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Outline

• System Modeling

• Discretization (scalar and vector case)

• System Identification 



System Modeling & Control

Physical Systems
(Continuous Nonlinear Dynamics)

<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)

<latexit sha1_base64="LcbmvD57X9mnM6mDqe1wA+sBRyE=">AAAB83icbVBNS8NAEN34WeNX1aOXxSLUS0lE1GPRi8cK9gOaUDbbSbt0swm7m0II/RtePCji1T/jzX/jps1BWx8MPN6bYWZekHCmtON8W2vrG5tb25Ude3dv/+CwenTcUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkvvC7U5CKxeJJZwn4ERkJFjJKtJE8bwo0z2Z1fWHbg2rNaThz4FXilqSGSrQG1S9vGNM0AqEpJ0r1XSfRfk6kZpTDzPZSBQmhEzKCvqGCRKD8fH7zDJ8bZYjDWJoSGs/V3xM5iZTKosB0RkSP1bJXiP95/VSHt37ORJJqEHSxKEw51jEuAsBDJoFqnhlCqGTmVkzHRBKqTUxFCO7yy6ukc9lwrxvO41WteVfGUUGn6AzVkYtuUBM9oBZqI4oS9Ixe0ZuVWi/Wu/WxaF2zypkT9AfW5w/IY5Db</latexit>

~y(t)

All autonomous intelligent (AI) systems rely on closed-loop learning and control:  

External World (Real)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))



System Modeling & Control

Physical Systems
(Continuous Nonlinear Dynamics)

<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)

<latexit sha1_base64="LcbmvD57X9mnM6mDqe1wA+sBRyE=">AAAB83icbVBNS8NAEN34WeNX1aOXxSLUS0lE1GPRi8cK9gOaUDbbSbt0swm7m0II/RtePCji1T/jzX/jps1BWx8MPN6bYWZekHCmtON8W2vrG5tb25Ude3dv/+CwenTcUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkvvC7U5CKxeJJZwn4ERkJFjJKtJE8bwo0z2Z1fWHbg2rNaThz4FXilqSGSrQG1S9vGNM0AqEpJ0r1XSfRfk6kZpTDzPZSBQmhEzKCvqGCRKD8fH7zDJ8bZYjDWJoSGs/V3xM5iZTKosB0RkSP1bJXiP95/VSHt37ORJJqEHSxKEw51jEuAsBDJoFqnhlCqGTmVkzHRBKqTUxFCO7yy6ukc9lwrxvO41WteVfGUUGn6AzVkYtuUBM9oBZqI4oS9Ixe0ZuVWi/Wu/WxaF2zypkT9AfW5w/IY5Db</latexit>

~y(t)

All autonomous intelligent (AI) systems rely on closed-loop learning and control:  

C/D

sampling

<latexit sha1_base64="Rh0vytQkhFrNp3rSvhKMo3oRcNU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBZBEEoioh6LXjxWsB+QxrLZTtqlm03Y3VRK6P/w4kERr/4Xb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrK6tb5Q37a3tnd29yv5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej29xvj0EqFosHPUnAj8hAsJBRoo302B0DzSZTj525vm33KlWn5syAl4lbkCoq0OhVvrr9mKYRCE05UcpznUT7GZGaUQ5Tu5sqSAgdkQF4hgoSgfKz2dVTfGKUPg5jaUpoPFN/T2QkUmoSBaYzInqoFr1c/M/zUh1e+xkTSapB0PmiMOVYxziPAPeZBKr5xBBCJTO3YjokklBtgspDcBdfXiat85p7WXPuL6r1myKOMjpCx+gUuegK1dEdaqAmokiiZ/SK3qwn68V6tz7mrSWrmDlEf2B9/gAzR5Gn</latexit>

~y[i+ 1]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

<latexit sha1_base64="3LFfToZQlIkkcheqzZ+kTyXav90=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIqIui25cVrAXSEOZTKft0MmFmUmxhIIbX8WNC0Xc+hLufBsnaRba+sPAx3/O4cz5vYgzqSzr2ygsLa+srhXXSxubW9s75u5eU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa80U1ab42pkCwM7tUkoq6PBwHrM4KVtrrmgah0xpQkD1OHuaco4zjlk1LXLFtVKxNaBDuHMuSqd82vTi8ksU8DRTiW0rGtSLkJFooRTqelTixphMkID6ijMcA+lW6S3TBFx9rpoX4o9AsUytzfEwn2pZz4nu70sRrK+Vpq/ldzYtW/chMWRLGiAZkt6sccqRClgaAeE5QoPtGAiWD6r4gMscBE6djSEOz5kxeheVa1L6rW3Xm5dp3HUYRDOIIK2HAJNbiFOjSAwCM8wyu8GU/Gi/FufMxaC0Y+sw9/ZHz+AAuTlyA=</latexit>

r(~x[i], ~u[i])

reward or cost

sensorsExternal World (Real)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))



System Modeling & Control

Physical Systems
(Continuous Nonlinear Dynamics)

<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)

<latexit sha1_base64="LcbmvD57X9mnM6mDqe1wA+sBRyE=">AAAB83icbVBNS8NAEN34WeNX1aOXxSLUS0lE1GPRi8cK9gOaUDbbSbt0swm7m0II/RtePCji1T/jzX/jps1BWx8MPN6bYWZekHCmtON8W2vrG5tb25Ude3dv/+CwenTcUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkvvC7U5CKxeJJZwn4ERkJFjJKtJE8bwo0z2Z1fWHbg2rNaThz4FXilqSGSrQG1S9vGNM0AqEpJ0r1XSfRfk6kZpTDzPZSBQmhEzKCvqGCRKD8fH7zDJ8bZYjDWJoSGs/V3xM5iZTKosB0RkSP1bJXiP95/VSHt37ORJJqEHSxKEw51jEuAsBDJoFqnhlCqGTmVkzHRBKqTUxFCO7yy6ukc9lwrxvO41WteVfGUUGn6AzVkYtuUBM9oBZqI4oS9Ixe0ZuVWi/Wu/WxaF2zypkT9AfW5w/IY5Db</latexit>

~y(t)

All autonomous intelligent (AI) systems rely on closed-loop learning and control:  

C/D

sampling

<latexit sha1_base64="Rh0vytQkhFrNp3rSvhKMo3oRcNU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBZBEEoioh6LXjxWsB+QxrLZTtqlm03Y3VRK6P/w4kERr/4Xb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrK6tb5Q37a3tnd29yv5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej29xvj0EqFosHPUnAj8hAsJBRoo302B0DzSZTj525vm33KlWn5syAl4lbkCoq0OhVvrr9mKYRCE05UcpznUT7GZGaUQ5Tu5sqSAgdkQF4hgoSgfKz2dVTfGKUPg5jaUpoPFN/T2QkUmoSBaYzInqoFr1c/M/zUh1e+xkTSapB0PmiMOVYxziPAPeZBKr5xBBCJTO3YjokklBtgspDcBdfXiat85p7WXPuL6r1myKOMjpCx+gUuegK1dEdaqAmokiiZ/SK3qwn68V6tz7mrSWrmDlEf2B9/gAzR5Gn</latexit>

~y[i+ 1]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

<latexit sha1_base64="3LFfToZQlIkkcheqzZ+kTyXav90=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIqIui25cVrAXSEOZTKft0MmFmUmxhIIbX8WNC0Xc+hLufBsnaRba+sPAx3/O4cz5vYgzqSzr2ygsLa+srhXXSxubW9s75u5eU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa80U1ab42pkCwM7tUkoq6PBwHrM4KVtrrmgah0xpQkD1OHuaco4zjlk1LXLFtVKxNaBDuHMuSqd82vTi8ksU8DRTiW0rGtSLkJFooRTqelTixphMkID6ijMcA+lW6S3TBFx9rpoX4o9AsUytzfEwn2pZz4nu70sRrK+Vpq/ldzYtW/chMWRLGiAZkt6sccqRClgaAeE5QoPtGAiWD6r4gMscBE6djSEOz5kxeheVa1L6rW3Xm5dp3HUYRDOIIK2HAJNbiFOjSAwCM8wyu8GU/Gi/FufMxaC0Y+sw9/ZHz+AAuTlyA=</latexit>

r(~x[i], ~u[i])

reward or cost

sensorsExternal World (Real)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

Computers & Circuits
(Learning & Decision Making)

Internal Model (Silicon or Carbon)

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]



System Modeling & Control

Physical Systems
(Continuous Nonlinear Dynamics)

<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)

<latexit sha1_base64="LcbmvD57X9mnM6mDqe1wA+sBRyE=">AAAB83icbVBNS8NAEN34WeNX1aOXxSLUS0lE1GPRi8cK9gOaUDbbSbt0swm7m0II/RtePCji1T/jzX/jps1BWx8MPN6bYWZekHCmtON8W2vrG5tb25Ude3dv/+CwenTcUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkvvC7U5CKxeJJZwn4ERkJFjJKtJE8bwo0z2Z1fWHbg2rNaThz4FXilqSGSrQG1S9vGNM0AqEpJ0r1XSfRfk6kZpTDzPZSBQmhEzKCvqGCRKD8fH7zDJ8bZYjDWJoSGs/V3xM5iZTKosB0RkSP1bJXiP95/VSHt37ORJJqEHSxKEw51jEuAsBDJoFqnhlCqGTmVkzHRBKqTUxFCO7yy6ukc9lwrxvO41WteVfGUUGn6AzVkYtuUBM9oBZqI4oS9Ixe0ZuVWi/Wu/WxaF2zypkT9AfW5w/IY5Db</latexit>

~y(t)

All autonomous intelligent (AI) systems rely on closed-loop learning and control:  

D/C
zero-order

hold

<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]

<latexit sha1_base64="0d2by80C423PhlkGKfmGvxYIgHc=">AAACH3icbVDLSgMxFM34rPVVdekmWJSKUmZEqhuh6MZlC/YBM0PJpGkbmskMeYhlmD9x46+4caGIuOvfmE670NYLyT2ccy7JPUHMqFS2PbaWlldW19ZzG/nNre2d3cLeflNGWmDSwBGLRDtAkjDKSUNRxUg7FgSFASOtYHg30VuPREga8Qc1iokfoj6nPYqRMlSnUPEGSCU6demZ48OTG+gh0fdCyjsaZlI9LWX9yVj8c22uU8/LdwpFu2xnBReBMwNFMKtap/DtdSOsQ8IVZkhK17Fj5SdIKIoZSfOeliRGeIj6xDWQo5BIP8n2S+GxYbqwFwlzuIIZ+3siQaGUozAwzhCpgZzXJuR/mqtV79pPKI+1IhxPH+ppBlUEJ2HBLhUEKzYyAGFBzV8hHiCBsDKRTkJw5ldeBM2LslMp2/XLYvV2FkcOHIIjUAIOuAJVcA9qoAEweAav4B18WC/Wm/VpfU2tS9Zs5gD8KWv8A3V6of0=</latexit>

û[i+ 1] = argmin
u

Q̂(x̂[i], u[i])

reinforcement learning
or optimal control

actuators

C/D

sampling

<latexit sha1_base64="Rh0vytQkhFrNp3rSvhKMo3oRcNU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBZBEEoioh6LXjxWsB+QxrLZTtqlm03Y3VRK6P/w4kERr/4Xb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrK6tb5Q37a3tnd29yv5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej29xvj0EqFosHPUnAj8hAsJBRoo302B0DzSZTj525vm33KlWn5syAl4lbkCoq0OhVvrr9mKYRCE05UcpznUT7GZGaUQ5Tu5sqSAgdkQF4hgoSgfKz2dVTfGKUPg5jaUpoPFN/T2QkUmoSBaYzInqoFr1c/M/zUh1e+xkTSapB0PmiMOVYxziPAPeZBKr5xBBCJTO3YjokklBtgspDcBdfXiat85p7WXPuL6r1myKOMjpCx+gUuegK1dEdaqAmokiiZ/SK3qwn68V6tz7mrSWrmDlEf2B9/gAzR5Gn</latexit>

~y[i+ 1]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

<latexit sha1_base64="3LFfToZQlIkkcheqzZ+kTyXav90=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIqIui25cVrAXSEOZTKft0MmFmUmxhIIbX8WNC0Xc+hLufBsnaRba+sPAx3/O4cz5vYgzqSzr2ygsLa+srhXXSxubW9s75u5eU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa80U1ab42pkCwM7tUkoq6PBwHrM4KVtrrmgah0xpQkD1OHuaco4zjlk1LXLFtVKxNaBDuHMuSqd82vTi8ksU8DRTiW0rGtSLkJFooRTqelTixphMkID6ijMcA+lW6S3TBFx9rpoX4o9AsUytzfEwn2pZz4nu70sRrK+Vpq/ldzYtW/chMWRLGiAZkt6sccqRClgaAeE5QoPtGAiWD6r4gMscBE6djSEOz5kxeheVa1L6rW3Xm5dp3HUYRDOIIK2HAJNbiFOjSAwCM8wyu8GU/Gi/FufMxaC0Y+sw9/ZHz+AAuTlyA=</latexit>

r(~x[i], ~u[i])

reward or cost

sensorsExternal World (Real)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

Computers & Circuits
(Learning & Decision Making)

Internal Model (Silicon or Carbon)

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]



System Modeling

approximation
& linearization

<latexit sha1_base64="B2Jmrjbn9f/qiw1agUwdjGl06+4="></latexit>

~̇x(t) = A~x(t) +B~u(t) + ~n(t)

~y(t) = C~x(t) +D~u(t)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

mathematical modeling
from first principles

discretization
& digitization

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]



System Modeling

approximation
& linearization

discretization
& digitization

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

<latexit sha1_base64="B2Jmrjbn9f/qiw1agUwdjGl06+4="></latexit>

~̇x(t) = A~x(t) +B~u(t) + ~n(t)

~y(t) = C~x(t) +D~u(t)

mathematical modeling
from first principles

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]

<latexit sha1_base64="5Kzawn35Eqq6wLT6UsoTSqRXa8o="></latexit>

~xd[i+ 1] = �x(Ad~xd[i] +Bd~ud[i]) + ~e[i]

~yd[i+ 1] = �y(Cd~xd[i] +Dd~ud[i])

nonlinear activation
and concatenation

<latexit sha1_base64="zucTA71VOWFJO/ZLUNSaM0MPGfI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8cK9gPaWDbbabt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMviAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtJ1SaR/LBTGL0QzqUfMAZNVZqXT92UYhSr1xxq+4MZJl4OalAjnqv/NXtRywJURomqNYdz42Nn1JlOBM4LXUTjTFlYzrEjqWShqj9dHbulJxYpU8GkbIlDZmpvydSGmo9CQPbGVIz0oteJv7ndRIzuPJTLuPEoGTzRYNEEBOR7HfS5wqZERNLKFPc3krYiCrKjE0oC8FbfHmZNM+q3kXVvT+v1G7yOIpwBMdwCh5cQg3uoA4NYDCGZ3iFNyd2Xpx352PeWnDymUP4A+fzB4L4jwc=</latexit>

A`
<latexit sha1_base64="a5T7+ip4D+Ysr1yCwS7U9t4GOWQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPVi8cK9gPSWDbbTbt0sxt2N0IJ/RlePCji1V/jzX/jps1BWx8MPN6bYWZemHCmjet+O0vLK6tr66WN8ubW9s5uZW+/pWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2ObnO//USVZlI8mHFCgxgPBIsYwcZK/vVj1qWcn3qTcq9SdWvuFGiReAWpQoFGr/LV7UuSxlQYwrHWvucmJsiwMoxwOil3U00TTEZ4QH1LBY6pDrLpyRN0bJU+iqSyJQyaqr8nMhxrPY5D2xljM9TzXi7+5/mpia6CjIkkNVSQ2aIo5chIlP+P+kxRYvjYEkwUs7ciMsQKE2NTykPw5l9eJK2zmndRc+/Pq/WbIo4SHMIRnIAHl1CHO2hAEwhIeIZXeHOM8+K8Ox+z1iWnmDmAP3A+fwAmwJCD</latexit>

A`+1



System Modeling: Discretization

discretization

<latexit sha1_base64="Wjv2ASZH7VtOSCpo9viyU/v3RJw=">AAACG3icbVDLSgMxFM3UVx1foy7dBItSEcpMEXUj1LpxWcE+oC0lk6ZtaOZBcqdYhv6HG3/FjQtFXAku/Bsz7Sy09UDgnHPv5eYeNxRcgW1/G5ml5ZXVtey6ubG5tb1j7e7VVBBJyqo0EIFsuEQxwX1WBQ6CNULJiOcKVneHN0m9PmJS8cC/h3HI2h7p+7zHKQFtdayi2eoGELdGjMYPk0keTvDxFb5OdSJPcRlPZZRI0zQ7Vs4u2FPgReKkJIdSVDrWp95BI4/5QAVRqunYIbRjIoFTwSZmK1IsJHRI+qypqU88ptrx9LYJPtJOF/cCqZ8PeOr+noiJp9TYc3WnR2Cg5muJ+V+tGUHvsh1zP4yA+XS2qBcJDAFOgsJdLhkFMdaEUMn1XzEdEEko6DiTEJz5kxdJrVhwzgv23VmuVE7jyKIDdIjyyEEXqIRuUQVVEUWP6Bm9ojfjyXgx3o2PWWvGSGf20R8YXz94bp6C</latexit>

~̇x(t) = A~x(t) +B~u(t)

<latexit sha1_base64="6iLBgNCbTtAM6yfFXHfB+CXBYng=">AAACInicbZDLSsNAFIYn9VbjLerSzWBRhEJJRLwshFo3LivYVkhDmEwm7dDJhZlJsYQ8ixtfxY0LRV0JPoxJmoW2/jDw851zOHN+J2JUSF3/UioLi0vLK9VVdW19Y3NL297pijDmmHRwyEJ+7yBBGA1IR1LJyH3ECfIdRnrO6Dqv98aECxoGd3ISEctHg4B6FCOZIVu7SPpjgpOHNLVdk9YNCx5ewivbLWkOLViHLduFBYpLpKq2VtMbeiE4b4zS1ECptq199N0Qxz4JJGZICNPQI2kliEuKGUnVfixIhPAIDYiZ2QD5RFhJcWIKDzLiQi/k2QskLOjviQT5Qkx8J+v0kRyK2VoO/6uZsfTOrYQGUSxJgKeLvJhBGcI8L+hSTrBkk8wgzGn2V4iHiCMss1TzEIzZk+dN97hhnDb025Nas1XGUQV7YB8cAQOcgSa4AW3QARg8gmfwCt6UJ+VFeVc+p60VpZzZBX+kfP8Ao5KicA==</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]

D/C
zero-order

hold

C/D

sampling

<latexit sha1_base64="O3U1Snm1RfXEL/bt3yH7zmUqTgg=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSJ4KomIeix68VjBfkAay2YzaZduNmF3Uymh/8OLB0W8+l+8+W/ctDlo64OBx3szzMwLUs6Udpxva2V1bX1js7Jlb+/s7u1XDw7bKskkhRZNeCK7AVHAmYCWZppDN5VA4oBDJxjdFn5nDFKxRDzoSQp+TAaCRYwSbaTH3hhonk37ocd82+5Xa07dmQEvE7ckNVSi2a9+9cKEZjEITTlRynOdVPs5kZpRDlO7lylICR2RAXiGChKD8vPZ1VN8apQQR4k0JTSeqb8nchIrNYkD0xkTPVSLXiH+53mZjq79nIk00yDofFGUcawTXESAQyaBaj4xhFDJzK2YDokkVJugihDcxZeXSfu87l7WnfuLWuOmjKOCjtEJOkMuukINdIeaqIUokugZvaI368l6sd6tj3nrilXOHKE/sD5/AMqakgo=</latexit>

~ud[i]
<latexit sha1_base64="S75KtiVj2T5lOmrqgE+Jbm1k4OA=">AAAB+XicbVDLSsNAFL3xWeMr6tLNYBEEoSQi6rLoxmUF+4A0hMlk0g6dPJiZFEvon7hxoYhb/8Sdf+OkzUJbD1w4nHMv994TZJxJZdvfxsrq2vrGZm3L3N7Z3du3Dg47Ms0FoW2S8lT0AiwpZwltK6Y47WWC4jjgtBuM7kq/O6ZCsjR5VJOMejEeJCxiBCst+ZbVH1NSPE390GXnjmeavlW3G/YMaJk4FalDhZZvffXDlOQxTRThWErXsTPlFVgoRjidmv1c0gyTER5QV9MEx1R6xezyKTrVSoiiVOhKFJqpvycKHEs5iQPdGWM1lIteKf7nubmKbryCJVmuaELmi6KcI5WiMgYUMkGJ4hNNMBFM34rIEAtMlA6rDMFZfHmZdC4azlXDfrisN2+rOGpwDCdwBg5cQxPuoQVtIDCGZ3iFN6MwXox342PeumJUM0fwB8bnDyb/kq4=</latexit>

~xd[i+ 1]

<latexit sha1_base64="S75KtiVj2T5lOmrqgE+Jbm1k4OA=">AAAB+XicbVDLSsNAFL3xWeMr6tLNYBEEoSQi6rLoxmUF+4A0hMlk0g6dPJiZFEvon7hxoYhb/8Sdf+OkzUJbD1w4nHMv994TZJxJZdvfxsrq2vrGZm3L3N7Z3du3Dg47Ms0FoW2S8lT0AiwpZwltK6Y47WWC4jjgtBuM7kq/O6ZCsjR5VJOMejEeJCxiBCst+ZbVH1NSPE390GXnjmeavlW3G/YMaJk4FalDhZZvffXDlOQxTRThWErXsTPlFVgoRjidmv1c0gyTER5QV9MEx1R6xezyKTrVSoiiVOhKFJqpvycKHEs5iQPdGWM1lIteKf7nubmKbryCJVmuaELmi6KcI5WiMgYUMkGJ4hNNMBFM34rIEAtMlA6rDMFZfHmZdC4azlXDfrisN2+rOGpwDCdwBg5cQxPuoQVtIDCGZ3iFN6MwXox342PeumJUM0fwB8bnDyb/kq4=</latexit>

~xd[i+ 1]
<latexit sha1_base64="O3U1Snm1RfXEL/bt3yH7zmUqTgg=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSJ4KomIeix68VjBfkAay2YzaZduNmF3Uymh/8OLB0W8+l+8+W/ctDlo64OBx3szzMwLUs6Udpxva2V1bX1js7Jlb+/s7u1XDw7bKskkhRZNeCK7AVHAmYCWZppDN5VA4oBDJxjdFn5nDFKxRDzoSQp+TAaCRYwSbaTH3hhonk37ocd82+5Xa07dmQEvE7ckNVSi2a9+9cKEZjEITTlRynOdVPs5kZpRDlO7lylICR2RAXiGChKD8vPZ1VN8apQQR4k0JTSeqb8nchIrNYkD0xkTPVSLXiH+53mZjq79nIk00yDofFGUcawTXESAQyaBaj4xhFDJzK2YDokkVJugihDcxZeXSfu87l7WnfuLWuOmjKOCjtEJOkMuukINdIeaqIUokugZvaI368l6sd6tj3nrilXOHKE/sD5/AMqakgo=</latexit>

~ud[i]
<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)



System Modeling: Discretization

discretization

<latexit sha1_base64="Wjv2ASZH7VtOSCpo9viyU/v3RJw=">AAACG3icbVDLSgMxFM3UVx1foy7dBItSEcpMEXUj1LpxWcE+oC0lk6ZtaOZBcqdYhv6HG3/FjQtFXAku/Bsz7Sy09UDgnHPv5eYeNxRcgW1/G5ml5ZXVtey6ubG5tb1j7e7VVBBJyqo0EIFsuEQxwX1WBQ6CNULJiOcKVneHN0m9PmJS8cC/h3HI2h7p+7zHKQFtdayi2eoGELdGjMYPk0keTvDxFb5OdSJPcRlPZZRI0zQ7Vs4u2FPgReKkJIdSVDrWp95BI4/5QAVRqunYIbRjIoFTwSZmK1IsJHRI+qypqU88ptrx9LYJPtJOF/cCqZ8PeOr+noiJp9TYc3WnR2Cg5muJ+V+tGUHvsh1zP4yA+XS2qBcJDAFOgsJdLhkFMdaEUMn1XzEdEEko6DiTEJz5kxdJrVhwzgv23VmuVE7jyKIDdIjyyEEXqIRuUQVVEUWP6Bm9ojfjyXgx3o2PWWvGSGf20R8YXz94bp6C</latexit>

~̇x(t) = A~x(t) +B~u(t)

<latexit sha1_base64="6iLBgNCbTtAM6yfFXHfB+CXBYng=">AAACInicbZDLSsNAFIYn9VbjLerSzWBRhEJJRLwshFo3LivYVkhDmEwm7dDJhZlJsYQ8ixtfxY0LRV0JPoxJmoW2/jDw851zOHN+J2JUSF3/UioLi0vLK9VVdW19Y3NL297pijDmmHRwyEJ+7yBBGA1IR1LJyH3ECfIdRnrO6Dqv98aECxoGd3ISEctHg4B6FCOZIVu7SPpjgpOHNLVdk9YNCx5ewivbLWkOLViHLduFBYpLpKq2VtMbeiE4b4zS1ECptq199N0Qxz4JJGZICNPQI2kliEuKGUnVfixIhPAIDYiZ2QD5RFhJcWIKDzLiQi/k2QskLOjviQT5Qkx8J+v0kRyK2VoO/6uZsfTOrYQGUSxJgKeLvJhBGcI8L+hSTrBkk8wgzGn2V4iHiCMss1TzEIzZk+dN97hhnDb025Nas1XGUQV7YB8cAQOcgSa4AW3QARg8gmfwCt6UJ+VFeVc+p60VpZzZBX+kfP8Ao5KicA==</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]

D/C
zero-order

hold

C/D

sampling

<latexit sha1_base64="O3U1Snm1RfXEL/bt3yH7zmUqTgg=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSJ4KomIeix68VjBfkAay2YzaZduNmF3Uymh/8OLB0W8+l+8+W/ctDlo64OBx3szzMwLUs6Udpxva2V1bX1js7Jlb+/s7u1XDw7bKskkhRZNeCK7AVHAmYCWZppDN5VA4oBDJxjdFn5nDFKxRDzoSQp+TAaCRYwSbaTH3hhonk37ocd82+5Xa07dmQEvE7ckNVSi2a9+9cKEZjEITTlRynOdVPs5kZpRDlO7lylICR2RAXiGChKD8vPZ1VN8apQQR4k0JTSeqb8nchIrNYkD0xkTPVSLXiH+53mZjq79nIk00yDofFGUcawTXESAQyaBaj4xhFDJzK2YDokkVJugihDcxZeXSfu87l7WnfuLWuOmjKOCjtEJOkMuukINdIeaqIUokugZvaI368l6sd6tj3nrilXOHKE/sD5/AMqakgo=</latexit>

~ud[i]
<latexit sha1_base64="S75KtiVj2T5lOmrqgE+Jbm1k4OA=">AAAB+XicbVDLSsNAFL3xWeMr6tLNYBEEoSQi6rLoxmUF+4A0hMlk0g6dPJiZFEvon7hxoYhb/8Sdf+OkzUJbD1w4nHMv994TZJxJZdvfxsrq2vrGZm3L3N7Z3du3Dg47Ms0FoW2S8lT0AiwpZwltK6Y47WWC4jjgtBuM7kq/O6ZCsjR5VJOMejEeJCxiBCst+ZbVH1NSPE390GXnjmeavlW3G/YMaJk4FalDhZZvffXDlOQxTRThWErXsTPlFVgoRjidmv1c0gyTER5QV9MEx1R6xezyKTrVSoiiVOhKFJqpvycKHEs5iQPdGWM1lIteKf7nubmKbryCJVmuaELmi6KcI5WiMgYUMkGJ4hNNMBFM34rIEAtMlA6rDMFZfHmZdC4azlXDfrisN2+rOGpwDCdwBg5cQxPuoQVtIDCGZ3iFN6MwXox342PeumJUM0fwB8bnDyb/kq4=</latexit>

~xd[i+ 1]

<latexit sha1_base64="S75KtiVj2T5lOmrqgE+Jbm1k4OA=">AAAB+XicbVDLSsNAFL3xWeMr6tLNYBEEoSQi6rLoxmUF+4A0hMlk0g6dPJiZFEvon7hxoYhb/8Sdf+OkzUJbD1w4nHMv994TZJxJZdvfxsrq2vrGZm3L3N7Z3du3Dg47Ms0FoW2S8lT0AiwpZwltK6Y47WWC4jjgtBuM7kq/O6ZCsjR5VJOMejEeJCxiBCst+ZbVH1NSPE390GXnjmeavlW3G/YMaJk4FalDhZZvffXDlOQxTRThWErXsTPlFVgoRjidmv1c0gyTER5QV9MEx1R6xezyKTrVSoiiVOhKFJqpvycKHEs5iQPdGWM1lIteKf7nubmKbryCJVmuaELmi6KcI5WiMgYUMkGJ4hNNMBFM34rIEAtMlA6rDMFZfHmZdC4azlXDfrisN2+rOGpwDCdwBg5cQxPuoQVtIDCGZ3iFN6MwXox342PeumJUM0fwB8bnDyb/kq4=</latexit>

~xd[i+ 1]
<latexit sha1_base64="O3U1Snm1RfXEL/bt3yH7zmUqTgg=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSJ4KomIeix68VjBfkAay2YzaZduNmF3Uymh/8OLB0W8+l+8+W/ctDlo64OBx3szzMwLUs6Udpxva2V1bX1js7Jlb+/s7u1XDw7bKskkhRZNeCK7AVHAmYCWZppDN5VA4oBDJxjdFn5nDFKxRDzoSQp+TAaCRYwSbaTH3hhonk37ocd82+5Xa07dmQEvE7ckNVSi2a9+9cKEZjEITTlRynOdVPs5kZpRDlO7lylICR2RAXiGChKD8vPZ1VN8apQQR4k0JTSeqb8nchIrNYkD0xkTPVSLXiH+53mZjq79nIk00yDofFGUcawTXESAQyaBaj4xhFDJzK2YDokkVJugihDcxZeXSfu87l7WnfuLWuOmjKOCjtEJOkMuukINdIeaqIUokugZvaI368l6sd6tj3nrilXOHKE/sD5/AMqakgo=</latexit>

~ud[i]
<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)



Discretization: Scalar Case
Scalar Case:

<latexit sha1_base64="oJZiOHtED0MTQelThN44o3qmFpI=">AAACDnicbZDLSgMxFIYz9VbH26hLN8FSqAhlRkTdCEU3LivYC7RDyaRpG5q5kJwRy9AncOOruHGhiFvX7nwbM9NZaOsPgY//nJPk/F4kuALb/jYKS8srq2vFdXNjc2t7x9rda6owlpQ1aChC2faIYoIHrAEcBGtHkhHfE6zlja/TeuueScXD4A4mEXN9Mgz4gFMC2upZ5W4/hORhWoEjfIkJzvEYexgnccamafaskl21M+FFcHIooVz1nvWl76WxzwKggijVcewI3IRI4FSwqdmNFYsIHZMh62gMiM+Um2TrTHFZO308CKU+AeDM/T2REF+pie/pTp/ASM3XUvO/WieGwYWb8CCKgQV09tAgFhhCnGaD+1wyCmKigVDJ9V8xHRFJKOgE0xCc+ZUXoXlSdc6q9u1pqXaVx1FEB+gQVZCDzlEN3aA6aiCKHtEzekVvxpPxYrwbH7PWgpHP7KM/Mj5/ALF3mKo=</latexit>

ẋ(t) = ax(t) + bu(t)
<latexit sha1_base64="hKjpv7z2B42IpmSi+mvqWOWfbYQ=">AAACFnicbVDLSsNAFJ34rPEVdelmsAhCsSQi6kaodeOygn1AGsJkMm2HTiZhZiKW0K9w46+4caGIW3Hn3zhps9DWAwPnnnMvd+4JEkalsu1vY2FxaXlltbRmrm9sbm1bO7stGacCkyaOWSw6AZKEUU6aiipGOokgKAoYaQfD69xv3xMhaczv1CghXoT6nPYoRkpLvnWcPYz90KUVx4OX8MoPYSF4sALruoRZWtSmafpW2a7aE8B54hSkDAo0fOurG8Y4jQhXmCEpXcdOlJchoShmZGx2U0kShIeoT1xNOYqI9LLJWWN4qJUQ9mKhH1dwov6eyFAk5SgKdGeE1EDOern4n+emqnfhZZQnqSIcTxf1UgZVDPOMYEgFwYqNNEFYUP1XiAdIIKx0knkIzuzJ86R1UnXOqvbtablWL+IogX1wAI6AA85BDdyABmgCDB7BM3gFb8aT8WK8Gx/T1gWjmNkDf2B8/gBj4pxW</latexit>

xd[i+ 1] = Adxd[i] +Bdud[i]



Discretization: Vector Case
Vector Case:

Diagonalizable:
<latexit sha1_base64="uIl4WvuMkUFdYFuUn8ZYLZ5w+nI=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBjSURUTdC1Y0LFxVsWmhjmUwm7dDJg5mJUELBX3HjQhG3foc7/8ZJm4W2Hhg4nHMu987xEs6ksqxvY25+YXFpubRSXl1b39g0t7YdGaeC0AaJeSxaHpaUs4g2FFOcthJBcehx2vQG17nffKRCsji6V8OEuiHuRSxgBCstdc3dzq0O+xhdIOchO7JH6BI55a5ZsarWGGiW2AWpQIF61/zq+DFJQxopwrGUbdtKlJthoRjhdFTupJImmAxwj7Y1jXBIpZuNzx+hA634KIiFfpFCY/X3RIZDKYehp5MhVn057eXif147VcG5m7EoSRWNyGRRkHKkYpR3gXwmKFF8qAkmgulbEeljgYnSjeUl2NNfniXOcdU+rVp3J5XaVVFHCfZgHw7BhjOowQ3UoQEEMniGV3gznowX4934mETnjGJmB/7A+PwB8TiThw==</latexit>

⇤ = V �1AV
<latexit sha1_base64="ov0knxxfKabQq70tRrqHc1NzWsg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpKIqBuh6MZlBfuANpbJ9LYdOnkwMynWENz4K25cKOLWr3Dn3zhJs9DWAxcO59zLvfe4IWdSWda3MTe/sLi0XFgprq6tb2yaW9t1GUSCQo0GPBBNl0jgzIeaYopDMxRAPJdDwx1epX5jBEKywL9V4xAcj/R91mOUKC11zN32CGj8kOALXL+Lj+wEZ8J9UuyYJatsZcCzxM5JCeWodsyvdjegkQe+opxI2bKtUDkxEYpRDkmxHUkICR2SPrQ09YkH0omzFxJ8oJUu7gVCl69wpv6eiIkn5dhzdadH1EBOe6n4n9eKVO/ciZkfRgp8OlnUizhWAU7zwF0mgCo+1oRQwfStmA6IIFTp1NIQ7OmXZ0n9uGyflq2bk1LlMo+jgPbQPjpENjpDFXSNqqiGKHpEz+gVvRlPxovxbnxMWueMfGYH/YHx+QPcf5Zx</latexit>

~z = V �1~x

<latexit sha1_base64="lZfHalVC7Sv+K87JCN0/Rg37pbc=">AAACHHicbVDLSgMxFM34rOOr6tJNsAgVocyoqBuh1o3LCvYB7VAyadqGZh4kd4pl6Ie48VfcuFDEjQvBvzEznYW2Hgicc+693NzjhoIrsKxvY2FxaXllNbdmrm9sbm3nd3brKogkZTUaiEA2XaKY4D6rAQfBmqFkxHMFa7jDm6TeGDGpeODfwzhkjkf6Pu9xSkBbnfxpuxtA3B4xGj9MJkU4wlf4Gmc6kce4gqc6SrVpmp18wSpZKfA8sTNSQBmqnfyn3kIjj/lABVGqZVshODGRwKlgE7MdKRYSOiR91tLUJx5TTpweN8GH2uniXiD18wGn7u+JmHhKjT1Xd3oEBmq2lpj/1VoR9C6dmPthBMyn00W9SGAIcJIU7nLJKIixJoRKrv+K6YBIQkHnmYRgz548T+onJfu8ZN2dFcqVLI4c2kcHqIhsdIHK6BZVUQ1R9Iie0St6M56MF+Pd+Ji2LhjZzB76A+PrBwHwnrw=</latexit>

~̇x(t) = A~x(t) +B~u(t)
<latexit sha1_base64="x+CKLYSWb9TY9Yy8vuq0fwc0sCU=">AAACInicbZDLSsNAFIYnXmu8RV26GSyCUCiJiJeFUOvGZQV7gTSEyWTSDp1cmJkUS+izuPFV3LhQ1JXgwzhps6itPwz8fOcczpzfSxgV0jS/taXlldW19dKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3Ob19pBwQePoQY4S4oSoF9GAYiQVco2r7pDg7HHs+jatWA68hjeuD2egAyuwrtCUpQXTdd01ymbVnAguGqswZVCo4RqfXT/GaUgiiRkSwrbMRDoZ4pJiRsZ6NxUkQXiAesRWNkIhEU42OXEMjxXxYRBz9SIJJ3R2IkOhEKPQU50hkn0xX8vhfzU7lcGlk9EoSSWJ8HRRkDIoY5jnBX3KCZZspAzCnKq/QtxHHGGpUs1DsOZPXjSt06p1XjXvz8q1ehFHCRyCI3ACLHABauAONEATYPAEXsAbeNeetVftQ/uati5pxcwB+CPt5xdOmaGc</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]



Discretization: Vector Case
Vector Case:

<latexit sha1_base64="vwycD30iVl6o/vnmiP/eIQOvhUU=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBjSURUTdC1Y0LFxVsWmhjmUwm7dDJg5mJUELBX3HjQhG3foc7/8ZJm4W2Hhg4nHMP987xEs6ksqxvY25+YXFpubRSXl1b39g0t7YdGaeC0AaJeSxaHpaUs4g2FFOcthJBcehx2vQG17nffKRCsji6V8OEuiHuRSxgBCstdc3dS3SBnIfsyB6hzq3O+Rg55a5ZsarWGGiW2AWpQIF61/zq+DFJQxopwrGUbdtKlJthoRjhdFTupJImmAxwj7Y1jXBIpZuNzx+hA634KIiFfpFCY/V3IsOhlMPQ05MhVn057eXif147VcG5m7EoSRWNyGRRkHKkYpR3gXwmKFF8qAkmgulbEeljgYnSjeUl2NNfniXOcdU+rVp3J5XaVVFHCfZgHw7BhjOowQ3UoQEEMniGV3gznowX4934mIzOGUVmB/7A+PwB6LSThw==</latexit>

A = V �1⇤VDiagonalizable:

<latexit sha1_base64="lZfHalVC7Sv+K87JCN0/Rg37pbc=">AAACHHicbVDLSgMxFM34rOOr6tJNsAgVocyoqBuh1o3LCvYB7VAyadqGZh4kd4pl6Ie48VfcuFDEjQvBvzEznYW2Hgicc+693NzjhoIrsKxvY2FxaXllNbdmrm9sbm3nd3brKogkZTUaiEA2XaKY4D6rAQfBmqFkxHMFa7jDm6TeGDGpeODfwzhkjkf6Pu9xSkBbnfxpuxtA3B4xGj9MJkU4wlf4Gmc6kce4gqc6SrVpmp18wSpZKfA8sTNSQBmqnfyn3kIjj/lABVGqZVshODGRwKlgE7MdKRYSOiR91tLUJx5TTpweN8GH2uniXiD18wGn7u+JmHhKjT1Xd3oEBmq2lpj/1VoR9C6dmPthBMyn00W9SGAIcJIU7nLJKIixJoRKrv+K6YBIQkHnmYRgz548T+onJfu8ZN2dFcqVLI4c2kcHqIhsdIHK6BZVUQ1R9Iie0St6M56MF+Pd+Ji2LhjZzB76A+PrBwHwnrw=</latexit>

~̇x(t) = A~x(t) +B~u(t)
<latexit sha1_base64="x+CKLYSWb9TY9Yy8vuq0fwc0sCU=">AAACInicbZDLSsNAFIYnXmu8RV26GSyCUCiJiJeFUOvGZQV7gTSEyWTSDp1cmJkUS+izuPFV3LhQ1JXgwzhps6itPwz8fOcczpzfSxgV0jS/taXlldW19dKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3Ob19pBwQePoQY4S4oSoF9GAYiQVco2r7pDg7HHs+jatWA68hjeuD2egAyuwrtCUpQXTdd01ymbVnAguGqswZVCo4RqfXT/GaUgiiRkSwrbMRDoZ4pJiRsZ6NxUkQXiAesRWNkIhEU42OXEMjxXxYRBz9SIJJ3R2IkOhEKPQU50hkn0xX8vhfzU7lcGlk9EoSSWJ8HRRkDIoY5jnBX3KCZZspAzCnKq/QtxHHGGpUs1DsOZPXjSt06p1XjXvz8q1ehFHCRyCI3ACLHABauAONEATYPAEXsAbeNeetVftQ/uati5pxcwB+CPt5xdOmaGc</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]



Discretization: Vector Case
Vector Case:

<latexit sha1_base64="vwycD30iVl6o/vnmiP/eIQOvhUU=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBjSURUTdC1Y0LFxVsWmhjmUwm7dDJg5mJUELBX3HjQhG3foc7/8ZJm4W2Hhg4nHMP987xEs6ksqxvY25+YXFpubRSXl1b39g0t7YdGaeC0AaJeSxaHpaUs4g2FFOcthJBcehx2vQG17nffKRCsji6V8OEuiHuRSxgBCstdc3dS3SBnIfsyB6hzq3O+Rg55a5ZsarWGGiW2AWpQIF61/zq+DFJQxopwrGUbdtKlJthoRjhdFTupJImmAxwj7Y1jXBIpZuNzx+hA634KIiFfpFCY/V3IsOhlMPQ05MhVn057eXif147VcG5m7EoSRWNyGRRkHKkYpR3gXwmKFF8qAkmgulbEeljgYnSjeUl2NNfniXOcdU+rVp3J5XaVVFHCfZgHw7BhjOowQ3UoQEEMniGV3gznowX4934mIzOGUVmB/7A+PwB6LSThw==</latexit>

A = V �1⇤VDiagonalizable:

<latexit sha1_base64="lZfHalVC7Sv+K87JCN0/Rg37pbc=">AAACHHicbVDLSgMxFM34rOOr6tJNsAgVocyoqBuh1o3LCvYB7VAyadqGZh4kd4pl6Ie48VfcuFDEjQvBvzEznYW2Hgicc+693NzjhoIrsKxvY2FxaXllNbdmrm9sbm3nd3brKogkZTUaiEA2XaKY4D6rAQfBmqFkxHMFa7jDm6TeGDGpeODfwzhkjkf6Pu9xSkBbnfxpuxtA3B4xGj9MJkU4wlf4Gmc6kce4gqc6SrVpmp18wSpZKfA8sTNSQBmqnfyn3kIjj/lABVGqZVshODGRwKlgE7MdKRYSOiR91tLUJx5TTpweN8GH2uniXiD18wGn7u+JmHhKjT1Xd3oEBmq2lpj/1VoR9C6dmPthBMyn00W9SGAIcJIU7nLJKIixJoRKrv+K6YBIQkHnmYRgz548T+onJfu8ZN2dFcqVLI4c2kcHqIhsdIHK6BZVUQ1R9Iie0St6M56MF+Pd+Ji2LhjZzB76A+PrBwHwnrw=</latexit>

~̇x(t) = A~x(t) +B~u(t)
<latexit sha1_base64="x+CKLYSWb9TY9Yy8vuq0fwc0sCU=">AAACInicbZDLSsNAFIYnXmu8RV26GSyCUCiJiJeFUOvGZQV7gTSEyWTSDp1cmJkUS+izuPFV3LhQ1JXgwzhps6itPwz8fOcczpzfSxgV0jS/taXlldW19dKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3Ob19pBwQePoQY4S4oSoF9GAYiQVco2r7pDg7HHs+jatWA68hjeuD2egAyuwrtCUpQXTdd01ymbVnAguGqswZVCo4RqfXT/GaUgiiRkSwrbMRDoZ4pJiRsZ6NxUkQXiAesRWNkIhEU42OXEMjxXxYRBz9SIJJ3R2IkOhEKPQU50hkn0xX8vhfzU7lcGlk9EoSSWJ8HRRkDIoY5jnBX3KCZZspAzCnKq/QtxHHGGpUs1DsOZPXjSt06p1XjXvz8q1ehFHCRyCI3ACLHABauAONEATYPAEXsAbeNeetVftQ/uati5pxcwB+CPt5xdOmaGc</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]



Discretization: General Case
General Case:

<latexit sha1_base64="bKnlQtstJPDyGYM6I7RqloHOcBg="></latexit>

e�t = 1 + �t+
(�t)2

2
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(�t)3

6
+ · · · =
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(�t)i

i!

<latexit sha1_base64="BsyV5riF9GaqsbwlzRkq9tRZT7s="></latexit>

eAt = 1 +At+
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<latexit sha1_base64="HJSHBkR8PWtiDkhDZ2gHUE+LVF4=">AAACIXicbZDLTsJAFIanXhFvVZduJhINLiCtMcrGBNCF7jCRS0ILmQ4HmDC9ZGZqQhpexY2v4saFxrAzvowtsEDwTyb5851zcub8TsCZVIbxra2srq1vbKa20ts7u3v7+sFhTfqhoFClPvdFwyESOPOgqpji0AgEENfhUHcGt0m9/gxCMt97UsMAbJf0PNZllKgYtfVCqd3BZzcYWlHJugOuyAhbVro8pdk5nMMP57jUinLmCJdxuq1njLwxEV425sxk0EyVtj62Oj4NXfAU5UTKpmkEyo6IUIxyGKWtUEJA6ID0oBlbj7gg7Why4QifxqSDu76In6fwhM5PRMSVcug6cadLVF8u1hL4X60Zqm7BjpgXhAo8Ol3UDTlWPk7iwh0mgCo+jA2hgsV/xbRPBKEqDjUJwVw8ednULvLmVd54vMwUy7M4UugYnaAsMtE1KqJ7VEFVRNELekMf6FN71d61L208bV3RZjNH6I+0n18Va58d</latexit>

Ad = eA�

Bd = (eA� � I)A�1B

<latexit sha1_base64="8oJcjeIt/fxucUv2C4v5Hi9V8IA="></latexit>

~x(t) = eA(t�t0)~x(t0) +

Z t

t0

eA(t�⌧)B~u(⌧)d⌧

<latexit sha1_base64="lZfHalVC7Sv+K87JCN0/Rg37pbc=">AAACHHicbVDLSgMxFM34rOOr6tJNsAgVocyoqBuh1o3LCvYB7VAyadqGZh4kd4pl6Ie48VfcuFDEjQvBvzEznYW2Hgicc+693NzjhoIrsKxvY2FxaXllNbdmrm9sbm3nd3brKogkZTUaiEA2XaKY4D6rAQfBmqFkxHMFa7jDm6TeGDGpeODfwzhkjkf6Pu9xSkBbnfxpuxtA3B4xGj9MJkU4wlf4Gmc6kce4gqc6SrVpmp18wSpZKfA8sTNSQBmqnfyn3kIjj/lABVGqZVshODGRwKlgE7MdKRYSOiR91tLUJx5TTpweN8GH2uniXiD18wGn7u+JmHhKjT1Xd3oEBmq2lpj/1VoR9C6dmPthBMyn00W9SGAIcJIU7nLJKIixJoRKrv+K6YBIQkHnmYRgz548T+onJfu8ZN2dFcqVLI4c2kcHqIhsdIHK6BZVUQ1R9Iie0St6M56MF+Pd+Ji2LhjZzB76A+PrBwHwnrw=</latexit>

~̇x(t) = A~x(t) +B~u(t)
<latexit sha1_base64="x+CKLYSWb9TY9Yy8vuq0fwc0sCU=">AAACInicbZDLSsNAFIYnXmu8RV26GSyCUCiJiJeFUOvGZQV7gTSEyWTSDp1cmJkUS+izuPFV3LhQ1JXgwzhps6itPwz8fOcczpzfSxgV0jS/taXlldW19dKGvrm1vbNr7O23RJxyTJo4ZjHveEgQRiPSlFQy0kk4QaHHSNsb3Ob19pBwQePoQY4S4oSoF9GAYiQVco2r7pDg7HHs+jatWA68hjeuD2egAyuwrtCUpQXTdd01ymbVnAguGqswZVCo4RqfXT/GaUgiiRkSwrbMRDoZ4pJiRsZ6NxUkQXiAesRWNkIhEU42OXEMjxXxYRBz9SIJJ3R2IkOhEKPQU50hkn0xX8vhfzU7lcGlk9EoSSWJ8HRRkDIoY5jnBX3KCZZspAzCnKq/QtxHHGGpUs1DsOZPXjSt06p1XjXvz8q1ehFHCRyCI3ACLHABauAONEATYPAEXsAbeNeetVftQ/uati5pxcwB+CPt5xdOmaGc</latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i]

<latexit sha1_base64="aYm5HMoEeqybHCOASoCP6lX43Jc="></latexit>

~xd[i+ 1] = eA�~xd[i] +

Z (i+1)�

i�
eA(t�⌧)Bd⌧~ud[i]



System Identification

<latexit sha1_base64="GykTXTt12J1tIW8WV3cn5IozZzM=">AAACI3icbVBLS8NAEN7UV42vqEcvi0URCiURURGEWi8eK9gHtKFsttN26ebB7qZYQv+LF/+KFw9K8eLB/2KSBtHWgYXvMcPsfE7AmVSm+anllpZXVtfy6/rG5tb2jrG7V5d+KCjUqM990XSIBM48qCmmODQDAcR1ODSc4W3iN0YgJPO9BzUOwHZJ32M9RomKpY5x1R4BjR4nLVa0bHx8jW9+BBsXcQWnNMxoSiAhuq53jIJZMtPCi8DKQAFlVe0Y03bXp6ELnqKcSNmyzEDZERGKUQ4TvR1KCAgdkj60YugRF6QdpTdO8FGsdHHPF/HzFE7V3xMRcaUcu07c6RI1kPNeIv7ntULVu7Qj5gWhAo/OFvVCjpWPk8Bwlwmgio9jQKhg8V8xHRBBqIpjTUKw5k9eBPXTknVeMu/PCuVKFkceHaBDdIIsdIHK6A5VUQ1R9IRe0Bt61561V22qfcxac1o2s4/+lPb1DTkMoiA=</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

Problem: consider the discrete linear
time invariant system:

Given: observed inputs and outputs:

Objective: learn the system parameters:

<latexit sha1_base64="NogM88zxk//p6X+bO91Xy8SHNLA=">AAACVHicbZHNS8MwGMbTzumsX1WPXoJD8TBGK6Ieh148TnAf0JaRptkWln6QpGOj9I/Ug+Bf4sWD6dbB3Hwh8ON534c3eeInjAppWV+aXtmp7u7V9o2Dw6PjE/P0rCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uS56PemhAsaR29ynhAvRKOIDilGUkkDc3KduVOCszTPHctrlOzYClkQS9GAK4mtJOi6Rumarblm267ZmsswjIFZt5rWouA22CXUQVntgfnhBjFOQxJJzJAQjm0l0ssQlxQzkhtuKkiC8ASNiKMwQiERXrYIJYdXSgngMObqRBIu1HVHhkIh5qGvJkMkx2KzV4j/9ZxUDh+9jEZJKkmEl4uGKYMyhkXCMKCcYMnmChDmVN0V4jHiCEv1D0UI9uaTt6F727Tvm9brXb31VMZRAxfgEtwAGzyAFngBbdABGLyDbw1omvap/egVvboc1bXScw7+lH78C/HgsuQ=</latexit>

~u[0], ~u[1], . . . , ~u[l], . . .

~x[0], ~x[1], . . . , ~x[l], . . .

<latexit sha1_base64="hkOdHsdCh/qRbKdEstpqSO5ZH7Y=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxSJ4kJKIqMdaLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5oeRMG8/7dlZW19Y3Nktb7vbO7t5++eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vsv99hNVmiXi0UwkDWI8FCxiBBsrtW/PUd113X654lW9GdAy8QtSgQKNfvmrN0hIGlNhCMdad31PmiDDyjDC6dTtpZpKTMZ4SLuWChxTHWSzc6fo1CoDFCXKljBopv6eyHCs9SQObWeMzUgvern4n9dNTXQTZEzI1FBB5ouilCOToPx3NGCKEsMnlmCimL0VkRFWmBibUB6Cv/jyMmldVP2rqvdwWanVizhKcAwncAY+XEMN7qEBTSAwhmd4hTdHOi/Ou/Mxb11xipkj+APn8wd6jY2y</latexit>

A,B
<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]



Least Squares (Gauss 1809)
<latexit sha1_base64="pDak9JbUlZEuKvCaJKMXqjOIYOE="></latexit>

~s 2 Ra, D 2 Ra⇥b, ~p 2 Rb, ~e 2 Ra

<latexit sha1_base64="lCTuape227B1/IpxLn9ss84vr44="></latexit>

~s = D ~p
unknown

+ ~e, rank[D] = b
<latexit sha1_base64="bYNArC2YercrPKVkg97O72Kvfb4=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARXGhJiqgboagLlxXsBdIQJpNJO3SSCTOTQgl9Cje+ihsXirgVd76N0zaitv4w8PGfczhzfj9hVCrL+jQKC4tLyyvF1dLa+sbmlrm905Q8FZg0MGdctH0kCaMxaSiqGGkngqDIZ6Tl96/G9daACEl5fKeGCXEj1I1pSDFS2vLM42t4AZ3OgOAsGHn2EfzGqkYWcCV/LN/1zLJVsSaC82DnUAa56p750Qk4TiMSK8yQlI5tJcrNkFAUMzIqdVJJEoT7qEscjTGKiHSzyVkjeKCdAIZc6BcrOHF/T2QoknIY+bozQqonZ2tj87+ak6rw3M1onKSKxHi6KEwZVByOM4IBFQQrNtSAsKD6rxD3kEBY6SRLOgR79uR5aFYr9mnFuj0p1y7zOIpgD+yDQ2CDM1ADN6AOGgCDe/AInsGL8WA8Ga/G27S1YOQzu+CPjPcvCMeeFQ==</latexit>

D = [~d1, ~d2, . . . , ~db]

<latexit sha1_base64="r6KPQKbq54Imu5BncFCzmwBSZmA=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCG0tSRN0IRV24rGAv0MQwmU7boZNJmJkUSprXceOruFFQ1K0v4jQNoq0HBj7+/xzOnN+PGJXKsj6MhcWl5ZXVwlpxfWNza9vc2W3IMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cTfzmkAhJQ36nRhFxA9TjtEsxUlryzKozJDiJUs+RCgl4AR0kek5AuZfkTgqdcYYyhcfwGv7oztir3Fc8s2SVrazgPNg5lEBeNc98cTohjgPCFWZIyrZtRcpNkFAUM5IWnViSCOEB6pG2Ro4CIt0kuzSFh1rpwG4o9OMKZurviQQFUo4CX3cGSPXlrDcR//PaseqeuwnlUawIx9NF3ZhBFcJJbLBDBcGKjTQgLKj+K8R9JBBWOtyiDsGePXkeGpWyfVq2bk9K1cs8jgLYBwfgCNjgDFTBDaiBOsDgATyBV/BmPBrPxrvxOW1dMPKZPfCnjK9vpzundA==</latexit>

~p? = argmin
~p

k~s�D~pk22



Least Squares (Gauss 1809)
<latexit sha1_base64="pDak9JbUlZEuKvCaJKMXqjOIYOE="></latexit>

~s 2 Ra, D 2 Ra⇥b, ~p 2 Rb, ~e 2 Ra

<latexit sha1_base64="lCTuape227B1/IpxLn9ss84vr44="></latexit>

~s = D ~p
unknown

+ ~e, rank[D] = b

<latexit sha1_base64="TocICGT5+lBOzxCbFeFNreo245E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZXrWL1fcqrsAWSdeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgTOSr1UY0LZmA6xa6mkEWo/W5w7IxdWGZAwVrakIQv190RGI62nUWA7I2pGetWbi/953dSEt37GZZIalGy5KEwFMTGZ/04GXCEzYmoJZYrbWwkbUUWZsQmVbAje6svrpHVV9WpV9/G6Ur/L4yjCGZzDJXhwA3V4gAY0gcEYnuEV3pzEeXHenY9la8HJZ07hD5zPH6vwj8o=</latexit>

~s
<latexit sha1_base64="qD4UAnfPpryaGrr4IvBbyZrgWc8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZTjrlytu1V2ArBMvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLc6dkQurDEgYK1vSkIX6eyKjkdbTKLCdETUjverNxf+8bmrCWz/jMkkNSrZcFKaCmJjMfycDrpAZMbWEMsXtrYSNqKLM2IRKNgRv9eV10rqqerWq+3hdqd/lcRThDM7hEjy4gTo8QAOawGAMz/AKb07ivDjvzseyteDkM6fwB87nD5aqj7w=</latexit>

~e

<latexit sha1_base64="bYNArC2YercrPKVkg97O72Kvfb4=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARXGhJiqgboagLlxXsBdIQJpNJO3SSCTOTQgl9Cje+ihsXirgVd76N0zaitv4w8PGfczhzfj9hVCrL+jQKC4tLyyvF1dLa+sbmlrm905Q8FZg0MGdctH0kCaMxaSiqGGkngqDIZ6Tl96/G9daACEl5fKeGCXEj1I1pSDFS2vLM42t4AZ3OgOAsGHn2EfzGqkYWcCV/LN/1zLJVsSaC82DnUAa56p750Qk4TiMSK8yQlI5tJcrNkFAUMzIqdVJJEoT7qEscjTGKiHSzyVkjeKCdAIZc6BcrOHF/T2QoknIY+bozQqonZ2tj87+ak6rw3M1onKSKxHi6KEwZVByOM4IBFQQrNtSAsKD6rxD3kEBY6SRLOgR79uR5aFYr9mnFuj0p1y7zOIpgD+yDQ2CDM1ADN6AOGgCDe/AInsGL8WA8Ga/G27S1YOQzu+CPjPcvCMeeFQ==</latexit>

D = [~d1, ~d2, . . . , ~db]

Geometry:

<latexit sha1_base64="r6KPQKbq54Imu5BncFCzmwBSZmA=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCG0tSRN0IRV24rGAv0MQwmU7boZNJmJkUSprXceOruFFQ1K0v4jQNoq0HBj7+/xzOnN+PGJXKsj6MhcWl5ZXVwlpxfWNza9vc2W3IMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cTfzmkAhJQ36nRhFxA9TjtEsxUlryzKozJDiJUs+RCgl4AR0kek5AuZfkTgqdcYYyhcfwGv7oztir3Fc8s2SVrazgPNg5lEBeNc98cTohjgPCFWZIyrZtRcpNkFAUM5IWnViSCOEB6pG2Ro4CIt0kuzSFh1rpwG4o9OMKZurviQQFUo4CX3cGSPXlrDcR//PaseqeuwnlUawIx9NF3ZhBFcJJbLBDBcGKjTQgLKj+K8R9JBBWOtyiDsGePXkeGpWyfVq2bk9K1cs8jgLYBwfgCNjgDFTBDaiBOsDgATyBV/BmPBrPxrvxOW1dMPKZPfCnjK9vpzundA==</latexit>

~p? = argmin
~p

k~s�D~pk22

<latexit sha1_base64="mwOIcNENFpV7sM98GsDZSlWSXfQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ac0sWy2m3bpZhN2J5US+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1HGqKGvQWMSqHRDNBJesgRwFayeKkSgQrBUMb6Z+a8SU5rF8wHHC/Ij0JQ85JWikx1tvxGiWTLqeRqK65YpTdWawl4mbkwrkqHfLX14vpmnEJFJBtO64ToJ+RhRyKtik5KWaJYQOSZ91DJUkYtrPZldP7BOj9OwwVqYk2jP190RGIq3HUWA6I4IDvehNxf+8TorhlZ9xmaTIJJ0vClNhY2xPI7B7XDGKYmwIoYqbW206IIpQNEGVTAju4svLpHlWdS+qzv15pXadx1GEIziGU3DhEmpwB3VoAAUFz/AKb9aT9WK9Wx/z1oKVzxzCH1ifP+Y3ksY=</latexit>

D~p?

<latexit sha1_base64="joL2hO6zCi0azH780bu2YfUfTCA=">AAACJXicbZDLSgNBEEV7fMb4irp00xiEuDDMiKgLhaAuXEYwD8jE0NOpaGPPg+4aIQzzM278FTcuFBFc+St2JrPQxAsNl1NVVNf1Iik02vaXNTM7N7+wWFgqLq+srq2XNjabOowVhwYPZajaHtMgRQANFCihHSlgvieh5T1cjOqtR1BahMENDiPo+uwuEAPBGRrUK51e3roYRtR9BJ5ASs9oDioZ0Sndp5eZjdKeq5GpPdOTATvtlcp21c5Ep42TmzLJVe+V3t1+yGMfAuSSad1x7Ai7CVMouIS06MYaIsYf2B10jA2YD7qbZFemdNeQPh2EyrwAaUZ/TyTM13roe6bTZ3ivJ2sj+F+tE+PgpJuIIIoRAj5eNIglxZCOIqN9oYCjHBrDuBLmr5TfM8U4mmCLJgRn8uRp0zyoOkdV+/qwXDvP4yiQbbJDKsQhx6RGrkidNAgnT+SFvJF369l6tT6sz3HrjJXPbJE/sr5/AJ3DpBs=</latexit>

D>~e = D>(~s�D~p?) = ~0

<latexit sha1_base64="kl5dy1xs2rXvEe5ndlEReHDudDA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0yQxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaJKs1g+mElCA4GHkkWMYGMl3xfYjMIwu58+4n615tbdGdAy8QpSgwLNfvXLH8QkFVQawrHWPc9NTJBhZRjhdFrxU00TTMZ4SHuWSiyoDrJZ5ik6scoARbGyTxo0U39vZFhoPRGhncwz6kUvF//zeqmJroKMySQ1VJL5oSjlyMQoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3buou3fntcZ1UUcZjuAYTsGDS2jALTShBQQSeIZXeHNS58V5dz7moyWn2DmEP3A+fwAzE5HK</latexit>

Ra

<latexit sha1_base64="mLZyIz/5qCbCLrxIi7Ord2VFZU8=">AAACJnicbZDLSsNAFIYn9V5vVZduBovgQkoiom4E0Y1LBXuBJoTJ5KQdnFyYORFK6NO48VXcuFBE3PkoTmtEbf1h4OM/53Dm/EEmhUbbfrcqM7Nz8wuLS9XlldW19drGZkunueLQ5KlMVSdgGqRIoIkCJXQyBSwOJLSD24tRvX0HSos0ucFBBl7MeomIBGdoLL926t4BL2DouxqZom4GKqPdsRkOfWeffuOBQRmmqH+swPNrdbthj0WnwSmhTkpd+bVnN0x5HkOCXDKtu46doVcwhYJLGFbdXEPG+C3rQddgwmLQXjE+c0h3jRPSKFXmJUjH7u+JgsVaD+LAdMYM+3qyNjL/q3VzjE68QiRZjpDwr0VRLimmdJQZDYUCjnJggHElzF8p7zPFOJpkqyYEZ/LkaWgdNJyjhn19WD87L+NYJNtkh+wRhxyTM3JJrkiTcHJPHskzebEerCfr1Xr7aq1Y5cwW+SPr4xNjnqWz</latexit>

~e? ? [~d1, ~d2, . . . , ~db]


