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Announcements
• Last time: 

- Gaussian Elimination


• Today: 

- vectors

- Matrix-Matrix and Matrix-vector Multiplications

- Matrix-Vector Multiplications as linear set of equations



Gaussian Elimination Summary
Data: Augmented matrix A 2 Rm⇥(n+1), for a system of m equations with n variables
Result: Reduced form of augmented matrix
# Forward elimination procedure:
for each variable index i from 1 to n do

if entry in row i, column i of A is 0 then

if all entries in column i and row > i of A are 0 then

proceed to next variable index;
else

find j, the smallest row index > i of A for which entry in column i 6= 0 ;
# The following rows implement the “swap” operation:
old_row_j � row j of A;
row j of A � row i of A;
row i of A � old_row_j;

end

end

divide row i of A by entry in row i, column i of A;
for each row index k from i+1 to m do

scaled_row_i � row i of A times entry in row k, column i of A;
row k of A � row k of A � scaled_row_i;

end

end

# Back substitution procedure:
for each variable index u from n�1 to 1 do

if entry in row u, column u of A 6= 0 then

for each row v from u�1 to 1 do

scaled_row_u � row u of A times entry in row v, column u of A;
row v of A � row v of A � scaled_row_u;

end

end

end

Algorithm 1: The Gaussian elimination algorithm.

1.2.5 Tomography Revisited
How does what we have learned so far relate back to our tomography example, way back at the start of this
note? We know that because our grocer’s measurements come from a specific box with a particular assort-
ment of milk, juice, and empty bottles, there must be one underlying solution, but insufficient measurements
could give us a system of equations with an infinite number of solutions. So, how many measurements do
we need?

Initially, we thought about shining a light vertically and horizontally through the box, giving six total equa-
tions because there are three rows and three columns per box. However, there are nine bottles to identify, and
therefore nine variables, so we will need nine equations. Based on what you have learned about Gaussian
elimination, you now understand that we need at least three more measurements — likely taken diagonally
— in order to properly identify the bottles. In coming notes, we will discuss in further detail how you can
tell whether or not the nine measurements you choose will allow you to find the solution.
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1.  Multiply an equation with nonzero scalar

2.  Adding a scalar constant multiple of one equation to another

3.  Swapping equations

• Reduce to row-echelon form, from left-to-right by using:

<latexit sha1_base64="7LUbMidjcCt/Qo/ITrCknZppBBU="></latexit>2

664

1 ⇤ ⇤ ⇤
0 1 ⇤ ⇤
0 0 1 ⇤
0 0 0 1

��������

⇤
⇤
⇤
⇤

3

775

Single solution
<latexit sha1_base64="Nm/lmWgRRuTRwgLT3de+kL0+pb0="></latexit>2

664

1 ⇤ ⇤ ⇤
0 1 ⇤ ⇤
0 0 0 1
0 0 0 0

��������

⇤
⇤
⇤
0

3

775

Infinite solutions
<latexit sha1_base64="56RqgF1rM3sxxEW6YCWJVQuFsNU="></latexit>2

664

1 ⇤ ⇤ ⇤
0 1 ⇤ ⇤
0 0 0 1
0 0 0 0

��������

⇤
⇤
⇤
⇤

3

775

No solution

• Back substitute to reduced row-echelon form, from right-to-left

✋
<latexit sha1_base64="mhsxzYikHMVfqoNvJAR/WsSeYzM="></latexit>2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

��������

⇤
⇤
⇤
⇤

3

775

Single solution
<latexit sha1_base64="hvHum0zopicu71gn8zCc0ssaS3A="></latexit>2

664

1 0 ⇤ 0
0 1 ⇤ 0
0 0 0 1
0 0 0 0

��������

⇤
⇤
⇤
0

3

775

Infinite solutions
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Vectors
• An array of N numbers

- Represents coordinates in an N-dimensional space 

<latexit sha1_base64="Xaeim/0IpOodJAJcFx8RxBrDb4E="></latexit>

~x =

2

6664

x1

x1
...

xN

3

7775
, ~x 2 RN

• For example: 
<latexit sha1_base64="5b6H8KRdh3lOVtA951nZ7rrEdII="></latexit>

~x =


3
2

�
, ~x 2 R2



Vectors
• Since it’s an array of numbers, it can represent other things….

<latexit sha1_base64="SLA9TRKD7Z6KUuwDPPIb1VDk0VA="></latexit>

~x =

2

4
215
131
25

3

5

pixel color

x1 x2

x3 x4

<latexit sha1_base64="uOq+XpKfjzjLIlx4a9I1EsHL00c="></latexit>

~x =

2

664

x1

x2

x3

x4

3

775

pixel values in an image



Vectors

<latexit sha1_base64="yqKijwL+MAk5a0W1UGcAYWf6AAs="></latexit>

~x =

2

6664

x1

x2
...

x120

3

7775

Data



Special Vectors

<latexit sha1_base64="G2BQkWvBw0Kq8XS/JuwBUQ/B80M=">AAACNXicbVA9T+QwEHX4OCB3HAuUNBark65aJacT0CAhaCgoQGIBaR2tHGeya+E4kT1ZaRXtn6Lhf1BBQQFCtPwFvCEFXyPZen7zZsbz4kJJi0Fw583Mzs3/WFhc8n/+Wv690lpdO7N5aQR0Ra5ycxFzC0pq6KJEBReFAZ7FCs7jy4Np/nwExspcn+K4gCjjAy1TKTg6qt86YiMQVTChu5QpSLHnsxgGUlfcGD6eVGLiB5QxWl9slORo66fPQCeNyGdGDoYY+f1WO+gEddCvIGxAmzRx3G/dsCQXZQYaheLW9sKgwMi1RSkUuMalhYKLSz6AnoOaZ2Cjqt56Qv84JqFpbtzRSGv2fUXFM2vHWeyUGceh/Zybkt/leiWmO1EldVEiaPE2KC0VxZxOLaSJNCBQjR3gwkj3VyqG3HCBzuipCeHnlb+Cs3+dcKs Tnvxv7+03diySDbJJ/pKQbJM9ckiOSZcIckVuyQN59K69e+/Je36TznhNzTr5EN7LKx1BqdQ=</latexit>

~0 =

2

6664

0
0
...
0

3

7775

<latexit sha1_base64="vrntEyAZN8sMZos7D0DI8oBJsKI="></latexit>

~1 =

2

6664

1
1
...
1

3

7775

<latexit sha1_base64="6cEyvX7K+6S8d+L0BWGudNDt8+o="></latexit>

~e1 =

2

6664

1
0
...
0

3

7775

<latexit sha1_base64="BtaNLIh47fS+ShLbIkUkusgb0as="></latexit>

~e2 =

2

6664

0
1
...
0

3

7775

<latexit sha1_base64="Hmli1hF1y7x8YLak7VlgMUfmUv8="></latexit>

~eN =

2

6664

0
0
...
1

3

7775



Matrices
• A collection of numbers in a rectangular form

<latexit sha1_base64="HMc96If/sFtJIc2Gvog/wsaKfv4="></latexit>

X =

2

66664
~x1 ~x2 · · · ~xM

3

77775
, X 2 RN⇥M

• Or a collection of M, N-length vectors

<latexit sha1_base64="58A+0y9dnQddnAINm2NfBvEax3Q="></latexit>

X =

2

6664

x11 x12 · · · x1M

x21 x22 · · · x2M
...

... · · ·
...

xN1 xN2 · · · xNM

3

7775
, X 2 RN⇥M



Vectors as Matrices
• A vector is a degenerate matrix


• A scalar is a degenerate vector or matrix

<latexit sha1_base64="92/PS+UB5n4HJfFIF+EpNFfF9K4="></latexit>

~x =

2

6664

x1

x1
...

xN

3

7775
, ~x 2 RN⇥1

<latexit sha1_base64="NxsoV+ODijGg2o8OSObvXTfom8A=">AAACBXicbVBNS8NAEJ34WetX1KMeFovgqSQi6rHoxWMV+wFNLJvtpl262YTdjVBCLl78K148KOLV/+DNf+Om7UFbHww83pthZl6QcKa043xbC4tLyyurpbXy+sbm1ra9s9tUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8KvzWA5WKxeJOjxLqR7gvWMgI1kbq2gcYeUwgL8J6EATZbX6fuZ5mEVXIzbt2xak6Y6B54k5JBaaod+0vrxeTNKJCE46V6rhOov0MS80Ip3nZSxVNMBniPu0YKrDZ42fjL3J0ZJQeCmNpSmg0Vn9PZDhSahQFprO4Vs16hfif10l1eOFnTCSppoJMFoUpRzpGRSSoxyQlmo8MwUQycysiAywx0Sa4sgnBnX15njRPqu5Z1b05rdQup3GUYB8O4RhcOIcaXEMdGkDgEZ7hFd6sJ+vFerc+Jq0L1nRmD/7A+vwBofuYBw==</latexit>

a 2 R1⇥1



Vector addition
• Two vectors of the same length can be added

- Addition is element-wise 

<latexit sha1_base64="SV6qiWpEw+YQRHt1yPE5R6JVdIg="></latexit>

~x =


3
2

�
, ~y =


�2
1

�

<latexit sha1_base64="MN9jn/qX58OQMUvBQicj3tZ7Dr0="></latexit>

~x+ ~y =


3
2

�
+


�2
1

�
=


3�2
2 + 1

�
=


1
3

�

<latexit sha1_base64="oqzWe/zsDilc5SXIt41T9BAMpFc="></latexit>

~y + ~x =


�2
1

�
+


3
2

�
=


�2 + 3
1 + 2

�
=


1
3

�



Properties of vector addition

• Commutativity:       


• Associativity:          


• Additive negative:   


• Additive identity:     

⃗x + ⃗y = ⃗y + ⃗x

( ⃗x + ⃗y ) + ⃗z = ⃗x + ( ⃗y + ⃗z)

⃗x + (− ⃗x ) = ⃗0

⃗x + ⃗0 = ⃗x



Scalar Vector Multiplication
• Multiplying with a scalar result in multiplying each element.

<latexit sha1_base64="O/x3uYwOziWktzHWlNNCWvS1EU0="></latexit>

a~x =

2

6664

ax1

ax1
...

axN⇥1

3

7775

<latexit sha1_base64="0Wtpc70LnC0M9IiGRnpyFhYusK4="></latexit>

2 · ~x = 2 ·


3
2

�
=


6
4

�



Vector Transpose

•  is the transpose of ⃗x T ⃗x

<latexit sha1_base64="92/PS+UB5n4HJfFIF+EpNFfF9K4="></latexit>

~x =

2

6664

x1

x1
...

xN

3

7775
, ~x 2 RN⇥1

<latexit sha1_base64="TdBO3s+OSApf9t+bGvb1NLo0uVg="></latexit>

~xT =
⇥
x1 x1 · · · xN

⇤
, ~xT 2 R1⇥N

•  is always a column vector

• To represent a row vector, write:  

⃗x
⃗x T



Matrix Addition
• When matrices are the same size, they can be added element-wise


• Scalar multiplication — by all elements

<latexit sha1_base64="NiESdI1Fk0r+upn/SUG7QqAPDV0="></latexit>

X + Y =


�2 1
1 3

�
+


3 �1

�1 �2

�
=

 �

<latexit sha1_base64="Z6+IYGGYj/iA1+7PWEjXTR42rag="></latexit>

2X = 2


3 �1

�1 �2

�
=

 �



Matrix Addition
• When matrices are the same size, they can be added element-wise


• Scalar multiplication — by all elements

<latexit sha1_base64="NiESdI1Fk0r+upn/SUG7QqAPDV0="></latexit>

X + Y =


�2 1
1 3

�
+


3 �1

�1 �2

�
=

 �

<latexit sha1_base64="Z6+IYGGYj/iA1+7PWEjXTR42rag="></latexit>

2X = 2


3 �1

�1 �2

�
=

 �



Vector Transpose

•  is the transpose of ⃗x T ⃗x

<latexit sha1_base64="92/PS+UB5n4HJfFIF+EpNFfF9K4="></latexit>

~x =

2

6664

x1

x1
...

xN

3

7775
, ~x 2 RN⇥1

<latexit sha1_base64="TdBO3s+OSApf9t+bGvb1NLo0uVg="></latexit>

~xT =
⇥
x1 x1 · · · xN

⇤
, ~xT 2 R1⇥N

•  is always a column vector

• To represent a row vector, write:  

⃗x
⃗x T



Matrix Transpose
If the elements of the matrix  are 
The elements of  are 
Matrix transpose is not (generally) an inverse!

A ∈ ℝN×M aij
AT ∈ ℝM×N aji

AT ∈ ℝM×NA ∈ ℝN×M



Matrix Transpose
If the elements of the matrix  are 
The elements of  are 
Matrix transpose is not (generally) an inverse!

A ∈ ℝN×M aij
AT ∈ ℝM×N aji

AT ∈ ℝM×NA ∈ ℝN×M



Matrix Transpose
If the elements of the matrix  are 
The elements of  are 
Matrix transpose is not (generally) an inverse!

A ∈ ℝN×M aij
AT ∈ ℝM×N aji

AT ∈ ℝM×NA ∈ ℝN×M



Matrix Transpose
If the elements of the matrix  are 
The elements of  are 
Matrix transpose is not (generally) an inverse!

A ∈ ℝN×M aij
AT ∈ ℝM×N aji

AT ∈ ℝM×NA ∈ ℝN×M



Vector-Vector Multiplication
• Multiplication is valid only for specific matching dimensions!


- Width of the 1st, matches length of the second

Like this…. and like that!



y1 y2 ⋯ yN <latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xN

Vector Vector Multiplication

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN =

1 × N

N × 1
scalar 1 × 1

Also known as “inner product” 
or “dot product”

⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!

1 × 1



<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNA

Matrix-Vector Multiplication
⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!

What about this case….

A ⃗x =

A ∈ RM×N, ⃗x ∈ ℝN×1

N

N × 1
M

= ?

y1 y2 ⋯ yN <latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xN

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN =

1 × N

N × 1
scalar 1 × 1

Also known as “inner product” 
or “dot product”

1 × 1



Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=

⃗y T
1 = [a11 a12 ⋯ a1N] ⃗x = ⃗y T

1 ⃗x

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⋮
a11x1 + a12x2 + ⋯ + a1N xN



Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=

⃗y T
1 = [a11 a12 ⋯ a1N] ⃗x = ⃗y T

1 ⃗x

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⃗y T
2 = [a21 a22 ⋯ a2N] ⃗x = ⃗y T

2 ⃗x

⋮
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN



Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=

⃗y T
1 = [a11 a12 ⋯ a1N] ⃗x = ⃗y T

1 ⃗x

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⃗y T
2 = [a21 a22 ⋯ a2N] ⃗x = ⃗y T

2 ⃗x

⃗y T
M = [aM1 aM2 ⋯ aMN] ⃗x = ⃗y T

M ⃗x

⋮
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN

⋮

⋮
aM1x1 + aM2x2 + ⋯ + aMN xN

= M

1



B

Matrix-Vector Multiplication Like this…. and like that!

A ∈ RM×N, ⃗x ∈ ℝN×1

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNAA ⃗x =

N

N × 1
M

=
a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⋮
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN

⋮
aM1x1 + aM2x2 + ⋯ + aMN xN

= M

1

What about this case….

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL

a21b11 + a22b21 + ⋯ + a2N bN1 a21b12 + a22b22 + ⋯ + a2N bN2 a21b1L + a22b2L + ⋯ + a2N bNL⋯



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL

a21b11 + a22b21 + ⋯ + a2N bN1 a21b12 + a22b22 + ⋯ + a2N bN2 a21b1L + a22b2L + ⋯ + a2N bNL⋯
⋯⋯ ⋯

aM1b11 + aM2b21 + ⋯ + aMN bN1 aM1b12 + aM2b22 + ⋯ + aMN bN2 aM1b1L + aM2b2L + ⋯ + aMN bNL



B

Matrix-Matrix Multiplication Like this…. and like that!

A ∈ RM×N, B ∈ ℝN×L

AB = A
N

= ?
M

N

L
a11b11 + a12b21 + ⋯ + a1N bN1 a11b12 + a12b22 + ⋯ + a1N bN2 ⋯ a11b1L + a12b2L + ⋯ + a1N bNL

a21b11 + a22b21 + ⋯ + a2N bN1 a21b12 + a22b22 + ⋯ + a2N bN2 a21b1L + a22b2L + ⋯ + a2N bNL⋯
⋯⋯ ⋯

aM1b11 + aM2b21 + ⋯ + aMN bN1 aM1b12 + aM2b22 + ⋯ + aMN bN2 aM1b1L + aM2b2L + ⋯ + aMN bNL

Result at location 2x2 = a21b12 + a22b22 + ⋯ + a2NbN2



Matrix-Vector Multiplication Like this…. and like that!

CBA =

M × N N × L M × L



y1 y2 ⋯ yN<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xN

Vector Vector Multiplication

1 × N

N × 1

⃗x ⃗y T = =

N × N

⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!

<latexit sha1_base64="AWL/KVhtMFB255x9KkeARjgMsMs="></latexit>2

6664

x1y1 x1y2 · · · x1yN
x2y1 x2y2 · · · x2yN
...

... · · ·
...

xNy1 xNy2 · · · xNyN

3

7775 =



Vector Vector Multiplication

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN

1 × N

N × 1

scalar 1 × 1
Also known as “inner product” 
or “dot product”

⃗x ⃗y T =

Like this…. and like that!

=

N × N

<latexit sha1_base64="AWL/KVhtMFB255x9KkeARjgMsMs="></latexit>2

6664

x1y1 x1y2 · · · x1yN
x2y1 x2y2 · · · x2yN
...

... · · ·
...

xNy1 xNy2 · · · xNyN

3

7775

Do not commute!

Also known as “outer product”

⃗x , ⃗y ∈ ℝN×1



Matrix Matrix Multiplication

BAN × M
M × N = M

×
1

1 × N
= M × N

😍
N × N

😍

1 × N

N × M =
1 × M

😍B AN × M
M × N = M × M

😍
Matrix multiplication does not commute!



Matrix-Vector Form of Systems of Linear Equations

• Consider the matrix equation:   A ⃗x = ⃗b

A ⃗x =

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNA
N × 1M × N

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⋮ =
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN

⋮
aM1x1 + aM2x2 + ⋯ + aMN xN

M × 1

<latexit sha1_base64="NjFZAfodr6G/fQGVvXv/32DFj54="></latexit>

=

2

6664

b1
b2
...

bM

3

7775

<latexit sha1_base64="XvH+c+1xHZMBwlcIIdqk/Kffu2U="></latexit>2

6664

a11 a12 · · · a1N
a21 a22 · · · a2N
...

...
aM1 aM2 · · · aMN

���������

b1
b2
...

bM

3

7775

Same as the Augmented Matrix!

 is another way to write

A linear set of equations!
A ⃗x = ⃗b



Row vs Column Perspective

• Row / Measurement Perspective of A ⃗x = ⃗b
<latexit sha1_base64="qNWWwM3Xj0y+rdzidny7RVR9sQo="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="ZS6dYb5b3Rz0a/pyxpeuxoBPRNA="></latexit>
a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

�
=


b1
b2

�



Row vs Column Perspective

• Row / Measurement Perspective of A ⃗x = ⃗b
<latexit sha1_base64="qNWWwM3Xj0y+rdzidny7RVR9sQo="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="ZS6dYb5b3Rz0a/pyxpeuxoBPRNA="></latexit>
a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

�
=


b1
b2

�

A: How each variable affect a particular measurement
Q: What does a row mean?



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =
<latexit sha1_base64="TGn5ToBlkGy+SH56B6HeqVmkKSQ="></latexit>

x1~a1 + x2~a2 + x3~a3 =



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="GEBzRQND7kFqb/WLYWWtfvxAgps="></latexit>

=


a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

�
=


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =
<latexit sha1_base64="TGn5ToBlkGy+SH56B6HeqVmkKSQ="></latexit>

x1~a1 + x2~a2 + x3~a3 =

<latexit sha1_base64="+FpfIvZq8+4Uxr8BcuACzBBmxWs=">AAACTXicbVFBS+QwFE5HXbWr6+x69BIchD0NjYjuRRC97FHBUWFaSpq+zgTTtCSvi0PpH/Sy4M1/4cXDLiJmxh7U8UHg4/ve+/LyJSmVtBgE915nYXHpy/LKqv91bf3bRvf7jwtbVEbAQBSqMFcJt6CkhgFKVHBVGuB5ouAyuT6Z6pd/wFhZ6HOclBDlfKRlJgVHR8XdlB7SUEGGQz9MYCR1zY3hk6YWjR/O7OtEVdDQmsc1Y81NzBoahvPabqv5Iei0NfFDI0djjOJuL+gHs6LzgLW gR9o6jbt3YVqIKgeNQnFrhywoMXKuKIUC51tZKLm45iMYOqh5DjaqZys1dMcxKc0K445GOmPfTtQ8t3aSJ64z5zi2H7Up+Zk2rDD7FdVSlxWCFq8XZZWiWNBptDSVBgSqiQNcGOl2pWLMDRfoPsB3IbCPT54HF7t9tt9nZ3u9o+M2jhWyRbbJT8LIATkiv8kpGRBBbskD+Uf+e3+9R+/Je35t7XjtzCZ5V53lF11ntKI=</latexit>

=


a11x1

a21x1

� <latexit sha1_base64="YbBLFAvIPaqGArGw9dtexcy4tg0="></latexit>

+


a12x2

a22x2

� <latexit sha1_base64="Zy0W/hKLQB5k73USBdhGSuRPIk0="></latexit>

+


a13x3

a23x3

�

A: How a particular variable affects all measurements.
Q: What does a column mean?



Linear combination of vectors
• Given set of vectors , and coefficients 


•  A linear combination of vectors is defined as:  

{ ⃗a 1, ⃗a 2, ⋯, ⃗a M} ∈ ℝN {α1, α2, ⋯, αM} ∈ ℝ
⃗b ≜ α1 ⃗a 1 + α2 ⃗a 2 + ⋯ + αM ⃗a M

Recall:  :A ⃗x
<latexit sha1_base64="1fa7dEHXSt253hBlSf0PrLRGOoQ="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5

<latexit sha1_base64="rx7wS71FFM9ih5hh+qvFZ0GBPiM="></latexit>

=

2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5

<latexit sha1_base64="JlPUVWJGwx3BtT4N1ZP80xgiQxk="></latexit>

= x1~a1 + x2~a2 + x3~a3
Matrix-vector multiplication is a linear combination of the columns of A!



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

⃗b

⃗b



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: What linear combination of  will give ?⃗a 1, ⃗a 2
⃗b

⃗b

⃗b



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: What linear combination of  will give ?⃗a 1, ⃗a 2
⃗b

⃗b

⃗b
A: 2 ⃗a 1 + 1 ⃗a 2



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2

⃗a 1

⃗a 2

Q: What linear combination of  will give ?⃗a 1, ⃗a 2
⃗b

⃗b

⃗b

A: 2 ⃗a 1 + 1 ⃗a 2



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….I think so….

<latexit sha1_base64="Z4z2mEhqV9ZZBEBDGcMq7PCg+WQ="></latexit>
1 1
1 �1

� 
x1

x2

�
= ~b



<latexit sha1_base64="VqnqKdKnlQnni87roHeL9tdaUYM="></latexit>
1 �1
1 �1

� 
x1

x2

�
= ~b

Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….I don’t think so…. Unless its along the line  ⃗a 1



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….yes!

<latexit sha1_base64="9f0Go+s8BnVpdKnkVrcDJ6RPqe0="></latexit>
1 1
1 0

� 
x1

x2

�
= ~b



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
<latexit sha1_base64="JLtvwrQWIxll5nNNi37DtBZ/b/U="></latexit>

A =


1 1
1 �1

�



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
<latexit sha1_base64="JLtvwrQWIxll5nNNi37DtBZ/b/U="></latexit>

A =


1 1
1 �1

�
⃗a 1

⃗a 2

A: ! ℝ2



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
<latexit sha1_base64="JLtvwrQWIxll5nNNi37DtBZ/b/U="></latexit>

A =


1 1
1 �1

�
⃗a 1

⃗a 2

A: ! ℝ2

<latexit sha1_base64="g4v6vRV7B1p/r2mwZ1DqamftXeg="></latexit>

span(cols of A) =

⇢
~v
��� ~v = ↵


1
1

�
+ �


1

�1

�
↵,� 2 R

�



Span / Column Space / Range
Example 2: What is the span of the cols of  A?

⃗a 1

⃗a 2

A: The line x1 = x2

<latexit sha1_base64="NY49+tO2y+iAzxv6OioE8Chbw4M="></latexit>

A =


1 �1
1 �1

�

<latexit sha1_base64="su1fIsGIo/bzUUa/wLTAJ2LyXVM="></latexit>

span(cols of A) =

⇢
~v
��� ~v = ↵


1
1

�
, ↵ 2 R

�



Span / Column Space / Range
• Definition: 


If  s.t.  then ∃ ⃗x A ⃗x = ⃗b ⃗b ∈ span{A}

Converse: , there is a solution for ⃗b ∈ span{cols(A)} A ⃗x = ⃗b

Q: What if ?⃗b ∉ span{cols(A)}
A: There is no solution for  A ⃗x = ⃗b


