EECS 16B

Designing Information Devices and Systems li
Lecture 13



Outline

« System Modeling and ldentification
« Least Squares and Extensions (vector and matrix case)

« System Stability (scalar case)



System Modeling & Control

All autonomous intelligent (Al) systems rely on closed-loop learning and control:

External World (Real)

Physical Systems
1] DIAC | u(t) | (Continuous Nonlinear Dynamics) | 4(¢) | acp | yli + 1]

_ - R - — = l ’
— zerﬁ order T.(t) = f(Z.(), U.(t), W(t)) f(t) sampling g‘;’[z 4+ 1]
old . . R
Ye(t) = M(Tc(t), Uc(t))
actuators Sensors

Computers & Circuits

optimal control (Learning & Decision Making) reward or cost
- ¢ . | Zali + 1] = AgZqli] + Batali] + €li] ¢ r(Zi], i)
ali + 1] = arg e Q(2li], uli]) Yalt + 1] = CaZqli] + Datiq|i] 7

Internal Model (Silicon or Carbon)



mathematical modeling
from first principles

approximation
& linearization

AZ(t) + Bi(t) + (1)
j(t) = CZ(t) + Di(t)

discretization
& digitization

fd[i+1] :A f []+Bdud[z] 5[2]
gjd[i -+ 1] = C Cl_f [ ] + Ddud[z]

System Modeling & Identification

Problem: consider the discrete linear
time invariant system:

T)i 4+ 1] = AZ|i] + Buli] + éi]

Given: observed inputs and outputs:

Objective: learn the system parameters:

i 4B Z[i + 1]




System ldentification

Problem: consider the discrete linear
time invariant system:

T + 1] = AZ[i] + Buli] + €i]

Given: observed inputs and outputs:

Objective: learn the system parameters:

i 4B Zi + 1]

Scalar Case:

x|t + 1] = ax|i] + buli] + eli]



Least Squares (Gauss 1809)
seR, DeR> peRI eeR
§=D P +¢& rank[D]=q D =[dy,ds,...,d,]

unknown

Py = argmin || — Dpl|3
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Least Squares (Gauss 1809)

seR, DeR™X peRY
s=D p +eé rank|D]=q

unknown

P = argmin |5 — Dpl3
p

Geometry: S R
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Least Squares: Some Extensions
seR, DeR™> peRI eeR s=D p +¢€
unknown
1. Over-determined (I > ¢, rank|D| = q)

px =argmin ||§— Dpls =(D'D)"'D'3
p

2. Under-determined (I < ¢, rank|D| =)
px = argmin ||pl|5 st. §=Dp =D'(DD"')"'3
P

3. Ridge regression
Py = argmin ||5 — Dplla+ M|plla =([D'D+A)"'D's
p



Least Squares: Matrix/Batch Case

SeR>Xm  DeRX1  pPeRIX™ e RX™
S=D P +FE, rank|D|=q

unknown

P, = argmgn 1S — DP||%

P,=(D'D)"'D'Ss



System ldentification

Problem: consider the discrete linear
time invariant system:

T + 1] = AZ[i] + Buli] + €i]

Given: observed inputs and outputs:

Objective: learn the system parameters:

i 4B Zi + 1]

Vector Case:

7R e R, deR",
A E R’anjB E RnXm.



System ldentification

Problem: consider the discrete linear
time invariant system:

T + 1] = AZ[i] + Buli] + €i]

Given: observed inputs and outputs:

Objective: learn the system parameters:

i 4B Zi + 1]

Vector Case:

7R e R, deR",
A E R’anjB E RnXm.



System Stability
Scalar Case: z[i + 1] = A\z[i] + ufi] + e[i] (with u[i] = 0)

o[i +1] = Aali] (with A > 1) 2[i +1] = Azfi] (with A < 1)




System Stability

Complex \: z[t + 1] = Ax|i] (with A = \)\|6j9)
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System Stability

Critical Case |\| = 1: x[i + 1] = A\z[i] + e]i]



Bounded Input Bounded State Stability

Definition: We say a system is bounded input bounded state (BIBS) stable if its state stays
bounded, Vi ||Z]:]|| < C, for any initial condition, any bounded input, and bounded disturbance.

ofi + 1] = Aeli] +ufi] +efi] €R @i+ 1] = AZ}i] + afi] + i] € R

When is the above scalar system stable by this definition?

What about the vector case?



