vs Column Perspective

 Row / Measurement Perspective of A x”




 Row / Measurement Perspective of A x”

ailp ai9
ag21 A2
A11L1 -

ai3
a3

Row vs Column Perspective

- UA12X2 T
A21X1 T A22X2

|
S

- A13X3

- 49233

Q: What does a row mean?

A: How each variable affect a particular measurement




R

low vs Column Perspective

» Column Perspective of A X = b

ajp dai2 a3
o1 d292 Aa23
_ _ " _
Lo




R

low vs Column Perspective

» Column Perspective of A X = b

ajp dai2 a3
o1 d292 Aa23
_ _ " _
61 5;2 53 L9




Row vs Column Perspective

: —> e
 Column Perspective of A x = b
ail1 a1z ai3 1 b1
a21 A22 A23 L2 — b2
L3
| ! | Cl:'l ) — — —




Row vs Column Perspective

» Column Perspective of A X = b

@11 Qaiz2 13 951 by
G421 A22 Q23 ro | = | b2 |
L3
_ 102 ) ) _)
L3
_ [ a1121 ]_|_ [ a12X2 ]"‘ 1373 ] _ &11261 T a12x2 T alSQfS
2121 A2222 233 91T1 + Go9To + o313

Q: What does a column mean?
A: How a particular variable affects all measurements.




Linear combination of vectors

- Given set of vectors {a’|, @, ---, @y} € RY, and coefficients {a, @y, -+, ay,} € R

« A linear combination of vectors is defined as: b S a;a | + @, d»+ - + ay a y

Recall: A X

aijpx aiz2 ais X1 L]

as21 Q922 A3 ) = aiy as as L2
! L3

= T101 + T202 + T303

Matrix-vector multiplication is a linear combination of the columns of Al



Linear Set of Equations as a Linear Combination

» Consider the problem: A x = b
1 1 || x| |3
1 -1 || 22 - 1
4o K
a; dj b

4 .

= l ’




Linear Set of Equations as a Linear Combination

» Consider the problem: A x = b
1 1] [a | |3
] 1 —1 1L L9 ) - ] 1 ]

4o K
a; dj b

7 a

Q: What linear combination of ‘@ {, @, will give b ?

4 .

= l ’




Linear Set of Equations as a Linear Combination

» Consider the problem: A x = b
1 1] [a | |3
] 1 —1 1L L9 ) - ] 1 ]

4o K
a; dj b

7 a

Q: What linear combination of ‘@ {, @, will give b ?

4 .

= l ’

A:2a,+1a,




Linear Set of Equations as a Linear Combination

1
1
-/

AR
a

1

—1
/-

—

)

—>

» Consider the problem: Ax = b:

-

_1_
!

b

—

Q: What linear combination of ‘@, @, will give b ?

A: 271 ~+ 172

(-orss”al E,Ofmfh@{;bh:
L4 ]3] A A
4~ /4 ) Q |
14 )37
O ~d~[-2_

|

']

[é?}/',"]/ >, =4

l

X, =2

4 .

= l ‘




Linear Set of Equations as a Linear Combination

» Consider the problem: A x = b
1 1| [ z1 -
1 _ b
] 1 —1 11 L9 )
/)
a;  a,

—_
Q: Can linear combination of ‘a’{, @, give any b ?

4 .

A: Hmmm....l think so....




Linear Set of Equations as a Linear Combination

» Consider the problem: A x = b
1 =1 || x1 -
1 _ b
] 1 —1 11 L9 )
/)
a;  a,

—_
Q: Can linear combination of ‘a’{, @, give any b ?

4 .

A: Hmmm....I don't think so.... Unless its along the line a;




Linear Set of Equations as a Linear Combination

: —> e

 Consider the problem: Ax = b:

1 1 L1 l;*

1 O L9

2 @9
Q: Can linear combination of @', @, give any b ? AR
A: Hmmm....yes! ,
1 __)\

N
2




Span / Column Space / Range

—>

* Span of_tbe columns of A is the set of all vectors b such that
AX = b has a solution

- I.e. the set of all vectors that can be reached by all possible
linear combinations of the columns of A




Span / Column Space / Range

—>

* Span of_tbe columns of A is the set of all vectors b such that
AX = b has a solution

- I.e. the set of all vectors that can be reached by all possible
linear combinations of the columns of A

Example: What is the span of the cols of A?

=[h ]




Span / Column Space / Range

—>

* Span of_tbe columns of A is the set of all vectors b such that
AX = b has a solution

- I.e. the set of all vectors that can be reached by all possible
linear combinations of the columns of A

Example: What is the span of the cols of A?

11 =
=l ‘

4 .

A: R?! |




Span / Column Space / Range

—>

* Span of_tbe columns of A is the set of all vectors b such that
AX = b has a solution

- I.e. the set of all vectors that can be reached by all possible
linear combinations of the columns of A

Example: What is the span of the cols of A?
a1 1 7,
1 —1 ,
A: R |
S S 1 1 74
span(A) = 7| V=« ] + 5 3 a, b ER




Span / Column Space / Range

Example 2: What is the span of the cols of A?
1 -1
A =
1 -1

A: The line x; = X,

4 .

v
NN
0N




Span / Column Space / Range

* Definition:
f 3% st.AX = b then b € span{A }

— —

Converse: b € span{A}, there is a solutionfor Ax = b

Q: What if b & span{A}?

A: There is no solutionforAx = b



Algorithm for solving linear equations

* Three basic operations that don’t change a solution:
1. Multiply an equation with nonzero scalar

2x + 3y =4 has the same solution as: 4x + 6y = 8
Proof for N=2:

Let ax 4+ by = c, with solution X, y,

pax + pby = fc, with solution: x;, y;
= CZXO + byo =C

= pax, + pby, = pc

Show that ax + by = c,
has the same solution

Substitute x;, y, for x, y: Since f # 0....
ﬂaxO + ﬂby() - ﬂc ﬁaxl + ﬁbyl — ﬁC = axq + byl =C

ﬁ(a'x() T by()) - ﬁc SOLUTION OF ONE, IMPLIES THE OTHER
,BC = ,BC But is it the only solution? AND VICE-VERSA!

Show that fax + by = fc,
has the same solution.



Algorithm for solving linear equations

* Three basic operations that don’t change a solution:
1. Multiply an equation with nonzero scalar
2. Adding a scalar constant multiple of one equation to another

(1) =« -
(2) 3z A
(1) L 7

3x (1)+(2) 6x -

Concept of proof: look at explicit solution,

Y
2y

Y
SY

= 2
D

Have the same solution

show they are the same

Also show the reverse — by applying the reverse operations



