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~ Corporate needs you to find the differences
between this picture and this picture.

T

They're the same picture.

EECS 16A

More Eigenstuff



Admin

* Midterm 1 is soon! Wed, March 1
- Exam is open book (but you should make a cheat sheet!)
- DSP accommodations: please submit letters by tomorrow

- Review: Lectures, Discussions, Labs, read the Notes!!




Eigenvalues and Eigenvectors

AV =[/U?\

Must be square!

Any number!
y Non-zero!

| +0
What does A do to vectors that are not eigenvectors?
Are eigenvectors unique”? No, they just give direction; eigenspaces are unique



Eigen Values and Eigen Vectors can be compler

AE G, but rot
( n EECSILA

* Definition: Let Q € RY*N pe g square matrix, and A € R
if 3x # Osuch that Qx = Ax ,
then A is an eigenvalue of (), X is an eigenvector

and Null(Q — Al) is its eigenspace.



Solutions for the Characteristic Polynomial

=10 g

C d — /1]
A —(a+ d)A+ (ad — bc) =0

det(4 — AI) = det([a ) — (@=D(d—=2) —bc=0

Can solve by factoring or use quadratic equation:

_(a+d)t+/(a+d)?—4(ad — bc)
B 2

* Three cases:
- Two real distinct eigenvalues
- Single repeated eigenvalue

—hwo-complex-valued-eigenvalues



Eigenvectors make good basis sets

Today we will show that the eigenvectors of a matrix form a basis set, and why it’s a useful basis set!

Some eigenfaces

Human face recognition uses eigenfaces
- Make a vector space of face images
- Find a basis set (eigenvectors) of all images

- This smaller set of eigenfaces can be used to

represent all faces by linear combinations
2 i
=

Sirovich and Kirby (1987)




Matrix transformations A - A

What does the matrix do?

steefcheS \n Y- dicection bxs 2x

1 0
A= [0 2] —

What are its eigenvectors?

BN

What are its eigenvalues?

| y3

)




Eigen Value Decomposition Ai}) - /113)

= [1 O]
0 2
O Calenlate. det (A-AL) = det ([,_2 ;)A =£-)39;é)-°-°
Charocderistic Pokgnovn‘\a\

@ Sewe for ei%&r\\m\s Al A7 7z
the Null (a-AT).

Al“" ‘ \ o Z:'Z o
-a o \[v] [0 cigenw\ 15 aswcioed [_0 2- :“)“z - J’J
[ ' _\[ ‘X 1o Wi e\%tr\\lCC ‘1{“’\ " | oo ~, ol 0| V=0
0 2-\ Va i’ e,\(bms?a [ b O ‘Ol 21 o Ol O\ N, fe
0 0 o 11921V=0 tV =[<'>] -
HEIN A W] wespan{L]
D | 0 0 O v fee \/}» [l] \[zé‘ SPa(\ '

V€ Sw“{[bl\}

@Find ej%cn\lecvor/ s?u(a L€ eadn e,iaqa\ b5 c‘,a\w\aﬁr\ﬁ




Eigen Value Decomposition AT})

4=l 2




Eigenvectors as a basis

1

What about U5 = [1 .

[X_l =y




Recall:

[172 0
A‘[1/2 1]

What about # = [;]’?

decompose info eigenNec (S

2 Lo
2| "ot

> =
ﬁ'.:O(V\J'BVZ

{ 6
..'l

|
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Matrix transformations A - A

What does the matrix do?

sco\es o oyes bé 21

What is the A matrix?

2 O \ - 2
o2 l 2
What are its eigenvectors?

L1, (0

What are its eigenvalues?
2.2




Repeated EigenValues 20
4= [0 2]

det(A—/U):[ZE’1 28/1]:(2—/1)(2—)1)—():0

Al,z — 2
Null(A — 2I) = Null(0) = R?

Eigen space is 2D!



Repeated EigenValues AT}) _ /113)

Null(A — 2I) = Null(0) = R?

What is the eigenvector?
o\y\’ﬂ'_\j fn \Rl \LQ-QPS 1'\_5 |
diceeion ond 1S sy 1

Staled |93 2

So ' Con P'\C\"- %5 2 \eLhovs
0s bagic foc frod spate

In general, multiplicity of Eigen-values will result in a multi-dimensional eigenspace
Except if the matrix is defective )



Defective Matrices * -
A A

What does the matrix do?

shearing  tansdoin

What is the A matrix?
1 1/4
A =
0 1
What are its eigenvectors?

Lo}

What are its eigenvalues?

l




Defective Matrix ¢ 1 1/4
A=
Outside of class scope [0 1 ]

det(A — Al = [18’1 1114/1 — (1)1 =) =0=0

/11’2 — 1

Null(4 — I) = Null{lg 1(/)4]}

s}

Eigen space is only 1 dimensional!
Matrix is called defective (o)



Matrix transformations - Complex Eigenvalues

What does the matrix do?

What is the A matrix?

cos(@) —sin(0)
sin(d) cos(6)

What are its eigenvectors?
which ek rs S\'u\\ S\

dicedkion’] NeNE o\

Cow ]
[ ]

What are its eigenvalues? "C | R0° retation
K‘ C/OW\P\C% £ OU(\—STCLQ S0 PQ’ E X C BP r | vhen® =0, +x, +2x,...

The mtx will be same as reflection then



Application: Rotating the coordinate system

ALTITUDE {THOUSAMNDS OF FEET)
34 o =
3z | i‘g‘

30

ﬁr&_‘\\\ EBJ':“ nose low
e N e B A e — K»\,
[P
26

24

Zero G 186

45 65
MANEUVER TIME: SECONDS

SOURCE: The Zero Gravity Corporation MEHEC




Last time: PageRank eigenvectors and eigenvalues

) .

° . .7‘(\3,\7';\ o
$25B is good eigenVALUE! i@
THE $25,000,000,000° EIGENVECTOR

THE LINEAR ALGEBRA BEHIND GOOGLE

KUKRT BRHYANT AND TANYA LEISES

Abstract. Google's success derives in large part from its PageHank algorithm, which ranks the importance
of webpages according to an eigenvector of a weighted link matrix. Analysis of the PageHank formula provides a

1/3

o)
1/2
1/ZC ‘ 1/3

What do the eigenvectors and
eigenvalues here mean?

Describes behavior of system after many timesteps,
in order to find “popularity” of each site.




Recall:

X(t+1) = 2(t)

NI, O o NIR
—_ o o o

Wl Wk WL, O
o N~ N, O

L

What does it mean when x(t + 1) = x(t)?

That Laura is the most important!
(also, we have converged to a steady state)

s
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General Initialization for a Transition Matrix System

= __ — ¥ assunre a\l 6(3\[0\\5
R(t+ 1) = AR(t) “2omoo
Hal stak ogetun span RN
Z (i I\- A= decemposSe initial $ into eigVvecs
x (=)= Ax(0) — ) ' (eq by Gaugﬂs i)
= A (o< ﬁ\ \ o<2-\>l,f. . 0(,5[,0)

W /\ B / 2.
> = AN |
= o, AV, TR )‘z\‘zf“’*d"‘ N —
lim X&) = 7
(D)= AT R M e ¢
= A (OC.%V\-\- 0(7}2\’2,*— An XN“MX A <1 N = O
N A>L NTo o



Eigenstuff for PageRank

o1

(0.12]
0.24
0.24

| 0.4 |

"0 1/2 0 0]
A |13 0 0 172
“11/3 0 0 1/2
1/3 1/2 1 0
LS"W& for_eigsnuit \
A, = —0.092 A1, = —0.91 A, =0
[ 0.44 —0.14" " 0.43 ]
2 [=0.08 . 0.26 7 1-0.14
—0.28. —0.37. —0.29.




Eigenstuff for PageRank

(0.12 [ 0.44 —0.14 ] [ 0.43
17 10.24 2 1-0.08 . 0.26 T 1-0.14
1 0.4 _ —0.28 —0.37. |—0.29.
0.25]
xX(t) = A*X(0) Xy = 8%; = QU1 + QyU; + a3V + a0,
10.25.
- Ra] (74
A g/&‘ék 2| ¢y VK=,
2| [¢ .
— D("n.l éz (DSJV% V. O=E




Eigenstuff for PageRank
A =1 Ay = —0.092 A3 = —0.91 Ay =0

= 1-1'5; + 0.34(—009ZPP, + 0. LotaBdd) i + 0 2

[imA'x(0) = v,

t— o0

What if }{2 = 1.0017 V2 would explode with time!

What |f /12 — O 999? V2 would slowly die; might take more than 100 time steps to get to
steady state with this v2 vector at zero



Design of a Reflection matrix

Design a reflection matrix around the vector ﬂ’?

Q: What are the eigenvectors?

- 2 - _1
ady =75, =3

Q: What are the eigenvalues?

A://llzl,ﬂzz_l




Designing a matrix with specific Eigenvals/vecs

We know: V= [ﬂ vV, = [_21
_). _). )
AV = AV et e
Set linear equations:
—
: . L4 0v])(a] (A
A @y N E
] 3 4 1 ] “‘{J~ 0 O a~3 ‘1
a, a,| [-1 =7Z 11 /4___00"{ JTJ[,&\N [ ~I~
a3 G4 | 2 -2 6

R
\ah/cnozm




Recall: Single-pixel camera lab

What's the best patterns?
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Imaging Model and Reconstruction

Measurement il V ‘
mask/matrix \ 2

—Y = AX

Sensor data Unknown image

We saw that it is possible to come up with a system that has A1

So, - —1 -
x=A"1y



Non-ideal imaging

Measurement mask/matrix

-\Ax +

Y w

1l A" ol
(’ \ 0
Sensor data Unknown image

Noise/interference
We saw that it is possible to come up with a system that has AL

So,

A 1 )—} A 1 Reconstruction error
ATMW = 6(1/11131 + 6(2/12132 + e aNANﬁN

Want to design A, such that A~! has small eigenvalues!



Ao EN

... of Module 1



Recap of 16A

(so far)

O NO O WD

1.Equations
. Matrix vector multiplication

. Gaussian elimination

. Span, linear independence

. Matrices as transformations
. Matrix inversion

. Column space, null space
. Eigenvalues ; Eigenspace
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