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Span, Proofs


Linear (in)dependance




Announcements

• Last time: 

- Continue vectors

- Matrix-Matrix and Matrix-vector Multiplications

- Matrix-Vector Multiplications as linear set of equations


• Today:

- Span

- Proofs

- Linear (in)dependance



Matrix-Vector Form of Systems of Linear Equations

• Consider the matrix equation:   A ⃗x = ⃗b

A ⃗x =

<latexit sha1_base64="NopXFVGpWobQnkCDeTggIFeYH5E=">AAACJHicbVC7TsMwFHXKq4RXgZHFokJiqpIKARJLBQsTAokCUhNFjnNTLBwnsp2qVdSPYeFXWBh4iIGFb8FpM/A6kuWjc+699j1hxpnSjvNh1WZm5+YX6ov20vLK6lpjfeNKpbmk0KUpT+VNSBRwJqCrmeZwk0kgScjhOrw7Kf3rAUjFUnGpRxn4CekLFjNKtJGCxpHthdBnoiBSktG4oGN7GLjY8/AwaJeXN4hSrabCme2BiKpS2w4aTaflTID/ErciTVThPGi8elFK8wSEppwo1XOdTPtmnmaUw9j2cgUZoXekDz1DBUlA+cVkyTHeMUqE41SaIzSeqN87CpIoNUpCU5kQfat+e6X4n9fLdXzoF0xkuQZBpw/FOcc6xWViOGISqOYjQwiVzPwV01siCdUm1zIE9/fKf8lVu+Xut9yLvWbnuIqjjrbQNtpFLjpAHXSKzlEXUXSPHtEzerEerCfrzXqfltasqmcT/YD1+QVMGaNY</latexit> x1

x2
...

xNA
N × 1M × N

a11 a12 ⋯ a1N
a21 a22 ⋯ a2N

aM1 aM2 ⋯ aMN

⋮ =
a11x1 + a12x2 + ⋯ + a1N xN
a21x1 + a22x2 + ⋯ + a2N xN

⋮
aM1x1 + aM2x2 + ⋯ + aMN xN

M × 1

<latexit sha1_base64="NjFZAfodr6G/fQGVvXv/32DFj54="></latexit>

=

2

6664

b1
b2
...

bM

3

7775

<latexit sha1_base64="XvH+c+1xHZMBwlcIIdqk/Kffu2U="></latexit>2

6664

a11 a12 · · · a1N
a21 a22 · · · a2N
...

...
aM1 aM2 · · · aMN

���������

b1
b2
...

bM

3

7775

Same as the Augmented Matrix!

 is another way to write
A linear set of equations!
A ⃗x = ⃗b



Row vs Column Perspective

• Row / Measurement Perspective of A ⃗x = ⃗b
<latexit sha1_base64="qNWWwM3Xj0y+rdzidny7RVR9sQo="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="ZS6dYb5b3Rz0a/pyxpeuxoBPRNA="></latexit>
a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

�
=


b1
b2

�



Row vs Column Perspective

• Row / Measurement Perspective of A ⃗x = ⃗b
<latexit sha1_base64="qNWWwM3Xj0y+rdzidny7RVR9sQo="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="ZS6dYb5b3Rz0a/pyxpeuxoBPRNA="></latexit>
a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

�
=


b1
b2

�

A: How each variable affect a particular measurement
Q: What does a row mean?



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =
<latexit sha1_base64="TGn5ToBlkGy+SH56B6HeqVmkKSQ="></latexit>

x1~a1 + x2~a2 + x3~a3 =



Row vs Column Perspective
• Column Perspective of A ⃗x = ⃗b

<latexit sha1_base64="mjUZYtBS4BSsKeEA3G9tkhZdguc="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5 =


b1
b2

�

<latexit sha1_base64="GEBzRQND7kFqb/WLYWWtfvxAgps="></latexit>

=


a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

�
=


b1
b2

�

<latexit sha1_base64="LGGHy1nQIlqs6LDxASEDPlrIDhY="></latexit>2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5 =
<latexit sha1_base64="TGn5ToBlkGy+SH56B6HeqVmkKSQ="></latexit>

x1~a1 + x2~a2 + x3~a3 =

<latexit sha1_base64="+FpfIvZq8+4Uxr8BcuACzBBmxWs=">AAACTXicbVFBS+QwFE5HXbWr6+x69BIchD0NjYjuRRC97FHBUWFaSpq+zgTTtCSvi0PpH/Sy4M1/4cXDLiJmxh7U8UHg4/ve+/LyJSmVtBgE915nYXHpy/LKqv91bf3bRvf7jwtbVEbAQBSqMFcJt6CkhgFKVHBVGuB5ouAyuT6Z6pd/wFhZ6HOclBDlfKRlJgVHR8XdlB7SUEGGQz9MYCR1zY3hk6YWjR/O7OtEVdDQmsc1Y81NzBoahvPabqv5Iei0NfFDI0djjOJuL+gHs6LzgLW gR9o6jbt3YVqIKgeNQnFrhywoMXKuKIUC51tZKLm45iMYOqh5DjaqZys1dMcxKc0K445GOmPfTtQ8t3aSJ64z5zi2H7Up+Zk2rDD7FdVSlxWCFq8XZZWiWNBptDSVBgSqiQNcGOl2pWLMDRfoPsB3IbCPT54HF7t9tt9nZ3u9o+M2jhWyRbbJT8LIATkiv8kpGRBBbskD+Uf+e3+9R+/Je35t7XjtzCZ5V53lF11ntKI=</latexit>

=


a11x1

a21x1

� <latexit sha1_base64="YbBLFAvIPaqGArGw9dtexcy4tg0="></latexit>

+


a12x2

a22x2

� <latexit sha1_base64="Zy0W/hKLQB5k73USBdhGSuRPIk0="></latexit>

+


a13x3

a23x3

�

A: How a particular variable affects all measurements.
Q: What does a column mean?



Linear combination of vectors
• Given set of vectors , and coefficients 


•  A linear combination of vectors is defined as:  

{ ⃗a 1, ⃗a 2, ⋯, ⃗a M} ∈ ℝN {α1, α2, ⋯, αM} ∈ ℝ
⃗b ≜ α1 ⃗a 1 + α2 ⃗a 2 + ⋯ + αM ⃗a M

Recall:  :A ⃗x
<latexit sha1_base64="1fa7dEHXSt253hBlSf0PrLRGOoQ="></latexit>
a11 a12 a13
a21 a22 a23

� 2

4
x1

x2

x3

3

5

<latexit sha1_base64="rx7wS71FFM9ih5hh+qvFZ0GBPiM="></latexit>

=

2

4 ~a1 ~a2 ~a3

3

5

2

4
x1

x2

x3

3

5

<latexit sha1_base64="JlPUVWJGwx3BtT4N1ZP80xgiQxk="></latexit>

= x1~a1 + x2~a2 + x3~a3
Matrix-vector multiplication is a linear combination of the columns of A!



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

⃗b

⃗b



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: What linear combination of  will give ?⃗a 1, ⃗a 2
⃗b

⃗b

⃗b



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: What linear combination of  will give ?⃗a 1, ⃗a 2
⃗b

⃗b

⃗b
A: 2 ⃗a 1 + 1 ⃗a 2



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b
<latexit sha1_base64="R4pYguJsquLFWOqgklTupzVYuro="></latexit>
1 1
1 �1

� 
x1

x2

�
=


3
1

�

⃗a 1 ⃗a 2

⃗a 1

⃗a 2

Q: What linear combination of  will give ?⃗a 1, ⃗a 2
⃗b

⃗b

⃗b

A: 2 ⃗a 1 + 1 ⃗a 2



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….I think so….

<latexit sha1_base64="Z4z2mEhqV9ZZBEBDGcMq7PCg+WQ="></latexit>
1 1
1 �1

� 
x1

x2

�
= ~b



⃗a 1

⃗a 2



<latexit sha1_base64="VqnqKdKnlQnni87roHeL9tdaUYM="></latexit>
1 �1
1 �1

� 
x1

x2

�
= ~b

Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….I don’t think so…. Unless its along the line  ⃗a 1



Linear Set of Equations as a Linear Combination

• Consider the problem: :A ⃗x = ⃗b

⃗a 1 ⃗a 2
⃗a 1

⃗a 2

Q: Can linear combination of  give any ?⃗a 1, ⃗a 2
⃗b

A: Hmmm….yes!

<latexit sha1_base64="9f0Go+s8BnVpdKnkVrcDJ6RPqe0="></latexit>
1 1
1 0

� 
x1

x2

�
= ~b



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
<latexit sha1_base64="JLtvwrQWIxll5nNNi37DtBZ/b/U="></latexit>

A =


1 1
1 �1

�



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
<latexit sha1_base64="JLtvwrQWIxll5nNNi37DtBZ/b/U="></latexit>

A =


1 1
1 �1

�
⃗a 1

⃗a 2

A: ! ℝ2



Span / Column Space / Range

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b

Example: What is the span of the cols of  A?
<latexit sha1_base64="JLtvwrQWIxll5nNNi37DtBZ/b/U="></latexit>

A =


1 1
1 �1

�
⃗a 1

⃗a 2

A: ! ℝ2

<latexit sha1_base64="g4v6vRV7B1p/r2mwZ1DqamftXeg="></latexit>

span(cols of A) =

⇢
~v
��� ~v = ↵


1
1

�
+ �


1

�1

�
↵,� 2 R

�



Span / Column Space / Range
Example 2: What is the span of the cols of  A?

⃗a 1

⃗a 2

A: The line x1 = x2

<latexit sha1_base64="NY49+tO2y+iAzxv6OioE8Chbw4M="></latexit>

A =


1 �1
1 �1

�

<latexit sha1_base64="su1fIsGIo/bzUUa/wLTAJ2LyXVM="></latexit>

span(cols of A) =

⇢
~v
��� ~v = ↵


1
1

�
, ↵ 2 R

�



Span / Column Space / Range
• Definition: 


If  s.t.  then ∃ ⃗x A ⃗x = ⃗b ⃗b ∈ span{cols(A)}

Q: What if ?⃗b ∉ span{cols(A)}
A: There is no solution for  A ⃗x = ⃗b



• What are the values of  such that the Span{Cols of A) = a, b, c ℝ3

A = [
1 1 a

−1 1 b
0 0 c]

Responses

https://docs.google.com/forms/d/1-vLSLrVODHS7frIjNAQaWYUlkh-3If1_CNdnz9i1c_w/edit#responses


Steps for a proof
• Write out the statement, note direction (“if” → “then”)


• Try a simple example (to see a pattern)

- Use what is known, definitions and other 

theorems


• Manipulate both sides of the arguments

- Must justify each step


• Know the different styles of proofs to try

- Constructive

- Proof by contradiction



Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

   has the same solution as:  2x + 3y = 4 4x + 6y = 8
Proof for N=2:


Let , with solution ax + by = c x0, y0

Show that , 

has the same solution.

βax + βby = βc

Substitute  for : x0, y0 x, y
βax0 + βby0 = βc
β(ax0 + by0) = βc
βc = βc

 ⇒ ax0 + by0 = c

But is it the only solution?

, with solution: βax + βby = βc x1, y1
 ⇒ βax1 + βby1 = βc

Show that , 

has the same solution…..

ax + by = c

Since …. β ≠ 0
 βax1 + βby1 = βc ⇒ ax1 + by1 = c

SOLUTION OF ONE, IMPLIES THE OTHER

AND VICE-VERSA!



Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

2. Adding a scalar constant multiple of one equation to another

<latexit sha1_base64="EmdIbm1ruN1OoPXOmkpFe+6hlh8="></latexit>

(1) x + y = 2
(2) 3x + 2y = 5

Concept of proof: look at explicit solution, show they are the same
Also show the reverse — by applying the reverse operations

Have the same solution

<latexit sha1_base64="BuQPf+wyLRMPkEeFU5yMcvvNqs8="></latexit>

(1) x + y = 2
3⇥ (1) + (2) 6x + 5y = 11

and



Span / Column Space / Range

• Definition: 

If  s.t.  then ∃ ⃗x A ⃗x = ⃗b ⃗b ∈ span{cols(A)}

• Span of the columns of A is the set of all vectors  such that 
has a solution


- i.e. the set of all vectors that can be reached by all possible 
linear combinations of the columns of A

⃗b
A ⃗x = ⃗b



Proof: Span

Theorem:   span {[1
1], [ 1

−1]} = ℝ2

 span {[1
1], [ 1

−1]} ⇒ { ⃗v ⃗v = α [1
1] + β [ 1

−1] , α, β ∈ ℝ} = 𝕊

Know:

 span {[1
1], [ 1

−1]} = ℝ2

Need to show:

Concept: pick some specific , and show that it belongs to  ⃗b = [b1

b2] ∈ R2 𝕊

Need to solve:



Proof: Span

Theorem:   span {[1
1], [ 1

−1]} = ℝ2

 span {[1
1], [ 1

−1]} ⇒ { ⃗v ⃗v = α [1
1] + β [ 1

−1] , α, β ∈ ℝ} = 𝕊

Know:

 span {[1
1], [ 1

−1]} = ℝ2

Need to show:

Concept: pick some specific , and show that it belongs to  ⃗b = [b1

b2] ∈ R2 𝕊

 α [1
1] + β [ 1

−1] = [b1

b2]
Known 
and  ∈ ℝ2unknown

 ⇒ [1 1
1 −1] [α

β] = [b1

b2]
Need to solve:



Proof: Span

 [1 1
1 −1] [α

β] = [b1

b2]
Need to solve:

Gaussian Elimination:



Proof: Span

 [1 1
1 −1] [α

β] = [b1

b2]
Need to solve:

Gaussian Elimination:

 ⇒ α =
b1 + b2

2
, β =

b1 − b2

2
,

Every  can be written  
as linear combinations!
So also, 

⃗b ∈ ℝ2

⃗b ∈ 𝕊

Constructive proof



Linear Dependence
Recall:

⃗a 1

⃗a 2

 and  are linearly dependent⃗a 1 ⃗a 2

<latexit sha1_base64="NY49+tO2y+iAzxv6OioE8Chbw4M="></latexit>

A =


1 �1
1 �1

�

⃗a 1 ⃗a 2

 = -⃗a 1 ⃗a 2



Linear Dependence
• Definition 1:  

A set of vectors  are linearly dependent if 
, such that:

{ ⃗a 1, ⃗a 2, ⋯, ⃗a N}
∃{α1, α2, ⋯, αN} ∈ ℝ ⃗a i = ∑

j≠i

αj ⃗a j 1 ≤ i, j ≤ N

For example: if ⃗a 2 = 3 ⃗a 1 − 2 ⃗a 5 + 6 ⃗a 7

 in the span of all s⃗a i ⃗a j



Linear Dependence
Are these linearly dependent?

Need to solve:



Linear Dependence
Are these linearly dependent?

 [1 1
1 −1] [α

β] = [3
1]

Need to solve: but we showed that….

So….

Are linearly dependent



Linear dependence / independence

• Definition 2:  
A set of vectors  are linearly dependent if 

, such that:
{ ⃗a 1, ⃗a 2, ⋯, ⃗a N}

∃{α1, α2, ⋯, αN} ∈ ℝ

 ⇒ 2 [1
1] + [ 1

−1] − [3
1] = 0

N

∑
i=1

αi ⃗a i = 0

• Definition:  
A set of vectors  are linearly independent if they 
are not dependent

{ ⃗a 1, ⃗a 2, ⋯, ⃗a N}

As long as not all ai = 0



Linear dependence / independence

 {[1
1], [ 1

−1], [ π
2]}

Are these linearly dependent?

∈ ℝ2

linearly dependent!



Solutions for linear equations
• Theorem: if the columns of the matrix A are linearly dependent 

then,  does not have a unique solutionA ⃗x = ⃗b



Solutions for linear equations
• Theorem: if the columns of the matrix A are linearly dependent 

then,  does not have a unique solutionA ⃗x = ⃗b

know: columns are linearly independent show: more than 1 solution

Proof for A ∈ ℝ3×3

Concept: pick some specific solution  , and show that there’s another one⃗x *

α1 ⃗a1 + α2 ⃗a 2 + α3 ⃗a 3 = 0

Let:       and     A ⃗x * = ⃗b A = [ ⃗a1 ⃗a 2 ⃗a 3]
From linear dependence Def 2:



Solutions for linear equations
• Theorem: if the columns of the matrix A are linearly dependent 

then,  does not have a unique solutionA ⃗x = ⃗b

know: columns are linearly dependent show: more than 1 solution

Proof for A ∈ ℝ3×3

Concept: pick some specific solution  , and show that there’s another one⃗x *

α1 ⃗a1 + α2 ⃗a 2 + α3 ⃗a 3 = 0

⃗α
⇒ A ⃗α = 0

Set ⃗x † = ⃗x * + ⃗α

⇒ A ⃗x † = A( ⃗x * + ⃗α )

Let:       and     A ⃗x * = ⃗b A = [ ⃗a1 ⃗a 2 ⃗a 3]
From linear dependence Def 2:

= A ⃗x * + A ⃗α = ⃗b + 0 So  is another solution!⃗x †



Matrix Transformations



Matrices are operators that transform vectors

A ⃗x = ⃗b
[1 0

0 −1] [x1
x2] = [ x1

−x2]
Example:



Matrices are operators that transform vectors

A ⃗x = ⃗b
Example:

[1 0
0 −1] [x1

x2] = [ x1
−x2]

https://www.youtube.com/watch?v=LhF_56SxrGk



Matrices are operators that transform vectors

A ⃗x = ⃗b
Example:

Reflection Matrix!

[1 0
0 −1] [x1

x2] = [ x1
−x2]



Matrices are operators that transform vectors

A ⃗x = ⃗b
Example:

Reflection Matrix!

[1 0
0 −1] [x1

x2] = [ x1
−x2]



Matrices are operators that transform vectors
Example 2:

[cos(θ) −sin(θ)
sin(θ) cos(θ) ] [x1

x2] = [cos(θ)x1 − sin(θ)x2
sin(θ)x1 + cos(θ)x2]

[cos(θ) −sin(θ)
sin(θ) cos(θ) ] [1

0] = [cos(θ)
sin(θ)]

θ
Rotation Matrix!



Linear Transformation of vectors
: is a linear transformation if: f

f(α ⃗x ) = αf( ⃗x ) α ∈ ℝ
f( ⃗x + ⃗y ) = f( ⃗x ) + f( ⃗y )

Claim: Matrix-vector multiplications satisfy linear transformation

A ⋅ (α ⃗x ) = αA ⃗x
Proof via explicitly writing the elements

A ⋅ ( ⃗x + ⃗y ) = A ⃗x + A ⃗y


