
EECS 16A
Trilateration and Projections

Friend: Come over!
Me: I have no idea where i am and all I have is 
this recording that sounds like trash
Friend: I have chocolate 
Me: 











Correlation: scatter plot view

www.guessthecorrelation.com
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“Correlation is not causation”



Received signal contains multiple delayed codes

ଵ ଵ ଶ ଶ

Correlate with 𝑠ଵሾ𝑛ሿ:
corr௥⃗ሺ𝑠ଵሻሾ𝑘ሿ ൌ ⟨𝑟ሾ𝑛ሿ, 𝑠ଵሾ𝑛 െ 𝑘ሿ⟩

ൌ ⟨𝑠ଵሾ𝑛 െ 𝜏ଵሿ, 𝑠ଵሾ𝑛 െ 𝑘ሿ⟩ ൅ ⟨𝑠ଶሾ𝑛 െ 𝜏ଶሿ, 𝑠ଵሾ𝑛 െ 𝑘ሿ⟩ ൅ ⟨𝑛𝑜𝑖𝑠𝑒ሾ𝑛ሿ, 𝑠ଵሾ𝑛 െ 𝑘ሿ⟩

Auto-correlation should 
be like an impulse

cross-correlation with other satellites 
should be small

cross-correlation with noise 
should be small (always true?)



Received signal contains multiple delayed codes
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Delay 0

corr௥⃗ሺ𝑠ଵሻ 
corr௥⃗ሺ𝑠ଶሻ 
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How to solve for GPS coordinates:

1

2

3

4

Identify which satellites are ‘on’

Find the delay/shift for each satellite

Use shifts to find distances to each satellite

Trilateration to find my coordinates

Friend: Come over!
Me: I have no idea where i am and all I have is 
this recording that sounds like trash
Friend: I have chocolate 
Me: 



Trilateration: Finding position from distances

3 eqns, 2 unknowns. Can I solve it? 
Problem: they’re not linear!
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Trilateration: Finding position from distances
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Trilateration: Finding position from distances
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Trilateration: Finding position from distances

𝟏

𝟐

𝟑
ൌ ሾ𝒂𝟏𝟏,𝒂𝟏𝟐ሿ𝑻

2ሺ𝑎ଵ െ 𝑎ଶሻ்𝑥 ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଶ ∥ଶ ൅𝐶ଶሺ𝜏ଶଶ െ 𝜏ଵଶሻ

2ሺ𝑎ଵ െ 𝑎ଷሻ்𝑥 ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଷ ∥ଶ ൅𝐶ଶሺ𝜏ଷଶ െ 𝜏ଵଶሻ

ൌ ሾ𝒂𝟑𝟏,𝒂𝟑𝟐ሿ𝑻

ൌ ሾ𝒂𝟐𝟏,𝒂𝟐𝟐ሿ𝑻

=



Any questions?
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Trilateration: what if I don’t have an atomic clock?

𝟏

𝟐

𝟑
ൌ ሾ𝒂𝟏𝟏,𝒂𝟏𝟐ሿ𝑻

2ሺ𝑎ଵ െ 𝑎ଶሻ்𝑥 ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଶ ∥ଶ ൅𝐶ଶሺ𝜏ଶଶ െ 𝜏ଵଶሻ

2ሺ𝑎ଵ െ 𝑎ଷሻ்𝑥 ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଷ ∥ଶ ൅𝐶ଶሺ𝜏ଷଶ െ 𝜏ଵଶሻ

ൌ ሾ𝒂𝟑𝟏,𝒂𝟑𝟐ሿ𝑻

ൌ ሾ𝒂𝟐𝟏,𝒂𝟐𝟐ሿ𝑻

Problem — receiver clock is not synced to satellites!

ଵ is unknown, but  ଶ ଶ ଵ , and ଷ ଷ ଵ are known
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Trilateration: what if I don’t have an atomic clock?

𝟏

𝟐

𝟑
ൌ ሾ𝒂𝟏𝟏,𝒂𝟏𝟐ሿ𝑻

2ሺ𝑎ଵ െ 𝑎ଶሻ்𝑥 ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଶ ∥ଶ ൅𝐶ଶሺ𝜏ଶଶ െ 𝜏ଵଶሻ

2ሺ𝑎ଵ െ 𝑎ଷሻ்𝑥 ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଷ ∥ଶ ൅𝐶ଶሺ𝜏ଷଶ െ 𝜏ଵଶሻ

ൌ ሾ𝒂𝟑𝟏,𝒂𝟑𝟐ሿ𝑻

ൌ ሾ𝒂𝟐𝟏,𝒂𝟐𝟐ሿ𝑻
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Trilateration Multi-Lateration: add a 4th satellite!

𝟏

𝟐

𝟑
ൌ ሾ𝒂𝟏𝟏,𝒂𝟏𝟐ሿ𝑻

ൌ ሾ𝒂𝟑𝟏,𝒂𝟑𝟐ሿ𝑻

ൌ ሾ𝒂𝟐𝟏,𝒂𝟐𝟐ሿ𝑻

2ሺ𝑎ଵ െ 𝑎ଶሻ்𝑥 െ 2𝐶ଶΔ𝜏ଶ𝜏ଵ ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଶ ∥ଶ ൅𝐶ଶሺΔ𝜏ଶሻଶ

2ሺ𝑎ଵ െ 𝑎ଷሻ்𝑥 െ 2𝐶ଶΔ𝜏ଷ𝜏ଵ ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଷ ∥ଶ ൅𝐶ଶሺΔ𝜏ଷሻଶ

2ሺ𝑎ଵ െ 𝑎ସሻ்𝑥 െ 2𝐶ଶΔ𝜏ସ𝜏ଵ ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ସ ∥ଶ ൅𝐶ଶሺΔ𝜏ସሻଶ
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Multi-Lateration: many satellites!

𝟏

𝟐

𝟑
2ሺ𝑎ଵ െ 𝑎ଶሻ்𝑥 െ 2𝐶ଶΔ𝜏ଶ𝜏ଵ ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଶ ∥ଶ ൅𝐶ଶሺΔ𝜏ଶሻଶ

2ሺ𝑎ଵ െ 𝑎ଷሻ்𝑥 െ 2𝐶ଶΔ𝜏ଷ𝜏ଵ ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ଷ ∥ଶ ൅𝐶ଶሺΔ𝜏ଷሻଶ

2ሺ𝑎ଵ െ 𝑎ସሻ்𝑥 െ 2𝐶ଶΔ𝜏ସ𝜏ଵ ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ସ ∥ଶ ൅𝐶ଶሺΔ𝜏ସሻଶ

d4

𝟒

2ሺ𝑎ଵ െ 𝑎ହሻ்𝑥 െ 2𝐶ଶΔ𝜏ହ𝜏ଵ ൌ∥ 𝑎ଵ ∥ଶെ∥ 𝑎ହ ∥ଶ ൅𝐶ଶሺΔ𝜏ହሻଶ d5

𝟓More equations than unknowns!

Q: What if equations are inconsistent due to noise?
A: Find closest solution with Least-Squares!

= Over-determined



Overdetermined Linear Equations

𝑎ଵଵ𝑥ଵ ൅ 𝑎ଵଶ𝑥ଶ ൌ 𝑏ଵ
𝑎ଶଵ𝑥ଵ ൅ 𝑎ଶଶ𝑥ଶ ൌ 𝑏ଶ
𝑎ଷଵ𝑥ଵ ൅ 𝑎ଷଶ𝑥ଶ ൌ 𝑏ଷ

A

  𝑥

 𝑏=

Q: When is there a solution?

A: When 

X



Inconsistent Linear Equations

𝑎ଵଵ𝑥ଵ ൅ 𝑎ଵଶ𝑥ଶ ൌ 𝑏ଵ ൅ 𝑒ଵ
𝑎ଶଵ𝑥ଵ ൅ 𝑎ଶଶ𝑥ଶ ൌ 𝑏ଶ ൅ 𝑒ଶ
𝑎ଷଵ𝑥ଵ ൅ 𝑎ଷଶ𝑥ଶ ൌ 𝑏ଷ ൅ 𝑒ଷ

=A +  𝑒

X

  𝑥

 𝑏

Q: What if equations are inconsistent due to noise?
A: Find closest solution with Least-Squares!



Towards the Least Squares Algorithm

We have measurements: 
We have a model that : 

But  does not have a solution!

Want to find 𝑥ො, such that 𝐴𝑥ො is the closest to  

Fact: 

Problem: 

What to do?



Example: a scalar problem

Theorem: 
shortest distance between a point 
and a line is the orthogonal projection

, one unknown, two equations

Solution: 
find     that has the smallest error



Projections

P

Q

RProof:

Pythagoras: ଶ ଶ ଶ

൐ 0
ሺ𝑃𝑅ሻଶ ൐ ሺ𝑃𝑄ሻଶ

ሺ𝑃𝑅ሻ ൐ ሺ𝑃𝑄ሻ

Theorem: 
shortest distance between a point 
and a line is the orthogonal projection



Spanሼ𝑎ሽ

Projections

𝑎𝑏

find 𝑥
̂
 that has the smallest error

∥ 𝑒 ∥ൌ∥ 𝑎𝑥ො െ 𝑏 ∥ 

𝑒

൑∥ 𝑎𝑥 െ 𝑏 ∥
Need to find the orthogonal projection!



Orthogonal Projections

Given vectors  ,we say that the orthogonal projection of  onto 𝑎 is:



Example
• What’s the projection onto x axis? Y axis?




