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Least Squares
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Example 4. Regression

Gauss found Ceres by using Kepler’s laws:

Model: ax*+by*+cxy+dx+ey = 1

X
Q: Is this a linear fit?
A: Yes!
Knowns: (x;,y1) (x5, ¥5) -+ (o, V)
Unknowns: p = [a b ¢ d e]’
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Example 5: Exponential Regression «macmmomnmo s
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Model: y = ce™"
Q: Is this a linear fit?

A: No! But, can be made linear.....

Cumulative known cases (thousands)

- -
-
.............

New Model: log(y) =logc+ax =b + ax | e

Knowns: (x;,1og(y;)) (x,,10g(y,)) -+ (xy, log(yy))

Unknopns: . =la b]y.T
S N p_ S

Ditto; logarithmic scale
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https://www.cebm.net/covid-19/exponential-growth-what-it-is-why-it-matters-and-how-to-spot-it/
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Example 6: Over Fitting

» Consider noisy measurements of y = 0.1x + 1:

Model: v = ax+b P =1[0.1015 0.9757]%

1€ = 3.85
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Example 6: Over Fitting

» Consider noisy measurements of y = 0.1x + 1:

Model: y=ax
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Example 6: Over Fitting

» Consider noisy measurements of y = 0.1x + 1:

Model: y=ax
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Example 6: Model Order Selection

Model: y = ax’+bx+c




Example 6: Model Order Selection

Model: v = ax'%+bx”+cx®+dx’+ex®+fx>+gx*+hx>+ix*+jx+k




Example 6: Model Order Selection

Error || € ||

L-curve method

T TT—o—

Polynomial order



Example 6: Model Order Selection

Split data into training / test sets
Fit model on training set
Evaluate error on test set
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Example 6: Model Order Selection

Split data into training / test sets
Fit model on training set
Evaluate error on test set

Cross-validation

Test error

Polynomial order

Training error .
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Multi-Lateration

2a |, — ay)'x =2C*Anr, = ||a4||1> = || @517 + C*(Ar,)?
2a, — ax) X —2C? A0, = || @ |? = || a;l1? + CH(Aty)?
2a,— ay)'x —2C*Aqr, = ||a4||1> = || @4l1> + C*(Azy)?
2a, — a)'x —2C% Az, = ||a|I> = || a’s||* + C*(Ats)?

More equations than unknowns

r

Over-determined — Solve via Least-Squares

Q: How do we know if A” A is invertible? [ p=ATAIAT 7}
A: if A is full rank!?1?




Matrix Transposes

e (Dn) L ( l )gw -

BT AT ELQM = RLXN Lﬁ

(AB)! = B'A"



Invertibility of AT A

* Invertible = Trivial null space = Linear independent cols/rows....

—

The matrix A A is invertible iff Null (A TA) = 0
Theorem: Null (A7A) = Null (A)

Proof: (1) show that if W € Null(A), then w € Null(A”A)
(2) show that if v € Null(A” A), then V" € Null(A)

(1). W € Null(A) 2. 7V & NullA’A)
AW =0 ATATV = 0 Need to show AV = 0
ATAW =AT0 or... JAV| =0

IAV? = (AV)'(AV)
=v"'ATAY)
=V'(ATAV) =0

ATAW =0



Back to GPS

71 — [Oa O]T

72 — [2, l]T




Back to GPS

—_— _ T
. _)Cl3=[4, 2]T Cl4—[6, 3]
a,=|[2, 1]
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20a3— ay)" x = | as||* = |l a1l + di — dj
 —— > \[— o 2 —_— 2 2 2

2(614—611) X 4 = dl +d1_d4




Back to GPS o

71 — [Oa O]T
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Back to GPS I
4 2 gi arl|” +di — d;
8 4 X, = 73 2+d12—d32




Back to GPS I
4 2 gi ar||” +dy - d;
8 4 x2 = 73 2+d12—d32
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Back to GPS
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Invertibility of AT A

« What if AL A is not invertible

T A~ T_> colspace(A) [;
A" Ax=A"b

—
—

A: x will have infinite solutions with the same ¢ = Ax — b



Resistive Pulse Sensing
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Resistive Pulse Sensing
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Resistive Pulse Sensing
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Node-Pore Sensing

Uy — Uy
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Uy — Uy = IO(R+Rcell + Rnode)



Node-Pore Sensing
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Node-Pore Sensing
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Sensing Complexities
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Barker Codes

e 9 uniques sequences

ol +1+1
Barker2:+1 -1 or +1 +1 -> or

Barker 3: +1 +1 -1 1

Barker4: +1+1-1+1o0or+1+1+1+1 -1

Barker 5:+1 +1+1 —1+1

Barker 7 : +1 +1+1 -1 -1 +1-1

Barker 11 :4+14+1+1-1-1-1+1-1-1+1 -1

Barker 13 :+1+1+1+1+4+1-1-1T4+1+1-1+4+1-1+1

Barker 5 Barker 7 Barker 11

| L [




Auto-Correlation of Barker Codes

+1 +1+1 -1-1+1-1
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+7 Peak

Sidelobes



Cross Correlation with Barker Codes
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Implementing Barker Codes in NPS

Barker 5:+1,+1,+1,—1,+1

+1+1+1-1+1

S

Autocorrelation

Manchester Encoding
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Encoding a Channel

Barker5: +1 +1 +1 —1 +1

EncodedSignal: 1 0| 1 o0

Signal

Time

I 1

Pore Node

(Kellman et. al IEEE Sens. J 18(8):3068-79)
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC6034687/
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Speed and Time
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