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How to solve for GPS coordinates:
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Identify which satellites are ‘on’

Find the delay/shift for each satellite

Use shifts to find distances to each satellite

Trilateration to find my coordinates

Friend: Come over!
Me: I have no idea where i am and all I have is 
this recording that sounds like trash
Friend: I have chocolate 
Me: 
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Last time: Multi-Lateration
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𝟓More equations than unknowns!

Q: What if equations are inconsistent due to noise?
A: Find closest solution with Least-Squares!

= Over-determined



Span 𝑎

Last time: Orthogonal projections

𝑎𝑏

find 𝑥 that has the smallest error ∥ 𝑒 ∥ ∥ 𝑎𝑥 𝑏 ∥ 

𝑒

- finding the component along a particular direction
- key idea in Machine learning, Signal processing

Given vectors 𝑎, 𝑏 ,we say that the 
orthogonal projection of 𝑏 onto 𝑎 is:



Least squares in 2D
3 equations 2 unknowns:

+error



Least squares in many-D



Least Squares Algorithm



Span 𝑎

Last time: Orthogonal projections

𝑎𝑏
𝑒

Does it fit with the 1D least squares solution 
we derived earlier??
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A vector  cols (A) is also  to anything else in colspace(A)

𝒚

Theorem: Consider matrix A, and  

If      , such that                   , then                 .

𝒛



Least squares: Example 1 𝑇 𝑇



Least squares: Example 2
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Example 3: Linear Regression
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BUT, not everything fits to a line!?!

“Using a term like nonlinear science 
is like referring to the bulk of zoology 
as the study of non-elephant 
animals.” – S. Ulam



Example 4: Regression
Gauss found Ceres by using Kepler’s laws:

Model:

Q: Is this a linear fit? X X
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A: Yes!



https://www.cebm.net/covid-19/exponential-growth-what-it-is-why-it-matters-and-how-to-spot-it/

Model:
Q: Is this a linear fit?
A: No! But, can be made linear…..

New Model:

𝑥 , log 𝑦Knowns: 𝑥 , log 𝑦 𝑥 , log 𝑦⋯

Unknowns: 

𝑝 𝑦

Example 5: Exponential Regression



Example 6: Model Order Selection

Model:



Example 6: Model Order Selection

Model:



Example 6: Model Order Selection

Model:



Example 6: Model Order Selection

Error ∥ 𝑒 ∥

Polynomial order

L-curve method




