
EECS 16A
State Transition Systems and 

Inversion



Admin



Last time: Matrices transform vectors

Reflection 
Matrix

Rotation 
Matrix



This time: Vectors as states

Vectors can represent states of a system

Example: The state of a car at time = t

Q: Is that enough to predict future path?
A: no, need starting position + direction



Graph Transition Matrices

Example: Reservoirs and Pumps

Q: What is the state?
A: Water in each reservoir

Pumps move water…
What would the state be tomorrow?
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State Transition Matrices 1
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What is the state after 2 time steps?

Write as a matrix-vector multiplication:



What is the state at t=1? What is the state at t=2?

State Transition Matrices 1
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Initial condition:



Now what will happen?

What will happen after many time steps?

Numbers will diminish to zero system is “non-conservative”!
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Conservative systems conserve!

each col total = 1
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each col total not = 1





Now what will happen? 2
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What will happen after many time steps?
Numbers will explode to infinity



Graph Representation in general

I have 3 reservoirs: A,B,C
and I want to keep track of how 
much water is in each 

When I turn on some pumps, water 
moves between the reservoirs.

Where the water moves and what 
fraction is represented by arrows.

1/6 the water in A 
moves to B

half the water in A 
stays in A
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Nodes

Edges

“directed” graph because 
arrows have a direction Edge weights

What else could nodes and edges represent?
People and traffic flow, money and purchases, …



Pop Quiz:

𝐴 → 𝐴 𝐵 → 𝐴 𝐶 → 𝐴

𝐴 → 𝐵 𝐵 → 𝐵 𝐶 → 𝐵

𝐴 → 𝐶 𝐵 → 𝐶 𝐶 → 𝐶
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Example: Learning to share toys

𝐽 → 𝐽 𝐾 → 𝐽 𝐿 → 𝐽
𝐽 → 𝐾 𝐾 → 𝐾 𝐿 → 𝐾
𝐽 → 𝐿 𝐾 → 𝐿 𝐿 → 𝐿
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Who will end up with all the toys?

What is the state transition matrix?

What is the state?

𝑥𝐽ሺ𝑡 ൅ 1ሻ
𝑥𝐾ሺ𝑡 ൅ 1ሻ
𝑥𝐿ሺ𝑡 ൅ 1ሻ

ൌ
0.25 0.5 0

0 0.5 1
0.75 0 0

𝑥𝐽ሺ𝑡ሻ
𝑥𝐾ሺ𝑡ሻ
𝑥𝐿ሺ𝑡ሻ

𝑥 𝑡 ൌ
𝑥𝐽ሺ𝑡ሻ
𝑥𝐾ሺ𝑡ሻ
𝑥𝐿ሺ𝑡ሻ



Example: Learning to share toys

1

0.5

0.75

0.5

0.25

J

K

L

𝑥𝐽ሺ𝑡 ൅ 1ሻ
𝑥𝐾ሺ𝑡 ൅ 1ሻ
𝑥𝐿ሺ𝑡 ൅ 1ሻ

ൌ
0.25 0.5 0

0 0.5 1
0.75 0 0

𝑥𝐽ሺ𝑡ሻ
𝑥𝐾ሺ𝑡ሻ
𝑥𝐿ሺ𝑡ሻ

Who will end up with all the toys?

What happens after 1 time step?

Initial condition:

𝑥𝐽ሺ𝑡 ൅ 1ሻ
𝑥𝐾ሺ𝑡 ൅ 1ሻ
𝑥𝐿ሺ𝑡 ൅ 1ሻ

ൌ
0.25 0.5 0

0 0.5 1
0.75 0 0

0
1
0
ൌ

0.5
0.5
0



Example: Learning to share toys
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Who will end up with all the toys?

P100 ൌ
0.31 0.31 0.31
0.46 0.46 0.46
0.23 0.23 0.23

What happens after 1 time step?
𝑥𝐽ሺ𝑡 ൅ 1ሻ
𝑥𝐾ሺ𝑡 ൅ 1ሻ
𝑥𝐿ሺ𝑡 ൅ 1ሻ

ൌ
0.25 0.5 0

0 0.5 1
0.75 0 0

0
1
0
ൌ

0.5
0.5
0

What happens after 100 time steps?

𝑥𝐽ሺ𝑡 ൅ 100ሻ
𝑥𝐾ሺ𝑡 ൅ 100ሻ
𝑥𝐿ሺ𝑡 ൅ 100ሻ

ൌ
0.31 0.31 0.31
0.46 0.46 0.46
0.23 0.23 0.23

1
0
0
ൌ

0.31
0.45
0.23



Example: Learning to share toys
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Will flipping the arrows make us go back in time?

𝑥𝐽ሺ𝑡 ൅ 1ሻ
𝑥𝐾ሺ𝑡 ൅ 1ሻ
𝑥𝐿ሺ𝑡 ൅ 1ሻ

ൌ
0.25 0.5 0

0 0.5 1
0.75 0 0

𝑥𝐽ሺ𝑡ሻ
𝑥𝐾ሺ𝑡ሻ
𝑥𝐿ሺ𝑡ሻ

In general, no! 



Matrix transpose   Matrix inverse
 swap the rows with the columns

If the elements of the matrix 𝐴 ∈ ℝேൈெ are 𝑎௜௝
The elements of 𝐴் ∈ ℝெൈே are 𝑎௝௜
Matrix transpose is not (generally) an inverse!

 Undo what the matrix did

is not (necessarily) the same as  



Example: inverse of a stapler



Example: Invertibility brings justice! 



Invertible means we can recover input from output



Matrix Inverse

Is there a square matrix such that we can go back in time?

Yes, if : 
𝑃𝑥ሺ𝑡 ൅ 1ሻ ൌ 𝑃𝑄𝑥 ሺ𝑡ሻ

𝑃𝑥ሺ𝑡 ൅ 1ሻ ൌ 𝐼𝑥ሺ𝑡ሻ

𝑥 𝑡 ൅ 1 ൌ 𝑄𝑥ሺ𝑡ሻ
𝑥 𝑡 ൅ 1 ൌ 𝑄𝑃𝑥ሺ𝑡 ൅ 1ሻ
𝑥ሺ𝑡 ൅ 1ሻ ൌ 𝐼𝑥ሺ𝑡 ൅ 1ሻ

As consequence : 



Matrix Inverse - Formal definition

• Definition:  Let ேൈே be square matrices.
- is the inverse of Q if 

We say that ିଵ and ିଵ

Q: What about non-square matrices?
A: EECS16B!



Calculating matrix inverses Pose as a linear set of equations. 
Solve with Gaussian Elimination



Calculating matrix inverses Pose as a linear set of equations. 
Solve with Gaussian Elimination



Let’s check it!

And now we can take any number of steps backwards!




