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Transient Response

• Outline
– R-L-C Circuits
– Phasors

• Reading- Hambley text sections 4.5, 5.1,5.2slides
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R-L-C circuits: Response in time
Slide 157EE40 Fall

2006
Prof. Chang-Hasnain

Example

• Given vc(0
-)=1, Vs=2 cos(ωt), ω=200.

• Find i(t), vc(t)=?
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−

+
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–
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2nd Order Circuits

• Any circuit with a single capacitor, a single 
inductor, an arbitrary number of sources, 
and an arbitrary number of resistors is a 
circuit of order 2.

• Any voltage or current in such a circuit is 
the solution to a 2nd order differential 
equation.

Slide 159EE40 Fall
2006
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A 2nd Order RLC Circuit

R
+

-
Cvs(t)

i (t)

L

• Application: Filters

– A bandpass filter such as the IF amp for 
the AM radio.

– A lowpass filter with a sharper cutoff 
than can be obtained with an RC circuit.
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The Differential Equation

KVL around the loop:

vr(t) + vc(t) + vl(t) = vs(t)

i (t)

R
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-
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vc(t)

+ -vr(t)

L

+- vl(t)
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( ) ( ) ( )

t

s

di t
Ri t i x dx L v t

C dt−∞

+ + =∫
2

2

( )( ) 1 ( ) 1
( ) sdv tR di t d i t

i t
L dt LC dt L dt

+ + =

Filters, antennas, resonances

𝑣! = 𝑖𝑅 + 𝑣" + 𝑣#

𝑣! = 𝑅𝐶
𝑑𝑣"
𝑑𝑡

+ 𝑣" + 𝐿
𝑑𝑖
𝑑𝑡

𝑖 = 𝐶
𝑑𝑣"
𝑑𝑡
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𝑑$𝑣"
𝑑𝑡$

+
1

(𝐿/𝑅)
𝑑𝑣"
𝑑𝑡

+
1
𝐿𝐶

𝑣" = 𝑣!

𝑑$𝑣"
𝑑𝑡$

+ 2𝛼
𝑑𝑣"
𝑑𝑡

+ 𝜔%$𝑣" = 𝑣!

Homogeneous solution

𝑑$𝑣"
𝑑𝑡$

+ 2𝛼
𝑑𝑣"
𝑑𝑡

+ 𝜔%$𝑣" = 0

From previous discussions we have seen that an 
exponential solution works 

Lets try: 𝑣" 𝑡 = 𝐴𝑒!&
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𝑠$ + 2𝛼𝑠 + 𝜔%$ = 0

𝑠 =
−2𝛼 ± 4𝛼$ − 4𝜔%$

2𝛼

⇒ 𝑠 = −𝛼 ± 𝛼$ − 𝜔%$
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Summary

• Overdamped – real unequal roots
• Critically damped – Real Equal roots
• Underdamped – Complex roots
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Particular solution:

𝑑$𝑣"
𝑑𝑡$

+
1

(𝐿/𝑅)
𝑑𝑣"
𝑑𝑡

+
1
𝐿𝐶

𝑣" = 𝑣!

𝑑$𝑖
𝑑𝑡$

+
1

(𝐿/𝑅)
𝑑𝑖
𝑑𝑡
+
1
𝐿𝐶

𝑖 =
1
𝐿
𝑑𝑣!
𝑑𝑡

Constant source: 𝑣! = 𝑉%
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Sinusoidal voltages

0 t

𝑣 𝑡 = 𝑉𝑐𝑜𝑠(𝜔𝑡)

2𝑉

T

T : Period

𝜔 =
2𝜋
𝑇

𝑣 𝑡 = 𝑉𝑐𝑜𝑠(𝜔𝑡 − 60%)

𝑣 𝑡 = 𝑉𝑐𝑜𝑠(𝜔𝑡 + 30%)
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Root Mean Square Values

0 t

𝑣 𝑡 = 𝑉𝑐𝑜𝑠(𝜔𝑡)

2𝑉

T

T : Period

𝜔 =
2𝜋
𝑇

Average Power over one period:

𝑃 =
1
𝑇
A
%

' 𝑣$

𝑅
𝑑𝑡

𝑃 =

1
𝑇 ∫%

' 𝑣$𝑑𝑡
$

𝑅

Comparing with conventional equation: P=voltage^2/R

𝑣()! =
1
𝑇
A
%

'
𝑣$𝑑𝑡

A new quantity is defined for time-varying voltages known 
as the root-mean-square voltage
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Root Mean Square Value for Sinusoidal Voltage

0 t

𝑣 𝑡 = 𝑉𝑐𝑜𝑠(𝜔𝑡)

2𝑉

T

T : Period

𝜔 =
2𝜋
𝑇

𝑣()!$ =
1
𝑇
A
%

'
𝑣$𝑑𝑡 =

1
𝑇
A
%

'
𝑉$ cos$ 𝜔𝑡 𝑑𝑡 =

1
2
1
𝑇
𝑉$A

%

'
1 + 𝑐𝑜𝑠2𝜔𝑡 𝑑𝑡

𝑣()!$ =
𝑉$

2𝑇
𝑡 + 2𝑠𝑖𝑛2𝜔𝑡 %

' =
𝑉$

2𝑇
𝑇 − 0 + 𝑠𝑖𝑛2𝜔𝑇 − 0 =

𝑉$

2

𝑣()! =
*
$



EECS 16B Spring 2022 Lecture 4, Slide 13 Instructor: Prof. Salahuddin

How do we add arbitrary sinusoids?
𝑣 𝑡 = 𝑉𝑐𝑜𝑠(𝜔𝑡 − 60%)

𝑣 𝑡 = 𝑉𝑐𝑜𝑠(𝜔𝑡 + 30%)

𝑣 𝑡 = 10𝑐𝑜𝑠𝜔t + 5𝑠𝑖𝑛𝜔𝑡 − 5cos(𝜔𝑡 − 30%)

𝑣 𝑡 = 10𝑐𝑜𝑠𝜔t + 5cos(𝜔𝑡 − 90) − 5cos(𝜔𝑡 − 30%)

Remember? cos (a + b) = cos a cos b - sin a sin b

𝑒+, = 𝑐𝑜𝑠𝜃 + 𝑗𝑠𝑖𝑛𝜃Lets do it it differently

𝑒-+, = 𝑐𝑜𝑠𝜃 − 𝑗𝑠𝑖𝑛𝜃

Then
𝑐𝑜𝑠𝜃 =

1
2
𝑒+, + 𝑒-+,

𝑠𝑖𝑛𝜃 = .
$
𝑒+, − 𝑒-+,



EECS 16B Spring 2022 Lecture 4, Slide 14 Instructor: Prof. Salahuddin

How do we add arbitrary sinusoids?
𝑐𝑜𝑠𝜃 =

1
2
𝑒+, + 𝑒-+,

𝑠𝑖𝑛𝜃 = .
$
𝑒+, − 𝑒-+,

𝑣 𝑡 = 10𝑐𝑜𝑠𝜔t + 5 cos 𝜔𝑡 − 90% − 5 cos 𝜔𝑡 − 30%

=
1
2
𝑒+/& 10 +

1
2
𝑒+(/&-1%!) 5 −

1
2
𝑒+(/&-3%!) 5

+ .
$
𝑒-+/& 10 + .

$
𝑒-+(/&-1%!) 5 − .

$
𝑒-+(/&-3%!)

=
1
2
𝑒+/& 10 + 5𝑒-+1% − 5𝑒-+3% +

1
2
𝑒-+/& 10 + 5𝑒4+1% − 5𝑒4+3%

=
1
2
𝑒+/& 10 + 5𝑐𝑜𝑠90 − 𝑗5𝑠𝑖𝑛90 − 5𝑐𝑜𝑠30 + 𝑗5𝑠𝑖𝑛30 + 𝑐𝑐

=
1
2
𝑒+/& 10 + 0 − 𝑗5 − 5

3
2
+
𝑗5
2

+ 𝑐𝑐

𝐴𝑒-+, = 5.66 − 𝑗2.5

=
1
2
𝑒+/& 5.66 − 𝑗2.5 + 𝑐𝑐 𝑐𝑜𝑠𝜃 = 5.66/6.18; 𝑠𝑖𝑛𝜃 = 2.5/6.18

𝑡𝑎𝑛𝜃 =
2.5
5.66

= 0.44
𝜃 = 0.41 = 23%

=
1
2
6.18𝑒+(/&-$3!) + 𝑐𝑐

= 6.18 cos( 𝜔𝑡 − 23%)

𝐴𝑒+, = 5.66 + 𝑗2.5

𝐴$ = 5.66$ − 𝑗$2.5$

𝐴$ = 5.66$ + 2.5$

𝐴 = 5.66$ + 2.5$ = 6.18
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Some Observations
𝑣 𝑡 =

1
2
𝑒+/& 5.66 − 𝑗2.5 + 𝑐𝑐

=
1
2
6.18𝑒+(/&-$3!) +

1
2
6.18𝑒-+(/&-$3!)

=
1
2
6.18 cos 𝜔t − 23% + 𝑗𝑠𝑖𝑛 𝜔𝑡 − 23% cos 𝜔t − 23% − 𝑗𝑠𝑖𝑛 𝜔𝑡 − 23%

= 𝑅𝑒𝑎𝑙 [6.18𝑒+(/&-$3!)]

Phasors

In short hand, it is represented as 6.18 ∠ − 23%


