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« System Modeling
» Discretization (scalar and vector case)

« System ldentification



System Modeling & Control

All autonomous intelligent (Al) systems rely on closed-loop learning and control:

External World (Real)

actuators
ale) | oc | u(?)
—| zero-order [
hold

Physical Systems
(Continuous Nonlinear Dynamics)

x;)c(t) — f(fc(t)v ﬁc(t)v u_j(t))
gc(t) — h(fc(t>a ﬁc(t))

reinforcement learning
or optimal control

<
uli + 1] = arg mgn Q (&[4, uli])

Computers & Circuits
(Learning & Decision Making)

Tqli + 1] = AqZqli] + Batqli] + €li]
Yali + 1] = CaZali] + Dqtiali]

reward or cost

Sensors
y(t) co | yli + 1]
— . .
Z(t) | sampling | Z[; + 1]

Internal Model (Silicon or Carbon)

r (2], dli])



System Modeling

3

mathematical modeling
from first principles

Je(t) = h(Zc(t), uc(t))

approximation
& linearization

AZ(t) + Bi(t) + (1)
j(t) = CZ(t) + Di(t)

discretization
& digitization

AaZqli| + Bqtali] + €l1]
gjd[i —+ 1] = Cyxy [ ] —+ Ddud[z]



mathematical modeling

from first principles
:1._3’0(75) — f(fc(t)v ﬁc(t)a ’LU(t))
gc(t) — h(fc(t)aﬁc(t))

approximation
& linearization

Z(t) = AZ(t) + Bi(t) + 7i(t)
y(t) = CZ(t) + Du(t)
discretization
& digitization
Tqlt + 1] = AgZqlt] + Batqlt] + €]t]
CaZqlt] + Dgtig|t]
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System Modeling
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System Modeling: Discretization

)

Z(t) = AZ(t) + Bu(t)
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discretization

C/D

sampling

gt + 1]

Xy [Z -+ 1] = A %4 [Z] + Bguyg [Z]
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System Modeling: Discretization
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Z(t) = AZ(t) + Bu(t)
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Discretization: Scalar Case
Scalar Case: Z(t) = ax(t) + bu(t) xrqli + 1] = Agx|i| + Bguli]



Discretization: Vector Case
Vector Case: f(t) = Af(t) -+ Bﬁ(t) T4 [Z -+ 1] — Adf[l] -+ Bdﬁ[l]

Diagonalizable: 4 = V1AV



Discretization: Vector Case
Vector Case: f(t) = Af(t) -+ Bﬁ(t) T4 [Z -+ 1] — Adf[l] -+ Bdﬁ[l]

Diagonalizable: 4 = V1AV



Discretization: General Case

General Case: f(t) —

Z(t) = eA(t—to0) 2

AZ(t) + Bu(t)

_I_/ A(t— T)B’U,

Tali 1] = D201 + /

Tqli + 1] =

(i+1)A

A

Adaz[ ] -+ Bd’L_L)[Z]

e =7) Bdrili]



System ldentification

Problem: consider the discrete linear
time invariant system:

T + 1] = AZ[i] + Buli] + €i]

Given: observed inputs and outputs:

Objective: learn the system parameters:

i 4B Zi + 1]




Least Squares (Gauss 1809)
§ecR* DeR*> gFeRb eecR

sSs=1D ﬁ —|—€_; rank[D]:b D:[CZ;,CZ;,,JE)]
unknown
Py = argmin |5 — Dpl|3
p



Least Squares (Gauss 1809)
§ecR* DeR*> gFeRb eecR
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unknown
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