EECS 16A

Matrix Transformations




Last time: Linear combination of vectors

» Given set of vectors {4, d, '+, dy} € RY and coefficients {ay, a5, -, ap} € R

=5 -
» A linear combination of vectors is defined as: b £ a,d; + a,d, + --- + aMaM}

Example:
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Example: write as a linear combination of kinds of feet
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Last time: Span / Column Space / Range

Span of the columns of A: the set of all vectors b s.t. AX = b has a solution
- the set of all vectors that can be reached by all possible linear combinations of the columns of A

R?




Last time: Solutions to Ax=b are in the span of cols(A)




Linear Dependence

4 - egn )
Definition 1:
A set of vectors {dq, d,,, ", dpy} € RN are linearly dependent if
{ay, @y, ay} € R such that: 7", = Zaja} 1<i,j<M
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Linear Dependence

" Definition 1:
A set of vectors {dq, d,,, ", dpy} € RN are linearly dependent if
{ay, ay, -, ay} € R such that: 7", = Zajﬁ’j 1<i,j<M
JFl




Linear Dependence
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Definition 1:

A set of vectors {d, d,, , *-

- dy} € RN are linearly dependent if
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Linear Dependence

4 N
Definition 2:
A set of vectors {dq, d,,, -, dy} € RN are linearly dependent if
. M R
3{“1, @2, ¢ aM} € R ,such that: aiai = ( Aslongasnotalla; =0
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Linear Dependence

a N
Definition 2:
A set of vectors {d,, d,,, -, dy} € RN are linearly dependent if
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3{“1, sz, ) aM} € R ’SUCh that: aiai = ( Aslongasnotalla; =0
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Linear Dependence

Definition:
A set of vectors are linearly independent if they are not dependent
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Prove it!
Theorem: if the columns of the matrix A are linearly dependent,

then AX = 1_5 does not have a unique solution

PROOF Consider the counter-example S 2 (0.0), T 2

{(0.0), (0.0), (O,0)) so that My = ((i, \€-@), (j, AE.0),

k. A€ (E<m?@i0))). Welet X = ((i.o) | Vj < i :
oj = @} s0 that =FD(X). We have M;;q = [(i, N (@),
(k. 2\C-(t<m?0i0) | k < m), Myio = ((j.NL-O),
k. ANE-(£<m?0¢0) |k>2mland @I X) =(li.0) | ¥) <
i : 0j = @®]. We have aju,(@{lxl) = (s | Mr;; S D(X}] = (0)

whcrcasp'?rlrl(afur(x))-p'F'rlrl((s [ Mrys S X)) =pre(t]((®})

= (s | Vs’ : t(s,5") => 5" = @) =@ since 1(s, ®) implies s = ® and
1(®, O) holds. .



Prove it!
Theorem: if the columns of the matrix A are linearly dependent,

then AX = I; does not have a unique solution
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Prove it!
Theorem: if the columns of the matrix A are linearly dependent,
then AX = 1_5 does not have a unique solution
Proof for A € R3*3
know: columns are linearly dependent show: more than 1 solution
Concept: pick some specific solution x* ,and show that there’s another one

Let: Ax™* =E and A = [51 672 (33]

From linear dependence Def 2:

D 5 D T
10, + a,a, + azdz; =0 — [& 2 @3]&(1 =0 = Aa =0

= = - 3\\—)
SetxT =%*+d 04

S AXT = A"+ @) =AX*+Aa =b + 0  soxTis another solution!



Responses

After doing Gaussian Elimination on a system of linear equations AX=Db, the
augmented matrix looks like below. Choose the most accurate statement:
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(O Ax=b has no solution
(O Ax=0 has infinite solutions

(O The columns of A are linearly dependent

(O All of the above



Matrix Transformations
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Matrices are operators that transform vectors
—>

AX = b

Reflection X9
Matrix! T

Example: 1 0] [x
0 -1




Matrices are operators that transform vectors
—>

AX = b

Reflection
Matrix!

Example: 1 0] [x I !
0 —-1] |* —A2

How would | design a matrix to reflect about x, axis?
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https://www.youtube.com/watch?v=LhF 56SxrGk




How would | design a matrix to reflect about x, axis?
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Matrices are operators that transform vectors

Exa

coS
sin(@) cos(@)

cos(0) —sin(0)
sin(f) cos(0)

mple:

(@) —sin(@)| |1| _ |cos(0)
0| |sin(8)

Rotation Matrix!

|

cos O 6in 90 ] [q]
—
o = © 90
s5in 0" (0s W°f | @ e

X
X2

But they're
different?!?

‘cos(@)x; — sin(@)x2] what

does it

 sin(@)x; + cos(0)x, | do?
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What if | rotate twice?

cos(f) —sin(0)
sin(d) cos(0)

Rotation Matrix!
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What’s the matrix transform?




Linear Transformation of vectors

f:is a linear transformation if:

f(ax) = af (x) a € R
fE+Y)=f@+ 1)

Claim: Matrix-vector multiplications satisfy linear transformation
A-(ax) = aAx
A-(X+y) =Ax + Ay

Proof via explicitly writing the elements





