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Good morning!

Last time:
* Talked about GPS
- Known position of satellites
- Each satellite has its own signature
* Talked about inner product
- Measure of similarity between vectors
- When zero — orthogonal vectors
* Talked about using inner products for classification
Today:
- Computing delay with cross-correlation
 Finding position with multi-lateration






GPS

« 24 satellites
- Known position
- Time synchronized
- 8 usually visible
* Problem:
- Classify which satellite is transmitting
- Estimate distance to GPS
- Estimate position from noisy data
* Tools:
- Inner product
- Cross correlation
- Least Squares



| ocalization

» Satellites transmit a unique code
- Radio signal

* Signal is received and digitized
by a receiver

i‘
Two problems:

1. Interference
2. Timing (Next!)




Interference

Possibility 1: Both sats are in TX
r=s,+s+n

Possibility 2: Only S1 is in Tx
r=s+n

Possibility 3: Only S2 is in Tx
F=5,+n

Possibility 4: None is in Tx

— —

r = n

S1 TX




Interference

Possibility 1: Both sats are in TX o TX:H &
? — El + ?z)_l_ﬁ) 1
LI\

(F,5)) = (5, +5,+7,5,)

11
(51,51)+ (52 51)+( Bmaiy ) SQTX'[‘J (
Desired Interference T 1 ((

1
Q: How to design codes that don’t interfere? _U
A: Make them orthogonal! ,_ _
<S2, S1> — O







Gold Codes
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Example:
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Timing....
* Satellites transmit a (modulated)
unique code

- Radio signal

* Signal is received (demodulated)
and digitized by a receiver

i‘

Amplitude Modulation (AM)

Phase Modulation (PM)




Timing....

* Satellites transmit a unique code
- Radio signal

* Signal is received and digitized
by a receiver

Distance: 3[ms] X C ~ 900[km]




“Pattern Matching” of Signals
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Problem: vectors (signals) not the same length...7 € R®, 5 € R

Solution: Define infinite signals r[n], s[n] by zero-padding

0<n<8§
F=1[ra r, v - r1ol¥ =>rn={r” - =
ro 1 d ] 0 elsewhere
. O0<n<4
S=[sp 51 85 = sl' = slnl= {Sn ==
0 elsewhere



“Pattern Matching” of Signals
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Problem: vectors (signals) not the same length...7 € R®, 5 € R
Solution: Define infinite signals r[n], s[n] by zero-padding

g 11 1 - 1l =>7’[n]={gl

N
r

S=[sp 51 85 = sl' = slnl= {L:;

T ¢ 9 T T %

0<n<8

elsewhere

0<n<A4
elsewhere
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“Pattern Matching” of Signals
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(r[nl.stnl) = Y rinlsln] = ) rinlsin] =

n=——oo n=0



“Pattern Matching” of Signals n]

1 TTtT ¢

o @ v ¢ 9 3 4 5 i 7 @ T %% %
s[n]
. S ¢ $ T I i I T 2 T °® 9% %
oo 7 000,11,1-1,1 |1
(rin,slnly = 3 rinlstnl = D, rinlsin] = =0
Q: How to match Wi?hzsgi?’?ed version? = 8

A: compute: (r[n], s[n — 1]) = 2 r[n]s[n — 1]

n=—~oo




“Pattern Matching” of Signals

s[n]
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(r[n], s[n—1]) = Z r[n]s[n—1]

n=—a~oo



“Pattern Matching” of Signals
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corr=(5)[1] = (r[n], s[n—1]) = Z rln]s[ln—1] =1

n=—a~oo



“Pattern Matching” of Signals
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corr=(5)[1] = (r[n], s[n—1]) = Z rln]s[ln—1] =1

n=—a~oo




“Pattern Matching” of Signals n)

1 ©
99999I!Ti1‘999091
|

A & O S ¢

\)
£ 6 @@ 9 % %

o0

corrx(5)[2] = (r[n], s[n—2]) = Z r[n]s[n—2] =0

n=—a~oo




“Pattern Matching” of Signals n)
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corrx(5)[3] = (r[n], s[n—3]) = Z r[n]s[n—3] =5

K. T




“Pattern Matching” of Signals n)
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corrx(5)[4] = (r[n], s[n—4]) = Z r[n]s[n—4] = 0

1 3 5 6 7 8 9 10 11



“Pattern Matching” of Signals
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corry(3)[5] = (r[nl. sln=51y = ) rinls[n—>5] = 1
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“Pattern Matching” of Signals
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corrx(5)[6] = (r[n], s[n—6]) = Z r[n]s[n—6] =0
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“Pattern Matching” of Signals
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corry(3)[7] = (rlnl. sln=71y = ) rinlsln—7] = 1

’9T$’e’99 * o
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“Pattern Matching” of Signals
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corrx(s)[— 1] =(r[n], s[n + 1]) = Z rln]s[n + 1]=1
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Cross Correlation

o0

corr(s)[k] = (r[n], s[n—£k]) = Z rln]s|n—Kkj

k™ = argmax COr I‘*(S ) [k]



Cross Correlation Properties

- 1f ¥ € RY, and 7 € R, then the length of corr—(y)isN+ M — 1
» corr(y") # corr(x)

» corr—(X) is called auto-correlation



Periodic Signals

* Satellites repeat the codes over and over

- Cross correlation is “periodically
expanded” instead of zero-padded

- Result is periodic
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| ocalization

» Satellites transmit a unique code

- Radio signal
* Signal is received and digitized
by a receiver \\\

Two problems:

@
1. Interference
2. Timing ( ((

What are good properties for the codes 5



Received Signal &
rin] = sln — 7] + s,[n — 7,] + win]
corrx(s,)[k] = (rlnl,s;[n— k]) \K

— <sl[n —1,], 8y[n — k]>+ <s2[n — 7], 81[n — k]>+ <W[i’l],51[n - k]>
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cross-correlation with noise is small

Auto-correlation looks like an impulse cross-correlation is small
(always true)



Received Signal

rin] = sln — 7] + s,[n — 7,] + win] \\\
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Trilateration

W ||x = a, 2=d12
—_ —_— 2_ 2
(2) X — a,||"=4d,
—_  —a 2_ 2
3) X — a;||” = d;

dl — TIC
dz — TzC
d3 — T3C



Trilateration

m o ||X =, 2=0112
—_ —_— 2_ 2
(2) X — a,||"=4d,
—_  —a 2_ 2
3) X — as||”=dj

dl — TIC
dz — TzC



Trilateration

(1)

(2)

(3)

x = a,|?
B |
X — a;|?
XX = a7
—
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—
X
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I —a|° =df

(X -a) (X —a) =d’

> > —> T— 12
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1 1 1
“-2a X + || @ ||IF = Corf

7,C
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T3C



Trilateration
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Trilateration

(1)
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(2) - (1)
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Trilateration —

o | XN =2a] X + ||a||I* = C°f
@ || X)) =2aL% + ||a5||* = C?*z2

> 2 >
B | X|*—2a5x + ||as)* = Cor3

(2)- (1) 2 2
—2a3x +2a; x + || a,|lF = | ayll

CZ(T2 12)
2(71 — 72)T? — ”71”2 — ”5)2”2 + CZ(TQ — Tl)

(3)- (1)
2(a | — 73)T7 = ||71||2 — ||73||2 + CZ(T32 — 712)



Trilateration




Trilateration
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Solve via gaussian elimination!



Trilateration

2(a, — a)'x

2(71 - a>3)T x>

— 12 — 12 202 2
—
a

2 — 12 202 2

Problem — receiver clock is not synced to satellites
7, is unknown, but Az, =17, — 7, and Aty = 73 — 74
are known

2(71 — a>2)T X> — 71 2 72 2 + Cz(fz — Tl)(TZ + Tl) 73 = las;, a32]T
2(71 — Cl;z)T x> - 71 2. ?2 Z + C2(7:2 — Tl)(Tz — T + 271)
2@, — a)' x = ||all” = |'a,l|* + C3(Ar)(Az, + 21))




Trilateration

2(a, — a)'x

2(71 - a>3)T x>

— 12 — 12 202 2
—
a

2 — 112 202 2
1 — 3 +C(T3—Tl

Problem — receiver clock is not synced to satellites
7, is unknown, but Az, =17, — 7, and Aty = 73 — 74
are known

2(71 — a>2)T X> — 71 2 72 2 + Cz(fz — Tl)(TZ + Tl) 73 = las;, a32]T
2(71 — Cl;z)T x> - 71 2. ?2 Z + C2(7:2 — Tl)(Tz — T + 271)
2@, — a)' x = ||all” = |'a,l|* + C3(Ar)(Az, + 21))

2(a’ = a)' X = 2C°Anyr, = || @4 |I° = 1a5]1> + C*(Ary)?

Another variable! Need 1 more equation (satellite)



Trilateration

2a, — a)TxX —2C*Atn,1, = ||y ||1> = || a5l + CHAT,)?
2( a;l — a>3)T .x> — 2C2AT37:1 — 71 2 — 73 2 + Cz(AT3)2
2T, — T)TE = 2C A1y, = | @4 1* = | @Ll1* + C¥(AL,)?




Trilateration

2( a>1 - atz)T x> - 2C2A7«'2771 — 71 2 - 72 2 + Cz(ATz)z
2a@, — a3 X = 2C* A, = || 7417 = || @5)1% + CX(Ary)?
2( CI;I — a>4)T x> — 2C2AT4T1 - 71 2 i 74 2 -+ CZ(AT4)2
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Multi-Lateration

2a |, — ay)'x =2C*Anr, = ||a4||1> = || @517 + C*(Ar,)?
2a, — ax) X —2C? A0, = || @ |? = || a;l1? + CH(Aty)?
2a,— ay)'x —2C*Aqr, = ||a4||1> = || @4l1> + C*(Azy)?
2a, — a)'x —2C% Az, = ||a|I> = || a’s||* + C*(Ats)?

More equations than unknowns

_)
a5=

Q: With noise, equations will be inconsistent!

A: Find closest solution with Least-Squares!



