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Outline

• System Modeling and Identification

• Least Squares and Extensions (vector and matrix case)

• System Stability (scalar case)



System Modeling & Control

Physical Systems
(Continuous Nonlinear Dynamics)

<latexit sha1_base64="Maly7og4wgZV6GavHB3020nOpRg=">AAAB83icbVDLSsNAFJ34rPVVdelmsAh1UxIRdVl047KCfUATymR60w6dTMI8CiX0N9y4UMStP+POv3HSZqGtBy4czrmXe+8JU86Udt1vZ219Y3Nru7RT3t3bPzisHB23VWIkhRZNeCK7IVHAmYCWZppDN5VA4pBDJxzf535nAlKxRDzpaQpBTIaCRYwSbSXfnwDNzKymL8rlfqXq1t058CrxClJFBZr9ypc/SKiJQWjKiVI9z011kBGpGeUwK/tGQUromAyhZ6kgMaggm988w+dWGeAokbaExnP190RGYqWmcWg7Y6JHatnLxf+8ntHRbZAxkRoNgi4WRYZjneA8ADxgEqjmU0sIlczeiumISEK1jSkPwVt+eZW0L+vedd19vKo27oo4SugUnaEa8tANaqAH1EQtRFGKntErenOM8+K8Ox+L1jWnmDlBf+B8/gDCO5DX</latexit>

~u(t)
<latexit sha1_base64="5tVfDOEpDBoxcgabX6L1p1k+noU=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahXkoioh6LXjxWsB/QhLLZbtqlm03Y3RRL6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW37Z3dvf2DyuFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+C73OxMqFYvFo54m1I/wULCQEayN5HkTSrKnWU2f23a/UnXqzhxolbgFqUKBZr/y5Q1ikkZUaMKxUj3XSbSfYakZ4XRme6miCSZjPKQ9QwWOqPKz+c0zdGaUAQpjaUpoNFd/T2Q4UmoaBaYzwnqklr1c/M/rpTq88TMmklRTQRaLwpQjHaM8ADRgkhLNp4ZgIpm5FZERlphoE1Megrv88ippX9Tdq7rzcFlt3BZxlOEETqEGLlxDA+6hCS0gkMAzvMKblVov1rv1sWgtWcXMMfyB9fkDxtmQ2g==</latexit>

~x(t)

<latexit sha1_base64="LcbmvD57X9mnM6mDqe1wA+sBRyE=">AAAB83icbVBNS8NAEN34WeNX1aOXxSLUS0lE1GPRi8cK9gOaUDbbSbt0swm7m0II/RtePCji1T/jzX/jps1BWx8MPN6bYWZekHCmtON8W2vrG5tb25Ude3dv/+CwenTcUXEqKbRpzGPZC4gCzgS0NdMceokEEgUcusHkvvC7U5CKxeJJZwn4ERkJFjJKtJE8bwo0z2Z1fWHbg2rNaThz4FXilqSGSrQG1S9vGNM0AqEpJ0r1XSfRfk6kZpTDzPZSBQmhEzKCvqGCRKD8fH7zDJ8bZYjDWJoSGs/V3xM5iZTKosB0RkSP1bJXiP95/VSHt37ORJJqEHSxKEw51jEuAsBDJoFqnhlCqGTmVkzHRBKqTUxFCO7yy6ukc9lwrxvO41WteVfGUUGn6AzVkYtuUBM9oBZqI4oS9Ixe0ZuVWi/Wu/WxaF2zypkT9AfW5w/IY5Db</latexit>

~y(t)

All autonomous intelligent (AI) systems rely on closed-loop learning and control:  

D/AC
zero-order

hold

<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]

<latexit sha1_base64="0d2by80C423PhlkGKfmGvxYIgHc=">AAACH3icbVDLSgMxFM34rPVVdekmWJSKUmZEqhuh6MZlC/YBM0PJpGkbmskMeYhlmD9x46+4caGIuOvfmE670NYLyT2ccy7JPUHMqFS2PbaWlldW19ZzG/nNre2d3cLeflNGWmDSwBGLRDtAkjDKSUNRxUg7FgSFASOtYHg30VuPREga8Qc1iokfoj6nPYqRMlSnUPEGSCU6demZ48OTG+gh0fdCyjsaZlI9LWX9yVj8c22uU8/LdwpFu2xnBReBMwNFMKtap/DtdSOsQ8IVZkhK17Fj5SdIKIoZSfOeliRGeIj6xDWQo5BIP8n2S+GxYbqwFwlzuIIZ+3siQaGUozAwzhCpgZzXJuR/mqtV79pPKI+1IhxPH+ppBlUEJ2HBLhUEKzYyAGFBzV8hHiCBsDKRTkJw5ldeBM2LslMp2/XLYvV2FkcOHIIjUAIOuAJVcA9qoAEweAav4B18WC/Wm/VpfU2tS9Zs5gD8KWv8A3V6of0=</latexit>

û[i+ 1] = argmin
u

Q̂(x̂[i], u[i])

optimal control

actuators

AC/D

sampling

<latexit sha1_base64="Rh0vytQkhFrNp3rSvhKMo3oRcNU=">AAAB9XicbVBNS8NAEN3Urxq/qh69LBZBEEoioh6LXjxWsB+QxrLZTtqlm03Y3VRK6P/w4kERr/4Xb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrK6tb5Q37a3tnd29yv5BS8WppNCkMY9lJyAKOBPQ1Exz6CQSSBRwaAej29xvj0EqFosHPUnAj8hAsJBRoo302B0DzSZTj525vm33KlWn5syAl4lbkCoq0OhVvrr9mKYRCE05UcpznUT7GZGaUQ5Tu5sqSAgdkQF4hgoSgfKz2dVTfGKUPg5jaUpoPFN/T2QkUmoSBaYzInqoFr1c/M/zUh1e+xkTSapB0PmiMOVYxziPAPeZBKr5xBBCJTO3YjokklBtgspDcBdfXiat85p7WXPuL6r1myKOMjpCx+gUuegK1dEdaqAmokiiZ/SK3qwn68V6tz7mrSWrmDlEf2B9/gAzR5Gn</latexit>

~y[i+ 1]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

<latexit sha1_base64="3LFfToZQlIkkcheqzZ+kTyXav90=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIqIui25cVrAXSEOZTKft0MmFmUmxhIIbX8WNC0Xc+hLufBsnaRba+sPAx3/O4cz5vYgzqSzr2ygsLa+srhXXSxubW9s75u5eU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa80U1ab42pkCwM7tUkoq6PBwHrM4KVtrrmgah0xpQkD1OHuaco4zjlk1LXLFtVKxNaBDuHMuSqd82vTi8ksU8DRTiW0rGtSLkJFooRTqelTixphMkID6ijMcA+lW6S3TBFx9rpoX4o9AsUytzfEwn2pZz4nu70sRrK+Vpq/ldzYtW/chMWRLGiAZkt6sccqRClgaAeE5QoPtGAiWD6r4gMscBE6djSEOz5kxeheVa1L6rW3Xm5dp3HUYRDOIIK2HAJNbiFOjSAwCM8wyu8GU/Gi/FufMxaC0Y+sw9/ZHz+AAuTlyA=</latexit>

r(~x[i], ~u[i])

reward or cost

sensors

Computers & Circuits
(Learning & Decision Making)

External World (Real)

Internal Model (Silicon or Carbon)

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]



System Modeling & Identification

approximation
& linearization

discretization
& digitization

<latexit sha1_base64="DXs3BvZeRPCruEYaEul5o+MTsWs="></latexit>

~̇xc(t) = f(~xc(t), ~uc(t), ~w(t))

~yc(t) = h(~xc(t), ~uc(t))

<latexit sha1_base64="B2Jmrjbn9f/qiw1agUwdjGl06+4="></latexit>

~̇x(t) = A~x(t) +B~u(t) + ~n(t)

~y(t) = C~x(t) +D~u(t)

mathematical modeling
from first principles <latexit sha1_base64="GykTXTt12J1tIW8WV3cn5IozZzM=">AAACI3icbVBLS8NAEN7UV42vqEcvi0URCiURURGEWi8eK9gHtKFsttN26ebB7qZYQv+LF/+KFw9K8eLB/2KSBtHWgYXvMcPsfE7AmVSm+anllpZXVtfy6/rG5tb2jrG7V5d+KCjUqM990XSIBM48qCmmODQDAcR1ODSc4W3iN0YgJPO9BzUOwHZJ32M9RomKpY5x1R4BjR4nLVa0bHx8jW9+BBsXcQWnNMxoSiAhuq53jIJZMtPCi8DKQAFlVe0Y03bXp6ELnqKcSNmyzEDZERGKUQ4TvR1KCAgdkj60YugRF6QdpTdO8FGsdHHPF/HzFE7V3xMRcaUcu07c6RI1kPNeIv7ntULVu7Qj5gWhAo/OFvVCjpWPk8Bwlwmgio9jQKhg8V8xHRBBqIpjTUKw5k9eBPXTknVeMu/PCuVKFkceHaBDdIIsdIHK6A5VUQ1R9IRe0Bt61561V22qfcxac1o2s4/+lPb1DTkMoiA=</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

<latexit sha1_base64="yHdDWywQ+nNktuWweFLTs409NdQ="></latexit>

~xd[i+ 1] = Ad~xd[i] +Bd~ud[i] + ~e[i]

~yd[i+ 1] = Cd~xd[i] +Dd~ud[i]

Problem: consider the discrete linear
time invariant system:

Given: observed inputs and outputs:

Objective: learn the system parameters:

<latexit sha1_base64="NogM88zxk//p6X+bO91Xy8SHNLA=">AAACVHicbZHNS8MwGMbTzumsX1WPXoJD8TBGK6Ieh148TnAf0JaRptkWln6QpGOj9I/Ug+Bf4sWD6dbB3Hwh8ON534c3eeInjAppWV+aXtmp7u7V9o2Dw6PjE/P0rCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uS56PemhAsaR29ynhAvRKOIDilGUkkDc3KduVOCszTPHctrlOzYClkQS9GAK4mtJOi6Rumarblm267ZmsswjIFZt5rWouA22CXUQVntgfnhBjFOQxJJzJAQjm0l0ssQlxQzkhtuKkiC8ASNiKMwQiERXrYIJYdXSgngMObqRBIu1HVHhkIh5qGvJkMkx2KzV4j/9ZxUDh+9jEZJKkmEl4uGKYMyhkXCMKCcYMnmChDmVN0V4jHiCEv1D0UI9uaTt6F727Tvm9brXb31VMZRAxfgEtwAGzyAFngBbdABGLyDbw1omvap/egVvboc1bXScw7+lH78C/HgsuQ=</latexit>

~u[0], ~u[1], . . . , ~u[l], . . .

~x[0], ~x[1], . . . , ~x[l], . . .

<latexit sha1_base64="hkOdHsdCh/qRbKdEstpqSO5ZH7Y=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxSJ4kJKIqMdaLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5oeRMG8/7dlZW19Y3Nktb7vbO7t5++eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vsv99hNVmiXi0UwkDWI8FCxiBBsrtW/PUd113X654lW9GdAy8QtSgQKNfvmrN0hIGlNhCMdad31PmiDDyjDC6dTtpZpKTMZ4SLuWChxTHWSzc6fo1CoDFCXKljBopv6eyHCs9SQObWeMzUgvern4n9dNTXQTZEzI1FBB5ouilCOToPx3NGCKEsMnlmCimL0VkRFWmBibUB6Cv/jyMmldVP2rqvdwWanVizhKcAwncAY+XEMN7qEBTSAwhmd4hTdHOi/Ou/Mxb11xipkj+APn8wd6jY2y</latexit>

A,B
<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]



System Identification

<latexit sha1_base64="GykTXTt12J1tIW8WV3cn5IozZzM=">AAACI3icbVBLS8NAEN7UV42vqEcvi0URCiURURGEWi8eK9gHtKFsttN26ebB7qZYQv+LF/+KFw9K8eLB/2KSBtHWgYXvMcPsfE7AmVSm+anllpZXVtfy6/rG5tb2jrG7V5d+KCjUqM990XSIBM48qCmmODQDAcR1ODSc4W3iN0YgJPO9BzUOwHZJ32M9RomKpY5x1R4BjR4nLVa0bHx8jW9+BBsXcQWnNMxoSiAhuq53jIJZMtPCi8DKQAFlVe0Y03bXp6ELnqKcSNmyzEDZERGKUQ4TvR1KCAgdkj60YugRF6QdpTdO8FGsdHHPF/HzFE7V3xMRcaUcu07c6RI1kPNeIv7ntULVu7Qj5gWhAo/OFvVCjpWPk8Bwlwmgio9jQKhg8V8xHRBBqIpjTUKw5k9eBPXTknVeMu/PCuVKFkceHaBDdIIsdIHK6A5VUQ1R9IRe0Bt61561V22qfcxac1o2s4/+lPb1DTkMoiA=</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

Problem: consider the discrete linear
time invariant system:

Given: observed inputs and outputs:

Objective: learn the system parameters:

<latexit sha1_base64="NogM88zxk//p6X+bO91Xy8SHNLA=">AAACVHicbZHNS8MwGMbTzumsX1WPXoJD8TBGK6Ieh148TnAf0JaRptkWln6QpGOj9I/Ug+Bf4sWD6dbB3Hwh8ON534c3eeInjAppWV+aXtmp7u7V9o2Dw6PjE/P0rCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uS56PemhAsaR29ynhAvRKOIDilGUkkDc3KduVOCszTPHctrlOzYClkQS9GAK4mtJOi6Rumarblm267ZmsswjIFZt5rWouA22CXUQVntgfnhBjFOQxJJzJAQjm0l0ssQlxQzkhtuKkiC8ASNiKMwQiERXrYIJYdXSgngMObqRBIu1HVHhkIh5qGvJkMkx2KzV4j/9ZxUDh+9jEZJKkmEl4uGKYMyhkXCMKCcYMnmChDmVN0V4jHiCEv1D0UI9uaTt6F727Tvm9brXb31VMZRAxfgEtwAGzyAFngBbdABGLyDbw1omvap/egVvboc1bXScw7+lH78C/HgsuQ=</latexit>

~u[0], ~u[1], . . . , ~u[l], . . .

~x[0], ~x[1], . . . , ~x[l], . . .

<latexit sha1_base64="hkOdHsdCh/qRbKdEstpqSO5ZH7Y=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxSJ4kJKIqMdaLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5oeRMG8/7dlZW19Y3Nktb7vbO7t5++eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vsv99hNVmiXi0UwkDWI8FCxiBBsrtW/PUd113X654lW9GdAy8QtSgQKNfvmrN0hIGlNhCMdad31PmiDDyjDC6dTtpZpKTMZ4SLuWChxTHWSzc6fo1CoDFCXKljBopv6eyHCs9SQObWeMzUgvern4n9dNTXQTZEzI1FBB5ouilCOToPx3NGCKEsMnlmCimL0VkRFWmBibUB6Cv/jyMmldVP2rqvdwWanVizhKcAwncAY+XEMN7qEBTSAwhmd4hTdHOi/Ou/Mxb11xipkj+APn8wd6jY2y</latexit>

A,B
<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

Scalar Case:
<latexit sha1_base64="YXUSyjjBH4YAPv6hXDZdf8OOXf0=">AAACFHicbZDLSsNAFIYn9VbjLerSzWARhEJJRNSNUHTjsoK9QBvKZHrSDp1cmJmIJfQh3Pgqblwo4taFO9/GSZqFtv4w8M1/zmHm/F7MmVS2/W2UlpZXVtfK6+bG5tb2jrW715JRIig0acQj0fGIBM5CaCqmOHRiASTwOLS98XVWb9+DkCwK79QkBjcgw5D5jBKlrb5VTR+mXVZ1XHyJCc4vLq5iD+M0KTiFDEzT7FsVu2bnwovgFFBBhRp966s3iGgSQKgoJ1J2HTtWbkqEYpTD1OwlEmJCx2QIXY0hCUC6ab7UFB9pZ4D9SOgTKpy7vydSEkg5CTzdGRA1kvO1zPyv1k2Uf+GmLIwTBSGdPeQnHKsIZwnhARNAFZ9oIFQw/VdMR0QQqnSOWQjO/MqL0DqpOWc1+/a0Ur8q4iijA3SIjpGDzlEd3aAGaiKKHtEzekVvxpPxYrwbH7PWklHM7KM/Mj5/AMfVm3w=</latexit>

x[i+ 1] = ax[i] + bu[i] + e[i]



Least Squares (Gauss 1809)

<latexit sha1_base64="TocICGT5+lBOzxCbFeFNreo245E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZXrWL1fcqrsAWSdeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgTOSr1UY0LZmA6xa6mkEWo/W5w7IxdWGZAwVrakIQv190RGI62nUWA7I2pGetWbi/953dSEt37GZZIalGy5KEwFMTGZ/04GXCEzYmoJZYrbWwkbUUWZsQmVbAje6svrpHVV9WpV9/G6Ur/L4yjCGZzDJXhwA3V4gAY0gcEYnuEV3pzEeXHenY9la8HJZ07hD5zPH6vwj8o=</latexit>

~sGeometry:

<latexit sha1_base64="r6KPQKbq54Imu5BncFCzmwBSZmA=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCG0tSRN0IRV24rGAv0MQwmU7boZNJmJkUSprXceOruFFQ1K0v4jQNoq0HBj7+/xzOnN+PGJXKsj6MhcWl5ZXVwlpxfWNza9vc2W3IMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cTfzmkAhJQ36nRhFxA9TjtEsxUlryzKozJDiJUs+RCgl4AR0kek5AuZfkTgqdcYYyhcfwGv7oztir3Fc8s2SVrazgPNg5lEBeNc98cTohjgPCFWZIyrZtRcpNkFAUM5IWnViSCOEB6pG2Ro4CIt0kuzSFh1rpwG4o9OMKZurviQQFUo4CX3cGSPXlrDcR//PaseqeuwnlUawIx9NF3ZhBFcJJbLBDBcGKjTQgLKj+K8R9JBBWOtyiDsGePXkeGpWyfVq2bk9K1cs8jgLYBwfgCNjgDFTBDaiBOsDgATyBV/BmPBrPxrvxOW1dMPKZPfCnjK9vpzundA==</latexit>

~p? = argmin
~p

k~s�D~pk22

<latexit sha1_base64="mwOIcNENFpV7sM98GsDZSlWSXfQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ac0sWy2m3bpZhN2J5US+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1HGqKGvQWMSqHRDNBJesgRwFayeKkSgQrBUMb6Z+a8SU5rF8wHHC/Ij0JQ85JWikx1tvxGiWTLqeRqK65YpTdWawl4mbkwrkqHfLX14vpmnEJFJBtO64ToJ+RhRyKtik5KWaJYQOSZ91DJUkYtrPZldP7BOj9OwwVqYk2jP190RGIq3HUWA6I4IDvehNxf+8TorhlZ9xmaTIJJ0vClNhY2xPI7B7XDGKYmwIoYqbW206IIpQNEGVTAju4svLpHlWdS+qzv15pXadx1GEIziGU3DhEmpwB3VoAAUFz/AKb9aT9WK9Wx/z1oKVzxzCH1ifP+Y3ksY=</latexit>

D~p?

<latexit sha1_base64="2lRsehK2ZULUU3KSgFadUdsNoiE="></latexit>

~s 2 Rl, D 2 Rl⇥q, ~p 2 Rq, ~e 2 Rl

<latexit sha1_base64="KJuf3a5biGtVwOwDxIyvrJkOZHM="></latexit>

~s = D ~p
unknown

+ ~e, rank[D] = q
<latexit sha1_base64="OBLEQxuQQQv07N+Ukje/QeYMb40=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCCy1JEXUjFHXhsoK9QBrCZDJph04ycWZSKKFP4cZXceNCEbfizrdx2kbU1h8GPv5zDmfO7yeMSmVZn8bc/MLi0nJhpbi6tr6xaW5tNyRPBSZ1zBkXLR9JwmhM6ooqRlqJICjyGWn6vctRvdknQlIe36pBQtwIdWIaUoyUtjzz6AqeQ6fdJzgLhp59CL+xopEFXMkf6871zJJVtsaCs2DnUAK5ap750Q44TiMSK8yQlI5tJcrNkFAUMzIstlNJEoR7qEMcjTGKiHSz8VlDuK+dAIZc6BcrOHZ/T2QoknIQ+bozQqorp2sj87+ak6rwzM1onKSKxHiyKEwZVByOMoIBFQQrNtCAsKD6rxB3kUBY6SSLOgR7+uRZaFTK9knZujkuVS/yOApgF+yBA2CDU1AF16AG6gCDe/AInsGL8WA8Ga/G26R1zshndsAfGe9fH5KeJA==</latexit>

D = [~d1, ~d2, . . . , ~dq]

<latexit sha1_base64="GkUxnFLBCAiTIu1cLctg2JbdzDg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0yQxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaJKs1g+mElCA4GHkkWMYGMl3xfYjMIwu58+8n615tbdGdAy8QpSgwLNfvXLH8QkFVQawrHWPc9NTJBhZRjhdFrxU00TTMZ4SHuWSiyoDrJZ5ik6scoARbGyTxo0U39vZFhoPRGhncwz6kUvF//zeqmJroKMySQ1VJL5oSjlyMQoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3buou3fntcZ1UUcZjuAYTsGDS2jALTShBQQSeIZXeHNS58V5dz7moyWn2DmEP3A+fwBDv5HV</latexit>

Rl

<latexit sha1_base64="tX5E1Rn1rce/Od+smf7OgsSsaSY=">AAACJnicbZDJSgNBEIZ7XGPcoh69NAbBg4SZIOpFCHrxGMFEITMMPT2VpEnPYndNIAx5Gi++ihcPERFvPoqdRVx/aPj4q4rq+oNUCo22/WbNzS8sLi0XVoqra+sbm6Wt7aZOMsWhwROZqNuAaZAihgYKlHCbKmBRIOEm6F2M6zd9UFok8TUOUvAi1olFW3CGxvJLZ24feA5D39XIFHVTUCltTcxw6DuH9BOrBmWYoP6y7jy/VLYr9kT0LzgzKJOZ6n5p5IYJzyKIkUumdcuxU/RyplBwCcOim2lIGe+xDrQMxiwC7eWTM4d03zghbSfKvBjpxP0+kbNI60EUmM6IYVf/ro3N/2qtDNunXi7iNEOI+XRRO5MUEzrOjIZCAUc5MMC4EuavlHeZYhxNskUTgvP75L/QrFac44p9dVSunc/iKJBdskcOiENOSI1ckjppEE7uySMZkWfrwXqyXqzXaeucNZvZIT9kvX8Aemmlwg==</latexit>

~e? ? [~d1, ~d2, . . . , ~dq]

<latexit sha1_base64="2VDrzHYm55P3Z6vUqRj++a0jfOA=">AAACK3icbZDJSgNBEIZ73I3bqEcvjUGIB8OMiHoRJObgUcFoIBNDT6eSNOlZ6K4JhGHex4uv4kEPLnj1PeyMc3AraPj56i+q6/djKTQ6zqs1NT0zOze/sFhaWl5ZXbPXN651lCgODR7JSDV9pkGKEBooUEIzVsACX8KNPzyb9G9GoLSIwiscx9AOWD8UPcEZGtSxa/VbD6OYeiPgKWQdTyNT9IQWuJJzndE9Ws9lXFh2jScHTtaxy07VyYv+FW4hyqSoi4796HUjngQQIpdM65brxNhOmULBJWQlL9EQMz5kfWgZGbIAdDvNb83ojiFd2ouUeSHSnH6fSFmg9TjwjTNgONC/exP4X6+VYO+4nYowThBC/rWol0iKEZ0ER7tCAUc5NoJxJcxfKR8wxTiaeEsmBPf3yX/F9X7VPaw6lwfl01oRxwLZItukQlxyRE7JObkgDcLJHXkgz+TFureerDfr/cs6ZRUzm+RHWR+fz7mmzA==</latexit>

D>~e? = D>(~s�D~p?) = ~0



Least Squares (Gauss 1809)

<latexit sha1_base64="TocICGT5+lBOzxCbFeFNreo245E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZXrWL1fcqrsAWSdeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgTOSr1UY0LZmA6xa6mkEWo/W5w7IxdWGZAwVrakIQv190RGI62nUWA7I2pGetWbi/953dSEt37GZZIalGy5KEwFMTGZ/04GXCEzYmoJZYrbWwkbUUWZsQmVbAje6svrpHVV9WpV9/G6Ur/L4yjCGZzDJXhwA3V4gAY0gcEYnuEV3pzEeXHenY9la8HJZ07hD5zPH6vwj8o=</latexit>

~sGeometry:

Algebra:
<latexit sha1_base64="r6KPQKbq54Imu5BncFCzmwBSZmA=">AAACKXicbZDLSsNAFIYnXmu9RV26GSyCG0tSRN0IRV24rGAv0MQwmU7boZNJmJkUSprXceOruFFQ1K0v4jQNoq0HBj7+/xzOnN+PGJXKsj6MhcWl5ZXVwlpxfWNza9vc2W3IMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cTfzmkAhJQ36nRhFxA9TjtEsxUlryzKozJDiJUs+RCgl4AR0kek5AuZfkTgqdcYYyhcfwGv7oztir3Fc8s2SVrazgPNg5lEBeNc98cTohjgPCFWZIyrZtRcpNkFAUM5IWnViSCOEB6pG2Ro4CIt0kuzSFh1rpwG4o9OMKZurviQQFUo4CX3cGSPXlrDcR//PaseqeuwnlUawIx9NF3ZhBFcJJbLBDBcGKjTQgLKj+K8R9JBBWOtyiDsGePXkeGpWyfVq2bk9K1cs8jgLYBwfgCNjgDFTBDaiBOsDgATyBV/BmPBrPxrvxOW1dMPKZPfCnjK9vpzundA==</latexit>

~p? = argmin
~p

k~s�D~pk22

<latexit sha1_base64="mwOIcNENFpV7sM98GsDZSlWSXfQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ac0sWy2m3bpZhN2J5US+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1HGqKGvQWMSqHRDNBJesgRwFayeKkSgQrBUMb6Z+a8SU5rF8wHHC/Ij0JQ85JWikx1tvxGiWTLqeRqK65YpTdWawl4mbkwrkqHfLX14vpmnEJFJBtO64ToJ+RhRyKtik5KWaJYQOSZ91DJUkYtrPZldP7BOj9OwwVqYk2jP190RGIq3HUWA6I4IDvehNxf+8TorhlZ9xmaTIJJ0vClNhY2xPI7B7XDGKYmwIoYqbW206IIpQNEGVTAju4svLpHlWdS+qzv15pXadx1GEIziGU3DhEmpwB3VoAAUFz/AKb9aT9WK9Wx/z1oKVzxzCH1ifP+Y3ksY=</latexit>

D~p?

<latexit sha1_base64="E/xV/p8ZsNX4JTghKGHi5zvO7XM="></latexit>

@k~s�D~pk22
@~p

|~p?= ~0
<latexit sha1_base64="JVOSY5FCa1BFozoeCgPtVI8nLAY=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFqJuSiKjLohuXFewFmhAm00k7dGYSZiaFEgJufBU3LhRx60u4822ctllo6w8DH/85hzPnDxNGlXacb6u0srq2vlHerGxt7+zu2fsHbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC0e203hkTqWgsHvQkIT5HA0EjipE2VmAfeZyKIPPGBGdJnsOoVuAZDOyqU3dmgsvgFlAFhZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnkGBOFF+Nrshh6fG6cMoluYJDWfu74kMcaUmPDSdHOmhWqxNzf9qvVRH135GRZJqIvB8UZQyqGM4DQT2qSRYs4kBhCU1f4V4iCTC2sRWMSG4iycvQ/u87l7WnfuLauOmiKMMjsEJqAEXXIEGuANN0AIYPIJn8ArerCfrxXq3PuatJauYOQR/ZH3+AN4hl6Y=</latexit>

min
~p

f(~p)

<latexit sha1_base64="2lRsehK2ZULUU3KSgFadUdsNoiE="></latexit>

~s 2 Rl, D 2 Rl⇥q, ~p 2 Rq, ~e 2 Rl

<latexit sha1_base64="KJuf3a5biGtVwOwDxIyvrJkOZHM="></latexit>

~s = D ~p
unknown

+ ~e, rank[D] = q

<latexit sha1_base64="GkUxnFLBCAiTIu1cLctg2JbdzDg=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0yQxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaJKs1g+mElCA4GHkkWMYGMl3xfYjMIwu58+8n615tbdGdAy8QpSgwLNfvXLH8QkFVQawrHWPc9NTJBhZRjhdFrxU00TTMZ4SHuWSiyoDrJZ5ik6scoARbGyTxo0U39vZFhoPRGhncwz6kUvF//zeqmJroKMySQ1VJL5oSjlyMQoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3buou3fntcZ1UUcZjuAYTsGDS2jALTShBQQSeIZXeHNS58V5dz7moyWn2DmEP3A+fwBDv5HV</latexit>

Rl

<latexit sha1_base64="FcnQ3CqYaI/+NLOSCaV6ikYCCcM=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbabt0s4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+Hobua3xqg0j+WjmSQYRHQgeZ8zaqwU+GNkGU67vjZUdcsVt+rOQVaJl5MK5Kh3y19+L2ZphNIwQbXueG5igowqw5nAaclPNSaUjegAO5ZKGqEOsvnRU3JmlR7px8qWNGSu/p7IaKT1JAptZ0TNUC97M/E/r5Oa/k2QcZmkBiVbLOqngpiYzBIgPa6QGTGxhDLF7a2EDamizNicSjYEb/nlVdK8qHpXVffhslK7zeMowgmcwjl4cA01uIc6NIDBEzzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ARb6SbQ==</latexit>

~e?

<latexit sha1_base64="2VDrzHYm55P3Z6vUqRj++a0jfOA=">AAACK3icbZDJSgNBEIZ73I3bqEcvjUGIB8OMiHoRJObgUcFoIBNDT6eSNOlZ6K4JhGHex4uv4kEPLnj1PeyMc3AraPj56i+q6/djKTQ6zqs1NT0zOze/sFhaWl5ZXbPXN651lCgODR7JSDV9pkGKEBooUEIzVsACX8KNPzyb9G9GoLSIwiscx9AOWD8UPcEZGtSxa/VbD6OYeiPgKWQdTyNT9IQWuJJzndE9Ws9lXFh2jScHTtaxy07VyYv+FW4hyqSoi4796HUjngQQIpdM65brxNhOmULBJWQlL9EQMz5kfWgZGbIAdDvNb83ojiFd2ouUeSHSnH6fSFmg9TjwjTNgONC/exP4X6+VYO+4nYowThBC/rWol0iKEZ0ER7tCAUc5NoJxJcxfKR8wxTiaeEsmBPf3yX/F9X7VPaw6lwfl01oRxwLZItukQlxyRE7JObkgDcLJHXkgz+TFureerDfr/cs6ZRUzm+RHWR+fz7mmzA==</latexit>

D>~e? = D>(~s�D~p?) = ~0

<latexit sha1_base64="oEVrWaGZaVpV8g/2y+qvjBQjIRk=">AAACKnicbZDJSgNBEIZ73I3bqEcvjUHwIGEmiHoR3A4eFYwJZIahp6eiTXoWu2sCYcjzePFVvOSgBK8+iJ1FXH9o+Piriur6w0wKjY4zsKamZ2bn5hcWS0vLK6tr9vrGrU5zxaHGU5mqRsg0SJFADQVKaGQKWBxKqIft82G93gGlRZrcYDcDP2Z3iWgJztBYgX16QY9p0+sAL6Je4O7RT6walFGK+st68KmXgcrGBvQCTyNTgV12Ks5I9C+4EyiTia4Cu+9FKc9jSJBLpnXTdTL0C6ZQcAm9kpdryBhvsztoGkxYDNovRqf26I5xItpKlXkJ0pH7faJgsdbdODSdMcN7/bs2NP+rNXNsHfmFSLIcIeHjRa1cUkzpMDcaCQUcZdcA40qYv1J+zxTjaNItmRDc3yf/hdtqxT2oONf75ZOzSRwLZItsk13ikkNyQi7JFakRTh7JM3khr9aT1bcG1tu4dcqazGySH7LePwBJyaar</latexit>

D = [~d1, ~d2, . . . , ~dq] ? ~e?



Least Squares: Some Extensions
<latexit sha1_base64="3NDXnTFrMj+nql8I2dMJlPaapwo="></latexit>

~s = D ~p
unknown

+ ~e

1. Over-determined

2. Under-determined

3. Ridge regression                       

<latexit sha1_base64="4JJ9zC7wrekDCsoan2Ar4otGleI="></latexit>

~p? = argmin
~p

k~pk22 s.t. ~s = D~p = D>(DD>)�1~s.

<latexit sha1_base64="SNoA6heAQG2B0cvWp6V0QEcbwG0="></latexit>

~p? = argmin
~p

k~s�D~pk22 = (D>D)�1D>~s

<latexit sha1_base64="wrc8sQ1WmKEBfttiMONEjBKq0Fw="></latexit>

~p? = argmin
~p

k~s�D~pk22 + �k~pk22 = (D>D + �I)�1D>~s.

<latexit sha1_base64="2lRsehK2ZULUU3KSgFadUdsNoiE="></latexit>

~s 2 Rl, D 2 Rl⇥q, ~p 2 Rq, ~e 2 Rl

<latexit sha1_base64="rZQMhGCc+vNGxHeEMWCon5kGOH8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpRERAURirpwWcE+IAllMp20QyeTdGYiltClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hj9mVCrL+jZyc/MLi0v55cLK6tr6hrm5VZdRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GG37sa+Y17IiSN+J0axMQLUYfTgGKktNQyd0sMuh0C+4fQPYdu6EcPqUC8N3SuvQvYP2iZRatsjQFniZ2RIshQbZlfbjvCSUi4wgxJ6dhWrLwUCUUxI8OCm0gSI9xDHeJoylFIpJeOHxnCfa20YRAJXVzBsfp7IkWhlIPQ150hUl057Y3E/zwnUcGZl1IeJ4pwPFkUJAyqCI5SgW0qCFZsoAnCgupbIe4igbDS2RV0CPb0y7OkflS2T8rW7XGxcpnFkQc7YA+UgA1OQQXcgCqoAQwewTN4BW/Gk/FivBsfk9ackc1sgz8wPn8A4uCX/w==</latexit>

(l � q, rank[D] = q)

<latexit sha1_base64="cBmlkN1MLb/ii4PU1rwswZnuv5M=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoiooIKRV24rGAfkIQymU7aoZNJnJmIJXTlxl9x40IRt36DO//GaZuFth64cDjnXu69x48Zlcqyvo3czOzc/EJ+sbC0vLK6Zq5v1GWUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6Th9y6HfuOeCEkjfqv6MfFC1OE0oBgpLbXM7RKDZ/BuH7qn0A396CEViPcGzpV3DtleyyxaZWsEOE3sjBRBhmrL/HLbEU5CwhVmSErHtmLlpUgoihkZFNxEkhjhHuoQR1OOQiK9dPTGAO5qpQ2DSOjiCo7U3xMpCqXsh77uDJHqyklvKP7nOYkKTryU8jhRhOPxoiBhUEVwmAlsU0GwYn1NEBZU3wpxFwmElU6uoEOwJ1+eJvWDsn1Utm4Oi5WLLI482AI7oARscAwq4BpUQQ1g8AiewSt4M56MF+Pd+Bi35oxsZhP8gfH5AxF9lvo=</latexit>

(l < q, rank[D] = l)



Least Squares: Matrix/Batch Case

<latexit sha1_base64="IUgJ/QnpfyagJF9R4tHJcpK6qFs=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxY0mKqBuhqIjLiPYBTQyT6bQdOpmEmYlQ0v6BG3/FjQtF3Lp15984bbPQ1gMXDufcy733BDGjUlnWt5Gbm19YXMovF1ZW19Y3zM2tmowSgUkVRywSjQBJwignVUUVI41YEBQGjNSD3sXIrz8QIWnE71Q/Jl6IOpy2KUZKS7657/iuVEjAM+gi0XFDyv3UGUJ3cAsP4SV03IF/dV/2zaJVssaAs8TOSBFkcHzzy21FOAkJV5ghKZu2FSsvRUJRzMiw4CaSxAj3UIc0NeUoJNJLx/8M4Z5WWrAdCV1cwbH6eyJFoZT9MNCdIVJdOe2NxP+8ZqLap15KeZwowvFkUTthUEVwFA5sUUGwYn1NEBZU3wpxFwmElY6woEOwp1+eJbVyyT4uWTdHxcp5Fkce7IBdcABscAIq4Bo4oAoweATP4BW8GU/Gi/FufExac0Y2sw3+wPj8ARJbmsQ=</latexit>

P? = argmin
P

kS �DPk2F

<latexit sha1_base64="XmbBULpInxmKWHdbbPToOfhuNTQ=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQC8OuiNoIQVNYRjQPyG7C7GSSDJl9MHNXCEt6G3/FxkIRW3/Azr9xkmyhiQcunDnnXube40WCK7CsbyOztLyyupZdz21sbm3vmLt7dRXGkrIaDUUomx5RTPCA1YCDYM1IMuJ7gjW84fXEbzwwqXgY3MMoYq5P+gHvcUpASx0zX+04CojEl7hYaTsQRrhy1E6O7TFOn3cds2CVrCnwIrFTUkApqh3zy+mGNPZZAFQQpVq2FYGbEAmcCjbOObFiEaFD0mctTQPiM+Um01vG+FArXdwLpa4A8FT9PZEQX6mR7+lOn8BAzXsT8T+vFUPvwk14EMXAAjr7qBcLDCGeBIO7XDIKYqQJoZLrXTEdEEko6PhyOgR7/uRFUj8p2Wcl6/a0UL5K48iiA5RHRWSjc1RGN6iKaoiiR/SMXtGb8WS8GO/Gx6w1Y6Qz++gPjM8fo0OY5A==</latexit>

P? = (D>D)�1D>S

<latexit sha1_base64="d0rP+uYhuL1woHOQ6ex87bQjlSk="></latexit>

S 2 Rl⇥m, D 2 Rl⇥q, P 2 Rq⇥m, E 2 Rl⇥m

<latexit sha1_base64="AmhA3T0yRUtV5m9d+gZsiHm4d8Q="></latexit>

S = D P
unknown

+ E, rank[D] = q



System Identification

<latexit sha1_base64="GykTXTt12J1tIW8WV3cn5IozZzM=">AAACI3icbVBLS8NAEN7UV42vqEcvi0URCiURURGEWi8eK9gHtKFsttN26ebB7qZYQv+LF/+KFw9K8eLB/2KSBtHWgYXvMcPsfE7AmVSm+anllpZXVtfy6/rG5tb2jrG7V5d+KCjUqM990XSIBM48qCmmODQDAcR1ODSc4W3iN0YgJPO9BzUOwHZJ32M9RomKpY5x1R4BjR4nLVa0bHx8jW9+BBsXcQWnNMxoSiAhuq53jIJZMtPCi8DKQAFlVe0Y03bXp6ELnqKcSNmyzEDZERGKUQ4TvR1KCAgdkj60YugRF6QdpTdO8FGsdHHPF/HzFE7V3xMRcaUcu07c6RI1kPNeIv7ntULVu7Qj5gWhAo/OFvVCjpWPk8Bwlwmgio9jQKhg8V8xHRBBqIpjTUKw5k9eBPXTknVeMu/PCuVKFkceHaBDdIIsdIHK6A5VUQ1R9IRe0Bt61561V22qfcxac1o2s4/+lPb1DTkMoiA=</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

Problem: consider the discrete linear
time invariant system:

Given: observed inputs and outputs:

Objective: learn the system parameters:

<latexit sha1_base64="NogM88zxk//p6X+bO91Xy8SHNLA=">AAACVHicbZHNS8MwGMbTzumsX1WPXoJD8TBGK6Ieh148TnAf0JaRptkWln6QpGOj9I/Ug+Bf4sWD6dbB3Hwh8ON534c3eeInjAppWV+aXtmp7u7V9o2Dw6PjE/P0rCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uS56PemhAsaR29ynhAvRKOIDilGUkkDc3KduVOCszTPHctrlOzYClkQS9GAK4mtJOi6Rumarblm267ZmsswjIFZt5rWouA22CXUQVntgfnhBjFOQxJJzJAQjm0l0ssQlxQzkhtuKkiC8ASNiKMwQiERXrYIJYdXSgngMObqRBIu1HVHhkIh5qGvJkMkx2KzV4j/9ZxUDh+9jEZJKkmEl4uGKYMyhkXCMKCcYMnmChDmVN0V4jHiCEv1D0UI9uaTt6F727Tvm9brXb31VMZRAxfgEtwAGzyAFngBbdABGLyDbw1omvap/egVvboc1bXScw7+lH78C/HgsuQ=</latexit>

~u[0], ~u[1], . . . , ~u[l], . . .

~x[0], ~x[1], . . . , ~x[l], . . .

<latexit sha1_base64="hkOdHsdCh/qRbKdEstpqSO5ZH7Y=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxSJ4kJKIqMdaLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5oeRMG8/7dlZW19Y3Nktb7vbO7t5++eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vsv99hNVmiXi0UwkDWI8FCxiBBsrtW/PUd113X654lW9GdAy8QtSgQKNfvmrN0hIGlNhCMdad31PmiDDyjDC6dTtpZpKTMZ4SLuWChxTHWSzc6fo1CoDFCXKljBopv6eyHCs9SQObWeMzUgvern4n9dNTXQTZEzI1FBB5ouilCOToPx3NGCKEsMnlmCimL0VkRFWmBibUB6Cv/jyMmldVP2rqvdwWanVizhKcAwncAY+XEMN7qEBTSAwhmd4hTdHOi/Ou/Mxb11xipkj+APn8wd6jY2y</latexit>

A,B
<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

Vector Case:
<latexit sha1_base64="VTqxeHGRNODW/Y+vsoqMRG0j83g="></latexit>

~x 2 Rn,~e 2 Rn, ~u 2 Rm,

A 2 Rn⇥n, B 2 Rn⇥m.



System Identification

<latexit sha1_base64="GykTXTt12J1tIW8WV3cn5IozZzM=">AAACI3icbVBLS8NAEN7UV42vqEcvi0URCiURURGEWi8eK9gHtKFsttN26ebB7qZYQv+LF/+KFw9K8eLB/2KSBtHWgYXvMcPsfE7AmVSm+anllpZXVtfy6/rG5tb2jrG7V5d+KCjUqM990XSIBM48qCmmODQDAcR1ODSc4W3iN0YgJPO9BzUOwHZJ32M9RomKpY5x1R4BjR4nLVa0bHx8jW9+BBsXcQWnNMxoSiAhuq53jIJZMtPCi8DKQAFlVe0Y03bXp6ELnqKcSNmyzEDZERGKUQ4TvR1KCAgdkj60YugRF6QdpTdO8FGsdHHPF/HzFE7V3xMRcaUcu07c6RI1kPNeIv7ntULVu7Qj5gWhAo/OFvVCjpWPk8Bwlwmgio9jQKhg8V8xHRBBqIpjTUKw5k9eBPXTknVeMu/PCuVKFkceHaBDdIIsdIHK6A5VUQ1R9IRe0Bt61561V22qfcxac1o2s4/+lPb1DTkMoiA=</latexit>

~x[i+ 1] = A~x[i] +B~u[i] + ~e[i]

Problem: consider the discrete linear
time invariant system:

Given: observed inputs and outputs:

Objective: learn the system parameters:

<latexit sha1_base64="NogM88zxk//p6X+bO91Xy8SHNLA=">AAACVHicbZHNS8MwGMbTzumsX1WPXoJD8TBGK6Ieh148TnAf0JaRptkWln6QpGOj9I/Ug+Bf4sWD6dbB3Hwh8ON534c3eeInjAppWV+aXtmp7u7V9o2Dw6PjE/P0rCvilGPSwTGLed9HgjAakY6kkpF+wgkKfUZ6/uS56PemhAsaR29ynhAvRKOIDilGUkkDc3KduVOCszTPHctrlOzYClkQS9GAK4mtJOi6Rumarblm267ZmsswjIFZt5rWouA22CXUQVntgfnhBjFOQxJJzJAQjm0l0ssQlxQzkhtuKkiC8ASNiKMwQiERXrYIJYdXSgngMObqRBIu1HVHhkIh5qGvJkMkx2KzV4j/9ZxUDh+9jEZJKkmEl4uGKYMyhkXCMKCcYMnmChDmVN0V4jHiCEv1D0UI9uaTt6F727Tvm9brXb31VMZRAxfgEtwAGzyAFngBbdABGLyDbw1omvap/egVvboc1bXScw7+lH78C/HgsuQ=</latexit>

~u[0], ~u[1], . . . , ~u[l], . . .

~x[0], ~x[1], . . . , ~x[l], . . .

<latexit sha1_base64="hkOdHsdCh/qRbKdEstpqSO5ZH7Y=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxSJ4kJKIqMdaLx4r2A9oQ9lsN+3SzWbZ3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5oeRMG8/7dlZW19Y3Nktb7vbO7t5++eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vsv99hNVmiXi0UwkDWI8FCxiBBsrtW/PUd113X654lW9GdAy8QtSgQKNfvmrN0hIGlNhCMdad31PmiDDyjDC6dTtpZpKTMZ4SLuWChxTHWSzc6fo1CoDFCXKljBopv6eyHCs9SQObWeMzUgvern4n9dNTXQTZEzI1FBB5ouilCOToPx3NGCKEsMnlmCimL0VkRFWmBibUB6Cv/jyMmldVP2rqvdwWanVizhKcAwncAY+XEMN7qEBTSAwhmd4hTdHOi/Ou/Mxb11xipkj+APn8wd6jY2y</latexit>

A,B
<latexit sha1_base64="PsAsjhdlIVPzngUtOynwOLPpLy0=">AAAB83icbVDLSsNAFL2prxpfVZduBovgqiQi6rLoxmUF+4AmlMl00g6dTMI8CiX0N9y4UMStP+POv3HSZqHVAxcO59zLvfdEGWdKe96XU1lb39jcqm67O7t7+we1w6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkrvC7UyoVS8WjnmU0TPBIsJgRrK0UBFNKcjPvs9B1B7W61/AWQH+JX5I6lGgNap/BMCUmoUITjpXq+16mwxxLzQinczcwimaYTPCI9i0VOKEqzBc3z9GZVYYoTqUtodFC/TmR40SpWRLZzgTrsVr1CvE/r290fBPmTGRGU0GWi2LDkU5REQAaMkmJ5jNLMJHM3orIGEtMtI2pCMFfffkv6Vw0/KuG93BZb96WcVThBE7hHHy4hibcQwvaQCCDJ3iBV8c4z86b875srTjlzDH8gvPxDU7NkTM=</latexit>

~u[i]
<latexit sha1_base64="+7PqqBUFY4VmqY6RdrsURcVxnaQ=">AAAB9XicbVBNS8NAEN34WeNX1aOXxSIIQklE1GPRi8cK9gPSWDbbSbt0swm7m2oJ/R9ePCji1f/izX/jps1BWx8MPN6bYWZekHCmtON8W0vLK6tr66UNe3Nre2e3vLffVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwJvdbI5CKxeJejxPwI9IXLGSUaCM9dEZAs6eJx05d37a75YpTdabAi8QtSAUVqHfLX51eTNMIhKacKOW5TqL9jEjNKIeJ3UkVJIQOSR88QwWJQPnZ9OoJPjZKD4exNCU0nqq/JzISKTWOAtMZET1Q814u/ud5qQ6v/IyJJNUg6GxRmHKsY5xHgHtMAtV8bAihkplbMR0QSag2QeUhuPMvL5LmWdW9qDp355XadRFHCR2iI3SCXHSJaugW1VEDUSTRM3pFb9aj9WK9Wx+z1iWrmDlAf2B9/gAxu5Gm</latexit>

~x[i+ 1]

Vector Case:
<latexit sha1_base64="VTqxeHGRNODW/Y+vsoqMRG0j83g="></latexit>

~x 2 Rn,~e 2 Rn, ~u 2 Rm,

A 2 Rn⇥n, B 2 Rn⇥m.



System Stability
Scalar Case:

<latexit sha1_base64="T7Z2Ohcge+AIyFi4aEyvOxKQPlM="></latexit>

x[i+ 1] = �x[i] + u[i] + e[i] (with u[i] = 0)

<latexit sha1_base64="LEaBzenj//nLnFP3xONJIFnWj88=">AAACInicbVDLSsNAFJ34rPUVdelmsAgVoSQiPhCh6MZlBfuAJJTJZNoOnUnizERbQr/Fjb/ixoWirgQ/xmkbRFsPDBzOOZc79/gxo1JZ1qcxMzs3v7CYW8ovr6yurZsbmzUZJQKTKo5YJBo+koTRkFQVVYw0YkEQ9xmp+93LoV+/I0LSKLxR/Zh4HLVD2qIYKS01zdOeQ/dtD55Dl+mpAEEteNC9TVAAiy73o156T1Vn4J79JFxGoL3XNAtWyRoBThM7IwWQodI0390gwgknocIMSenYVqy8FAlFMSODvJtIEiPcRW3iaBoiTqSXjk4cwF2tBLAVCf1CBUfq74kUcSn73NdJjlRHTnpD8T/PSVTrxEtpGCeKhHi8qJUwqCI47AsGVBCsWF8ThAXVf4W4gwTCSrea1yXYkydPk9pByT4qWdeHhfJFVkcObIMdUAQ2OAZlcAUqoAoweABP4AW8Go/Gs/FmfIyjM0Y2swX+wPj6BjzwokI=</latexit>

x[i+ 1] = �x[i] (with �  1)
<latexit sha1_base64="1hmKV1mjV7vkIdzxoryuBGp612U=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoCCURsYIoRTcuK9gHJKFMJpN26OThzERbQj/Fjb/ixoUiutOvcdoG0dYDA4dzzuXOPW7MqJCG8anl5uYXFpfyy4WV1bX1DX1zqyGihGNSxxGLeMtFgjAakrqkkpFWzAkKXEaabu9y5DfvCBc0Cm/kICZOgDoh9SlGUkltvdK36IHpwDNoMzXlIagEB9q3CfJgyQ7cqJ/eU9kd2qc/iXNo7rf1olE2xoCzxMxIEWSotfUP24twEpBQYoaEsEwjlk6KuKSYkWHBTgSJEe6hDrEUDVFAhJOODxzCPaV40I+4eqGEY/X3RIoCIQaBq5IBkl0x7Y3E/zwrkf6Jk9IwTiQJ8WSRnzAoIzhqC3qUEyzZQBGEOVV/hbiLOMJSdVpQJZjTJ8+SxmHZPC4b10fF6kVWRx7sgF1QAiaogCq4AjVQBxg8gCfwAl61R+1Ze9PeJ9Gcls1sgz/Qvr4BYGOhPw==</latexit>

x[i+ 1] = �x[i] (with � > 1)



System Stability
Complex    :

<latexit sha1_base64="9BSaNtGwRL1lT91i1WUNI+Qj5wk="></latexit>

x[i+ 1] = �x[i] (with � = |�|ej✓)<latexit sha1_base64="7Ht+FdFe/M123iB06zpFutLZ9lE=">AAAB73icbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC20oWw2m3bpZhN3X4QS+ie8eFDEq3/Hm//GbZuDtg4sDDPz2PcmSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnZ600ZCSfrXm1t0ZyDLxClKDAs1+9asXJiyLuUImqTFdz03Rz6lGwSSfVHqZ4SllIzrgXUsVjbnx89m+E3JilZBEibZPIZmpvydyGhszjgObjCkOzaI3Ff/zuhlGV34uVJohV2z+UZRJggmZHk9CoTlDObaEMi3sroQNqaYMbUUVW4K3ePIyaZ/VvYu6e3dea1wXdZThCI7hFDy4hAbcQhNawEDCM7zCm/PovDjvzsc8WnKKmUP4A+fzB5aYj6w=</latexit>

�



System Stability
Critical Case             :

<latexit sha1_base64="ogvGMEdUu9CHLp8e7Z3wwJwPCWE=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoyIuhGKblxWsA9ox5LJZNrQTGZIMkqZ9j/cuFDErf/izr8xbWehrQcCh3PO5d4cPxFcG8f5RkvLK6tr64WN4ubW9s5uaW+/oeNUUVansYhVyyeaCS5Z3XAjWCtRjES+YE1/cDPxm49MaR7LezNMmBeRnuQhp8RY6WHUETYbkBG+wi7ulspOxZkCLxI3J2XIUeuWvjpBTNOISUMF0brtOonxMqIMp4KNi51Us4TQAemxtqWSREx72fTqMT62SoDDWNknDZ6qvycyEmk9jHybjIjp63lvIv7ntVMTXnoZl0lqmKSzRWEqsInxpAIccMWoEUNLCFXc3oppnyhCjS2qaEtw57+8SBqnFfe84tydlavXeR0FOIQjOAEXLqAKt1CDOlBQ8Ayv8Iae0At6Rx+z6BLKZw7gD9DnDwxHkY4=</latexit>

|�| = 1
<latexit sha1_base64="PM+rHLTrUJ3hnmKYrtMUD4/v3Zk=">AAACBnicbVDLSgMxFL3js9bXqEsRgkUQCmVGRN0IRTcuK9gHTIeSyWTa0MyDJCOWoSs3/oobF4q49Rvc+Tdm2llo64GQwzn3kNzjJZxJZVnfxsLi0vLKammtvL6xubVt7uy2ZJwKQpsk5rHoeFhSziLaVExx2kkExaHHadsbXud++54KyeLoTo0S6oa4H7GAEay01DMPHhxWtV10ibpcp3yMtOCiKqL51TMrVs2aAM0TuyAVKNDomV9dPyZpSCNFOJbSsa1EuRkWihFOx+VuKmmCyRD3qaNphEMq3WyyxhgdacVHQSz0iRSaqL8TGQ6lHIWengyxGshZLxf/85xUBRduxqIkVTQi04eClCMVo7wT5DNBieIjTTARTP8VkQEWmCjdXFmXYM+uPE9aJzX7rGbdnlbqV0UdJdiHQzgGG86hDjfQgCYQeIRneIU348l4Md6Nj+noglFk9uAPjM8f0XuWyw==</latexit>

x[i+ 1] = �x[i] + e[i]



Bounded Input Bounded State Stability
Definition: We say a system is bounded input bounded state (BIBS) stable if its state stays 
bounded,                         for any initial condition, any bounded input, and bounded disturbance.

When is the above scalar system stable by this definition?

What about the vector case? 

<latexit sha1_base64="q8x5glb19EDxFomhb5yHHq/qLAI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwkLArooJNMI1lBPOA3SXMTu4mQ2YfzMwGwya1jb9iY6GIrV9g5984eRSaeODC4Zx7ufceP+FMKsv6NnJLyyura/n1wsbm1vaOubtXl3EqKNRozGPR9IkEziKoKaY4NBMBJPQ5NPxeZew3+iAki6N7NUjAC0knYgGjRGmpZR66QSwI55i519gdun2g2cPIYZ47xC4HXDltmUWrZE2AF4k9I0U0Q7VlfrntmKYhRIpyIqVjW4nyMiIUoxxGBTeVkBDaIx1wNI1ICNLLJq+M8LFW2ljfpCtSeKL+nshIKOUg9HVnSFRXzntj8T/PSVVw5WUsSlIFEZ0uClKOVYzHueA2E0AVH2hCqGD6Vky7RBCqdHoFHYI9//IiqZ+V7IuSdXdeLN/M4sijA3SETpCNLlEZ3aIqqiGKHtEzekVvxpPxYrwbH9PWnDGb2Ud/YHz+AP4Kmc0=</latexit>

8i k~x[i]k  C,
<latexit sha1_base64="ntjiWcaQwMnytv7mRd6KrvwVn/o=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIlTIjom6Eqpsuq9ha6Iwlk962wUxmSDJiGfpLbvwTcdOFIm79CTNtkWq9EDjn3EfuPX7EmdK2PbQyc/MLi0vZ5dzK6tr6Rn5zq67CWFKo0ZCHsuETBZwJqGmmOTQiCSTwOdz695dp/vYBpGKhuNH9CLyAdAXrMEq0kVr5ivsANHkcNFnR8fAZPsc/goeLYxJPE0iJe4BdJrAbEN3z/eR6cGdGFeySPQo8C5wJKKBJVFv5F7cd0jgAoSknSjUdO9JeQqRmlMMg58YKIkLvSReaBgoSgPKS0cUDvGeUNu6E0jyh8Uid7khIoFQ/8E1luqP6m0vF/3LNWHdOvYSJKNYg6PijTsyxDnFqH24zCVTzvgGESmZ2xbRHJKHamJwzJjh/T54F9cOSc1yyr44K5YuJHVm0g3bRPnLQCSqjCqqiGqLoCb2iN/RuPVtD68P6HJdmrEnPNvoV1tc3Iy6pAQ==</latexit>
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