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What is linear algebra?
• The study of linear functions and linear equations, typically using 

vectors and matrices

• Linearity is not always applicable, but can be a good first-order 

approximation

• There exist good fast algorithms to solve these problems



Linear Equations
• Definition:  

Consider:   

 is linear if the following identity holds: 

(1) Homogeneity:  
 

(2) Super Position (distributivity): if , then 
 

Claim: linear functions can always be expressed as: 
 

f(x1, x2, ⋯, xN) : ℝn → ℝ
f

f(αx1, ⋯, αxN) = αf(x1, . . . , xN)
xi = yi + zi

f(y1 + z1, ⋯, yN + zN) = f(y1, ⋯, yN) + f(z1, ⋯, zN)

f(x1, x2, ⋯, xN) = c1x1 + c2x2 + ⋯ + cNxN



Proof for ℝ2

•  is linear. Need to prove:  
Trick: 






So,  
    

 
 

 

f(x1, x2) : ℝ2 ⇒ ℝ f(x1, x2) = c1x1 + c2x2

x1 = 1 ⋅ x1 + 0 ⋅ x2
x2 = 0 ⋅ x1 + 1 ⋅ x2

f(x1, x2) = f(x1y1 + x2z1, x1y2 + x2z2)
= f(x1y1, x1y2) + f(x2z1, x2z2)
= x1 f(y1, y2) + x2 f(z1, z2)
= x1 f(1,0) + x2 f(0,1)

= c1x1 + c2x2

⇒ x1 = x1y1 + x2z1
⇒ x2 = x1y2 + x2z2



Linear Set of Equations
• Consider the set of M linear equations with N variables:


• Can be written compactly using augmented matrix:

a11x1 + a12x2 + ⋯ + a1N xN = b1

a21x1 + a22x2 + ⋯ + a2N xN = b2

aM1x1 + aM2x2 + ⋯ + aMN xN = bM

⋮ ⋮

<latexit sha1_base64="XvH+c+1xHZMBwlcIIdqk/Kffu2U="></latexit>2
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Back to Tomography

x1 4x2

x3 x4 3

1 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 0 ⋅ x4 = 4
0 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 1 ⋅ x4 = 3

2 5

1 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 0 ⋅ x4 = 2
0 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 1 ⋅ x4 = 5

3 2

2x1 + 0 ⋅ x2 + 0 ⋅ x3 + 2x4 = 3 2
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Back to Tomography

x1 4x2

x3 x4 3

1 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 0 ⋅ x4 = 4
0 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 1 ⋅ x4 = 3
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How do we solve it?



Back to Tomography

How do we systematically  
solve it?
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Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

2. Adding a scalar constant multiple of one equation to another

3. Swapping equations



Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

2. Adding a scalar constant multiple of one equation to another

3. Swapping equations

<latexit sha1_base64="EmdIbm1ruN1OoPXOmkpFe+6hlh8="></latexit>

(1) x + y = 2
(2) 3x + 2y = 5

<latexit sha1_base64="S2MMY9ojCoNcQfp69WTEAsz5BFU="></latexit>

(1) 3x + 2y = 5
(2) x + y = 2

and

Have the same solution

Proof: Pretty obvious!



Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

   has the same solution as:  2x + 3y = 4 4x + 6y = 8
Proof for N=2:


Let , with solution ax + by = c x0, y0

Show that , 

has the same solution.

βax + βby = βc

Substitute  for : x0, y0 x, y
βax0 + βby0 = βc
β(ax0 + by0) = βc
βc = βc

 ⇒ ax0 + by0 = c

But is it the only solution?

, with solution: βax + βby = βc x1, y1
 ⇒ βax1 + βby1 = βc

Show that , 

has the same solution…..

ax + by = c

Since …. β ≠ 0
 βax1 + βby1 = βc ⇒ ax1 + by1 = c

SOLUTION OF ONE, IMPLIES THE OTHER

AND VICE-VERSA!



Algorithm for solving linear equations
• Three basic operations that don’t change a solution:

1. Multiply an equation with nonzero scalar

2. Adding a scalar constant multiple of one equation to another

<latexit sha1_base64="EmdIbm1ruN1OoPXOmkpFe+6hlh8="></latexit>

(1) x + y = 2
(2) 3x + 2y = 5

Concept of proof: look at explicit solution, show they are the same
Also show the reverse — by applying the reverse operations

Have the same solution

<latexit sha1_base64="BuQPf+wyLRMPkEeFU5yMcvvNqs8="></latexit>

(1) x + y = 2
3⇥ (1) + (2) 6x + 5y = 11

and



Upper Diagonal Systems
• Consider the following equations:

<latexit sha1_base64="frJ8BMPvlw+KatTefVCyLz4pVkM="></latexit>

x � y + 2z = 1
y � z = 2

z = 1
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Upper Diagonal Systems
• Consider the following equations:
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• Why are they easy to solve?
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Upper Triangular matrix \ Row Echelon

More general Row Echelon in the notes!

Pivots



Gaussian Elimination
• Row-reduction to upper triang (Row echelon):

<latexit sha1_base64="AR6ykeXN0fPbdg6gjHLwmQksWzw="></latexit>

x � y + 2z = 1
2x + y + z = 8

�4x + 5y = 7

<latexit sha1_base64="hKfn7k1lf23Z66rvpKSB/8yQBlo="></latexit>2
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Gaussian Elimination
• Row-reduction to upper triang (Row echelon):

<latexit sha1_base64="AR6ykeXN0fPbdg6gjHLwmQksWzw="></latexit>

x � y + 2z = 1
2x + y + z = 8

�4x + 5y = 7

(2) − 2 × (1)

(3) + 4 × (1)
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Gaussian Elimination
• Row-reduction to upper triang (Row echelon):

<latexit sha1_base64="AR6ykeXN0fPbdg6gjHLwmQksWzw="></latexit>

x � y + 2z = 1
2x + y + z = 8

�4x + 5y = 7

(2) − 2 × (1)

(3) + 4 × (1)

(2)/3
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Step III
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Gaussian Elimination
• Row-reduction to upper triang (Row echelon):

<latexit sha1_base64="AR6ykeXN0fPbdg6gjHLwmQksWzw="></latexit>

x � y + 2z = 1
2x + y + z = 8

�4x + 5y = 7

(2) − 2 × (1)

(3) + 4 × (1)

(2)/3
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Gaussian Elimination
• Row-reduction to upper triang (Row echelon):

<latexit sha1_base64="AR6ykeXN0fPbdg6gjHLwmQksWzw="></latexit>
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Gaussian Elimination
• Row-reduction to upper triang (Row echelon):
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Gaussian Elimination Cont.
<latexit sha1_base64="AR6ykeXN0fPbdg6gjHLwmQksWzw="></latexit>
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Gaussian Elimination Cont.
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Gaussian Elimination Cont.
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z = 1

Diagonal/identity matrix 
(reduced Row-Echelon form)

Step VI

Step VII

x y z



Back to Tomography

x1 4x2

x3 x4 3

1 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 0 ⋅ x4 = 4
0 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 1 ⋅ x4 = 3

2 5

1 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 0 ⋅ x4 = 2
0 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 1 ⋅ x4 = 5
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Back to Tomography
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Back to Tomography
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Infinite solutions!
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Back to Tomography
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Pivots

Basic

variables

Free

variables

Back substitution:

Pivots



Back to Tomography

x1 4x2

x3 x4 3.1

1 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 0 ⋅ x4 = 4
0 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 1 ⋅ x4 = 3.1

2 5

1 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 0 ⋅ x4 = 2
0 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 1 ⋅ x4 = 5
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0 1 0 1p
2 0 0
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p
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How do we solve it?

Perturbations in the measurements

.1



Back to Tomography
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No Solution!

.1

.1

.1

.1

.1

Step I

Step II

Step III

Step IV

Step V

(3) − (1)

(3) + (2)

(4) − (3)



Back to Tomography

x1 4x2

x3 x4 3

1 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 0 ⋅ x4 = 4
0 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 1 ⋅ x4 = 3

2 5

1 ⋅ x1 + 0 ⋅ x2 + 1 ⋅ x3 + 0 ⋅ x4 = 2
0 ⋅ x1 + 1 ⋅ x2 + 0 ⋅ x3 + 1 ⋅ x4 = 5

3 2

2x1 + 0 ⋅ x2 + 0 ⋅ x3 + 2x4 = 3 2
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How do we solve it?



Gaussian Elimination
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(3) − (1)

(5) − 2 × (1)

<latexit sha1_base64="U4IlnQQu5GTi4O0vwDbtWPFqOpk="></latexit>2

66664

1 1 0 0
0 0 1 1
0 �1 1 0
0 1 0 1
0 �

p
2 0

p
2

����������

4
3

�2
5

�
p
2

3

77775

−(5)/ (2)

(2)

<latexit sha1_base64="OCD4TJxuoQrkenrDS2Ls07EP6xo="></latexit>2

66664

1 1 0 0
0 1 0 �1
0 �1 1 0
0 1 0 1
0 0 1 1

����������

4
1

�2
5
3

3

77775

(3) + (2)

(4) − (2)
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Gaussian Elimination
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Tomography Solved!

x1 x2

x3 x4

Possible reconstruction

Blurred version of :
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Geometric Interpretation

(1)   

(2)   

x + 4y = 6
2x − y = 3

x = 0 ⇒ y = 1.5 y = 0 ⇒ x = 6
x = 0 ⇒ y = − 3 y = 0 ⇒ x = 1.5

x = 2, y = 1
Single Solution!



Geometric Interpretation

(1)   

(2)   

x + 4y = 6
2x + 8y = 12

x = 0 ⇒ y = 1.5 y = 0 ⇒ x = 6
x = 0 ⇒ y = 1.5 y = 0 ⇒ x = 6

Infinite Solutions!

anything that satisfies:

x = 6 − 4y0



Geometric Interpretation

(1)   

(2)   

x + 4y = 6
2x + 8y = 8

x = 0 ⇒ y = 1.5 y = 0 ⇒ x = 6
x = 0 ⇒ y = 1 y = 0 ⇒ x = 4

∅
No Solutions!

Parallel lines do not intersect!



Gaussian Elimination Summary
Data: Augmented matrix A 2 Rm⇥(n+1), for a system of m equations with n variables
Result: Reduced form of augmented matrix
# Forward elimination procedure:
for each variable index i from 1 to n do

if entry in row i, column i of A is 0 then

if all entries in column i and row > i of A are 0 then

proceed to next variable index;
else

find j, the smallest row index > i of A for which entry in column i 6= 0 ;
# The following rows implement the “swap” operation:
old_row_j � row j of A;
row j of A � row i of A;
row i of A � old_row_j;

end

end

divide row i of A by entry in row i, column i of A;
for each row index k from i+1 to m do

scaled_row_i � row i of A times entry in row k, column i of A;
row k of A � row k of A � scaled_row_i;

end

end

# Back substitution procedure:
for each variable index u from n�1 to 1 do

if entry in row u, column u of A 6= 0 then

for each row v from u�1 to 1 do

scaled_row_u � row u of A times entry in row v, column u of A;
row v of A � row v of A � scaled_row_u;

end

end

end

Algorithm 1: The Gaussian elimination algorithm.

1.2.5 Tomography Revisited
How does what we have learned so far relate back to our tomography example, way back at the start of this
note? We know that because our grocer’s measurements come from a specific box with a particular assort-
ment of milk, juice, and empty bottles, there must be one underlying solution, but insufficient measurements
could give us a system of equations with an infinite number of solutions. So, how many measurements do
we need?

Initially, we thought about shining a light vertically and horizontally through the box, giving six total equa-
tions because there are three rows and three columns per box. However, there are nine bottles to identify, and
therefore nine variables, so we will need nine equations. Based on what you have learned about Gaussian
elimination, you now understand that we need at least three more measurements — likely taken diagonally
— in order to properly identify the bottles. In coming notes, we will discuss in further detail how you can
tell whether or not the nine measurements you choose will allow you to find the solution.

EECS 16A, Fall 2020, Note 1B 18

1.  Multiply an equation with nonzero scalar

2.  Adding a scalar constant multiple of one equation to another

3.  Swapping equations

• Reduce to row-echelon form, from left-to-right by using:

<latexit sha1_base64="7LUbMidjcCt/Qo/ITrCknZppBBU="></latexit>2
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1 ⇤ ⇤ ⇤
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Single solution
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Infinite solutions
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No solution

• Back substitute to reduced row-echelon form, from right-to-left

✋
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Single solution
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Infinite solutions

Basic

variables

Free

variablesPivots



Vectors
• An array of N numbers

- Represents coordinates in an N-dimensional space 

<latexit sha1_base64="Xaeim/0IpOodJAJcFx8RxBrDb4E="></latexit>

~x =

2
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x1

x1
...

xN

3

7775
, ~x 2 RN

• For example: 
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Vectors
• Since it’s an array of numbers, it can represent other things….

<latexit sha1_base64="SLA9TRKD7Z6KUuwDPPIb1VDk0VA="></latexit>
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pixel color

x1 x2

x3 x4
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pixel values in an image



Vectors

<latexit sha1_base64="yqKijwL+MAk5a0W1UGcAYWf6AAs="></latexit>
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Data



Special Vectors
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Matrices
• A collection of numbers in a rectangular form

<latexit sha1_base64="HMc96If/sFtJIc2Gvog/wsaKfv4="></latexit>
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~x1 ~x2 · · · ~xM
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• Or a collection of M, N-length vectors
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Vectors as Matrices
• A vector is a degenerate matrix


• A scalar is a degenerate vector or matrix

<latexit sha1_base64="92/PS+UB5n4HJfFIF+EpNFfF9K4="></latexit>
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Vector addition
• Two vectors of the same length can be added

- Addition is element-wise 

<latexit sha1_base64="SV6qiWpEw+YQRHt1yPE5R6JVdIg="></latexit>
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Properties of vector addition

• Commutativity:       


• Associativity:          


• Additive negative:   


• Additive identity:     

⃗x + ⃗y = ⃗y + ⃗x

( ⃗x + ⃗y ) + ⃗z = ⃗x + ( ⃗y + ⃗z)

⃗x + (− ⃗x ) = ⃗0

⃗x + ⃗0 = ⃗x



Scalar Vector Multiplication
• Multiplying with a scalar result in multiplying each element.

<latexit sha1_base64="O/x3uYwOziWktzHWlNNCWvS1EU0="></latexit>
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Vector Transpose

•  is the transpose of ⃗x T ⃗x

<latexit sha1_base64="92/PS+UB5n4HJfFIF+EpNFfF9K4="></latexit>
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~xT =
⇥
x1 x1 · · · xN

⇤
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•  is always a column vector

• To represent a row vector, write:  

⃗x
⃗x T



Vector Matrix Multiplication
• Let , ,  

• Multiplication is valid only for specific matching dimensions!

⃗x ∈ ℝN×1 ⃗y ∈ ℝN×1 ⃗z ∈ ℝM×1

Like this…. and like that!

Or



Vector Vector Multiplication

⃗y T ⃗x =

1 × N

N × 1

⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!



Vector Vector Multiplication

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN

1 × N

N × 1
scalar 1 × 1

Also known as “inner product” 
or “dot product”

⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!



Vector Vector Multiplication

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN

1 × N

N × 1

scalar 1 × 1
Also known as “inner product” 
or “dot product”

⃗x ⃗y T = =

N × N

⃗x , ⃗y ∈ ℝN×1

Like this…. and like that!



Vector Vector Multiplication

⃗y T ⃗x = = y1x1 + y2x2 + y3x3 + ⋯ + yNxN

1 × N

N × 1

scalar 1 × 1
Also known as “inner product” 
or “dot product”

⃗x ⃗y T =

Like this…. and like that!

=

N × N
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Do not commute! 
Also known as “outer product”

⃗x , ⃗y ∈ ℝN×1



Vector Matrix Multiplication
• Let , ,  

•  with  with output: 

•  with  with output: 

•  with  with output: 

⃗x ∈ ℝN×1 ⃗y ∈ ℝN×1 ⃗z ∈ ℝM×1

N × 1 1 × M N × M
M × 1 1 × N M × N
1 × N N × 1 1 × 1

⃗x ⋅ ⃗y

⃗x
⃗zT

⃗x T ⋅ ⃗y ⃗x T ⋅ ⃗z ⃗x ⋅ ⃗zT

⃗y

⃗x T

⃗y

1 × 1
N × M

⃗x T ⃗zT

⃗x

⃗z ⋅ ⃗x T

⃗x T

⃗z

😭 😭😍 😍 😍

M × N


